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PEEl’ACE. 




This Book has been -written as a companion volume to my 
Treatise on the Differential Calculus, and in its construction 
I have endeavoured to carry out the same general plan on 
■which that book was composed. I have, accordingly, studied 
simphcity so far as was consistent with rigour of demonstra- 
tion, and have tried to make the subject as attractive to 
the begmner as the nature of the Calculus would permit 
I have, as far as possible, confined my attention to the 
general principles of Integration, and have endeavoured to 
arrange the successive portions of the subject m the ordei 
best suited for the Student 

I have paid considerable attention to the geometrical ap- 
phcations of the Calculus, and have mtroduced a number of the 
leading fundamental properties of the more important curves 
and surfaces, so far as they are connected with the Integral 
Calculus This has led me to give many remarkable results, 
such as Stemer’s general theorems on the connexion of pedals 
and roulettes, Amsler’s planimeter, Eempe’s theorem, 
Landen’s theorems on the rectification of the hyperbola, 
aenooohi’s theorem on the rectification of the Cartesian oval’ 
and others which have not been usually included in text- 
books on the Integial Calculus 

A Chapter has been devoted to the discussion of Integrals 
of Inertia. For the methods adopted, and a great part of the 
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Preface 


details m this Chapter, I am indebted to the kindness of 
the late Professor Townsend. My friend Professor Orofton 
has laid me under very deep obligations by contributing a 
Chapter on Mean Value and Probability I am glad to be 
able to lay this Chapter before the Student, as an intro- 
duction to this branch of the subject by a Matliematician 
whose original and admirable Papers, in the Philosophical 
Transactions^ 1868-69, and elsewhere, have so laigely con- 
tiibuted to the recent extension of this important application 
of the Integral Calculus 

I have introduced Chapters on the connexion between 
Line and Surface Integrals; and on the Symbol of Sub- 
stitution, principally with a view to its employment m the 
Calculus of Variations. I have also devoted two Chapteis to 
an elementary treatment on the application of the Calculus 
of Vaiiations to Single and Multiple Integrals. 

Teinitt College, Dublik, 

Marchj 1906 
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INTEGEAL CALCULUS. 


— ♦ 

OHAPTEE I 

ELEMENTARY FORMS OF INTEGRATION. 

I Integi ation. — Tlie Integial Calculus is the inverse of 
the DiflPerential In the more simple case to which this 
treatise is principally limited, the object of the Integral 
Calculus IS to find a function of a single variable when lU 
differential is known 

Let the differential be represented by F (x) dxy then the 
function whose diffoential is F{x)dx is called %te integral^ and 
IS represented by the notation 

I F{x) dx 

Thus, since in the notation of the Differential Calculus we 
have 

the integral of /'(^r) dx is denoted by f{x) , i e. 

|/'(a!) dx =/(«) 

Moreover, as f(x) and /(a?) + G (where C is any arbitrary 
quantity that does not vary with a;) have the same differen- 
tial, it follows, that to find the general form of the integral of 
f{x) dx it IS necessary to add an arbitral y constant to /(a?) , 
hence we obtain, as the general expression for the integral 
in question, 

^fix) dx =f{x) + a 


(0 
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’Elementary Fortm oj Integration 


In the subsequent integrals the constant G will be omitted, 
as it can always be supphed when necessary In the appli- 
cations of the Integral Calculus the value of the constant u 
determined in each case by the data of the problem^ as will be 
more fully explained subsequently 

The process of finding the primitive function or the inte- 
gral of any given differential is called integi ation. 

The expression FIf) dx under the sign of integration is 
called an element of the integral , it is also, m the limit, the 
increment of the primitive function when a; is changed into 
dx (Diff Calc , Art 7) , accordingly, the process of inte- 
gration may be regarded as the finding the swm* of an infinite 
number of such elements 

We shall postpone the consideration of Integration from 
this point of view, and shall commence with the treatment of 
Integration regarded as being the inverse of Differentiation 
2 Elementary Integrals. — A very slight acquaint- 
ance with the Differential Calculus will at once suggest the 
integrals of many differentials We commence with the 
simplest cases, an ai bitrary constant being in all cases under- 
stood 

On referring to the elementary forms of differentiation 
established in Chapter I Diff Calc we may write down at 
once the following integrals — 


x^dx - 


m + I 


J = log ¥) 


{dx_ 


- I 




sin mxdx = - 


cos mx 


cos mx dx = 


Bin mx 
m 


dx 


tan X, 


dx 


= - cot x» 


(«) 

(J) 

ic) 

id) 


* It was in this aspect that the procesa of integration was treated hy Leib- 
nitz, the symbol of integi ation J being regarded as the initial letter of the word 
in the same way as the symbol of differentiation d is the initial letter in 
the word difference 



Fundamental Formn 


3 



sin“* - 
a 


dx 

4 


- tan-^- 
a a 


(^) 

(/) 


J ^dx = e*, j(fdx = (g) 

These, together with two or three additional forms which 
shall be aftei wards supplied, are called the Jundamental* or 
elementary integrals, to which all other forms, f that admit 
of integration in a finite number of terms, are ultimately re- 
ducible 

Many integrals are immediately reducible to one or other 
of these forms a few simple examples are given for exercise 


Examples 


. 1 

r dx 

Ans — i. 


1 

X 


r dx 


2 

17^ 

» - 

5 1 

1 i^xixdx 

„ - log (cos X) ^ 

1 

" dx 

I 

♦ 1 

\ a i-bx^ 


s f 

[* xdx 


1 7 1 

„ _ y/, _ »». 

6 1 

• dx 


J 

1 a 4 


* sm $ do 


7.' J 

1 cos^d 

„ seed 

* 1 

efi»dx 

„ V. 


♦ The fundamental integrals are denoted in this chapter by the letters a, J, <r, 
&o , the other formulae by numerals i, 2, 3, &c 

t By mtegrable forms are here understood those contained m the elementary 
portion of the Integral Calculus as involnng the ordinary transcendental func- 
tions only, and excluding what are styled EUiptio and Hyper-Blliptio function*, 

11 a] 
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Elementary Worms of Integration 


10 


n 


f dx 

Ans 

ash 

)? 


X 

f dx 

9> 


1 !Li 



d (E 



f dx 
] x~^a 

»» 

log (x - a) 


, Tntesral of a Sum — B foUowB immediately from 

A Ttiff Pftlc that tlie integral of the sum of any number 

si of theWals of o»h token .ep.- 
rately For example— 

+ Oaf + &o ) 

Oaf^‘ 


+ &c 


( 2 ) 


” frt + I « + I »■ + * 

Hence 'we can write down immediately the integral of any 
SXrXoh 18 reducible to a finite n^ber o^erm oon- 
eXni of powers of fr multiplied by constant coefficients 

Hamf to find the integrals of cos’ofcte and ; here 

+ (3) 

(4) 


f r I 4- COS 2a? , 

== 1 ^ ax - ^ 

I siii^a?c?a? = I - 


008 2X j ^ si a 2X 

_ dx — • 

2 2 4 


A few examples are added for practice 


Examples 


(I - s^fdx 

X 


2 

3 


r (a; - 2) dx 
J X 

J* t&rx^xdx = J vseo^a? - i) 


o 

Ans log a? — + ““ 

4 



tan X- X* 



Integnatxon by Subshtuhon 


5 


4 J cos mx cos nxdx 

5 S sin mx sm nxdx 

6 

Multiply the numerator and denominator by + rp 
7 / ay-v/ X adx 

dx 


Ans {m am {m ^ n) x 

2(m + n) 2 {in - n) 

sin (m - n}x sin (m-^n)x 
2{m - n) 2 (m -f n) 


«sin“i^ -v^a*-.a:3 


Ans - (a; a)^ — j a (a; + af 


8 




9 

Here 


X ^ a -Jf X 

Multiply the numerator and denominator by tbe complementary surd 

-c + a ~ \/x 

. hx . ab* ^ ba\ 

Ans ~ + — ^ — log {a + b’x) 




X bx h ah' — • bci! 


a'-\-dx V {a! -^b'x) 


4 Integfation toy Sutostltutioii. — TI10 mtegiation of 
many expressions is immediately reducible to the elementary 
forms m Art 2, by the substitution of a new variable 

For example, to integrate (a + io;)” rfia?, we substitute s for 
a + biv , then dz = bda:, and 

f (a + J*) = f + 

J J ft (n+ i)b (n + i)b 


Again, to find 


9?dx 


(a + Jj?)"’ 

we substitute s for a + ba, as before, when the integial be- 


comes 


or 


I f (2 - aydz 

jsJ ^ ? 


^1) 

P l(n - 3 


2a 
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Elen/l^niary Porni^ of Integration^ 

Ob. replacing z hj a "\-hx the required integral can he ex- 
pressed in terms of x 

The more general integral 

(* dx 

J {a + hxf 

where m is any positiye integer, by a like substitution be- 
comes 

I [{z-a)^dz 

Expanding by the binomial theorem and integrating each 
term separately the required mtegral can be immediately 
obtained 

Again, to find 

f dx 

J {a + 


we substitute s for - -i- 6, and it becomes 

X 

I r(2 - 

which is mtegrable, as before, whenever m + nis a positive 
integer greater than unity 
Thus, for example, we have 

f ^ ^ i 1 ^ ^ \ 

] X (a •\'hx) a \a H dxj 

It may be observed that all fractional expressions in which 
the numerator is the differential of the denominator can be 
immediately integrated 

For we obviously have, from (6), 


' f(p)dx 

. /(^) 


= log /(a;). 


( 5 ) 



Integration , 




Examples 



u 

f sin X dz 

J a + d coax 

Ans 

log (a + J cos a?) 

2 

C a^dz 
\/^ a^ — 

»> 



3 

[loga;J 


^ 0ogj:)2 



j* dz 




4 

J ar log a; 

»> 

log (log z) 


c 

r z-dx 


log (a 4- bz) 

3*'i* 4 ^abx 
2b^{a 4 bzy 


J (aTJzy^ 

»> 

6 

r dx 

] z^ (a + bzy 


if log l±i® 

a 4- 2bz 




a^x (a 4 bz)' 

7 

f zdz 


2(fl + i®)‘] 

2 a (a 4 

J {a + bz)h 

•» 

8 

f zdx 


3 (« 4 - * 

si'* ■ 

30 (a 4 ^u;)S 

2^2 

j (a + bx)\ 


9 

r dz 


2 t„„-l 

a 


J z\/ 2 ax — tf® 

»» 

- tan 1 - / 

« \ a 



Assume z«a? - <*2 _ ^2^ then adz - cefo, and the transformed integral is 

I idz 

+ a3 


5, Inten^iatlon of 


Since 


re get 



- 1 — 

2a lx - a 





I , X - a 

— lOff . 

2a ® a? + 


w 


This IS to he regarded as another fundamental formuli 
daitional to those contained in Art 2. 
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Integration of 


In like manner, since 


we 


I _ ul 

f ^ * 1. . ^ ~ ” 


Examples 


' ds 
I a:* - 9 




I (a; + 2 ){a; - 3 ) 
dx 


An. 


i aj* 4 


9a; + 20 


,» log 


a; 4- 4 
aj + 5 


dx 

a?* - 3 


I . a;-\/ 3 

,, ^ log 

i\/ 3 2 ? 4- 3 


rfb* 


6 Integration of 

This may be written m the form 
cdx 


{coo + 6)* 4 - fltc - ’ 

or, substituting s for ca; 4 - 6, 


dz 


2 * 4 - ac - If 


( 6 ) 


This is of the form (/) or (A) according as ac- J’ is positive 

ca? + 6 


or negative 

Hence, if ao > 6" we have 


1 . 


daj 


tan~' 


4- ibx 4- ca^ ^ac - ^ ^ ac - 


(7) 



Integration of — — — 

203} + cx^ 


9 


If ac < l\ 


r dx 
I a + 2bx + cx^ 


cx h - ^/W-ac 

= log — = (8) 

ac ex 0 ^ “• ^ 


This latter form can be also immediately obtained from (6) 
In the particular case when ao = the value of the inte- 
gral IS 

~ I 


+ i 


7 Integration of '^ 9 . ?) . ^^ 

a + 2bx + car 

This can at once be written in the form 

q (6 + ca?) dx pc - qh dx 
c a ■¥ ihx + ca?^ e « + zhx + coi? 

The integral of the first term is evidently 
— log (a + ihx + ca?®), 

while the integral of the second is obtained by the preceding 
Article 

For example, let it be proposed to integrate 

{x cos Q - i)dx 
a?* - 2 a; cos (I + i 

The expression becomes in this case 

cos 0 (a? “ cos 0) dx sin* Odx 

a;® - 2x cos 0 + i (a; - cos 0)* + sin* 0 * 

hence 


r {x 008 0 - i)dx 
J a;* - 2a; cos 0 + i 


008 0 
2 


log (a;* - 2 a; cos 0 + 


0 


- sm 0 tan”’^ 


a; - QOS 0 
8in0 


( 9 ) 



10 Elementary Forme of Integiation 

Wh.en the roots oi a + zbx + cx^ are real, it will he found 
simpler to integrate the expression hy its decomposition into 
partial fractions A general discussion of this method will 
be given in the next chapter 


Examples 


f dx 
] I 


dx 


! dx 
I + r - a;' 


2 

Ans -yz tan"i 
V 3 


5 - I “ v^5 

„ taa"^ {x 4- 2 ) 

- i- (Stt) 

„ tan’i (2a; - i) 


/ 2X 4- i \ 

W3/ 

laj " T 4- *\/ 5 


i 


dx 


a ;2 + * - 12 


i dx 

dx 


! dx 
5 a;^ + 4 a? +' 

! 

St 


x^ dx 
■ 

x^dx 

a;® — a;* - 6 
dx 


- 2X + 2a?2 


8 Expoaentlal Talne for sin 0 and cos 6 —By com- 
paring the fundamental formula (J) and (A) the well-knoTO 
exponential forms for sm 0 and cos 0 can he immediately 
deduced, as follows 

Substitute for x in both sides of the equation 




I + £» 


and we get 


dz 

I 4- s* 


zv^- 


log 


+ const ; 

I + sy '- 1 


~ z^/- 


4- const ; 



Exponentml Forms of sin Q and cos 6 


11 


or, ly if), tan-* s = — ^ 1 ( 

2^-1 


Nov, let a = tan B, and this becomes 
6 = 


r 1 / I + a/- I tan 0 '', 

“ tog ( ] + const 


2a/- I ~ Vi - a/- I tan 9 
When 0 = 0, this reduces to o = const 

Hence e «v == ^ 0 -f v/- i siii 0)*, 

cos 0 -- - I sm 0 


or 


= cos 0 + v^~ I sin 0, 
_ QQg Q _ v^~ I sin 0 


9 Integration of — == 

%/ ± 

Assume* = 2-0:*, 

then we get ± aj* = 3^ - 2xz, 

hence (z -- m)dz - zdx, or - ^ = ~ 

3 - £P g 

r r 

■’■ J “ J 7 = (orn- v/** ± a») (i) 

This 18 to be regarded as another fundamental form 

By aid of this and of form {e) it is evident that all ex- 
pressions of the shape 

(fx 

v/ « + 2 bx + c^ 


* The student will tetter understand the propriety of this assumption after 

reading a subsequent chapter, in which a general transformation, of which the 
aboTe IS a particular case, will be given 



Elementary Forms of Integratton* 

can Ije immediately integrated , «, I, o, temg any constants, 

’^°^The preceding mtegration evidently depends on 
(»), or (e), according as the coefficient of x is positive 

negative 

Tlius, have 

[ ^ = - 4 ^ log fm; + J + y c(<i + 2bx + (lo) 

) ya + 2bx + ex? V e \ 


j y/fl + ibx - cx^ >/ c \y^ae + b-J 

ijlKinfby ^'='“ 


Integration of 


y\x -a){x- fi) 


Assume ^ 


_ a = s% then dx = 2Z(h , 


s/ X - a 


= zdz , 


-a){x- yz^ + a.-^’ 

y{x - a){x - ji) J \/2*+ “ “ ^ 

= 2 log (z + \/z‘‘ + a - 3 )» (*)> 

I y- = 2 log{yx-a + yx- 0 j (*2) 

\ a/{x - a){x - p) 



EocponenUal Forms of sin 0 and cos 0 


13 


1 1 Integration of . 

As before, assume co - a = and we get 
dx 2 d% 


-v/ (x-a)(l3-x) 

V [5 - a 

Hence, by (e), 

r dx 

= 2 sin-i 

J ^/(x- a)(j3 - x) 



Otheiwise, thus 


assume x^ a cos'‘0 + /3 sm^fl, 

then /3 - 0? = (/3 - a) cos^^fl, - a = (j3 ~ a) sin*0, 

and dx = 2(/3 - a) sin 0 cos 0 d0 ; 


hence 


dx 


dx 


- 1 y- _= = 20 = 2 Sin 

J - a) (/3 - 0?) V j3 

12 Again, as m Art 7, the expression 

{v + ^ 

\/a + zhx -f cJ^ 
can be transformed into 


■1 lx a 

V^- 


g (b + cx) dx , pc - qh dx 

— „■■ , , , — ~ - y:i ' ' " y 

v' « + 26a! + OT* c */a-\ 2 hx^cs^ 

and 18, accordingly, immediately mtegrable by aid of the 
preceding formulse 



Elementary Forms of Integratum 


ExAMPX^iS 


doc 


I y^ic^ - <hx 

r dx 


4- 


' flta; — ic* 

! dx 

V's® - ®* - * 

r dx 

J V^i 4 -b + 


2 log (\/5 + " ®) 

,, a sia ' V^a; - > 


„ log (i» + I ^ 2\/ 1 + ® 


( l*_±^ = v/(a; + «)(»> +-T) + (a - >) log (\/* + » + 

J \Jx j- b 


Multiply the numerator and denominator by ^/r 4- a 


S dx 

v/ 


^ws sin ^ 


la; + 1 


_ 

11 

k/ bb' y a 


(a •<- hiv) 
ab’ + ba' 


^ 1 y^(a-l- bx)(ar--’ b^) 

8 Show, as m Ait 8, by comparing the fundamental formul® (e) an (♦ 


that 


cos 0 4- I am 0 = e;' 




13. Integration off 

Let 07 - p = tken 

d(x> __ 
X - p 

dx 


dx 


(a? — _p) a 4- 2&07 4 - 


, X +J?^2 

— and X = — • 

z 2 


ca;‘ 


• 1 (;':;p)7rTlteT^’ “ ] 7^262(1 +pz)T^p*s)’ 

f d% 

~ J y^o' + zVz + CV ’ 

wtere «' = <!, 6 ' = & + <5?, c' =a + 26 ^) + c/ 

Tlie integral consequently is lednoitle to ( 10 ), or (ii), ao 
cording as 0 ' is positive or negative. 



(MV 

rnUgraivm of 
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Examples 


I; 


dx 


!.- 




V ^ 
dx 
sc^ 4 " I 

dx 


Ana - cos“* 
a 


( I + a?) I - a:* 
dx 


i.- 


a? \/ <*4 ibx-\- ox^ 
dx 


Ans 


6 ) 

/i - a: 

” i i X* 

i__ ^ \ 

/a \a ■t' A- a\/ a-\- 2hx-\- cx^ f 




■Y bx\^/ ay/ (i-\- 2 hx-\‘ ex" 
hx^ a 


y/ ex'" 4- 2 hx — a 
dx 


^( 14 * 


x)y / 1 
dx 


^ (i "V x)\/ i 4- a; ~ a;2 



Ana —y_ 8in-i 
V a 

^xy/ ac 4- 


sm””^ 

hjy^\ 

a;8 

y/x 

\l ^ x) 


Hin-1 { 

+ \ 


}• 


^(i 4 -^) V" 5 ' 


14 The transformation adopted in the last Article is one 
of frequent application m Integration It is, accordingly, 
worthy of the student’s notice that when we change x into 

- we have — = ; and, m general, if t 

g X % Z X Tm 

These results follow immediately from logarithmic differ- 
entiation, and often furnish a clue as to when an Integration 
is facilitated hy such a transformation 
Por example, let us take the integral 

f dx 
j a?(a 4- haf^Y 

Here, the substitution of - for af^ gives 


r dz 
I aa 4- 



16 Elementary Forme of Integration^ 

The value of whioli is ohviously 


— loff (as + &), or — log(“ 
na 


+ 


Again, to integrate 


dx 


n^/ax^ + h 


assume — -j, and the transformed integral is 


if 


d% 


^/oTW 

This is found by if) or (f) according as h is positive or 
negative ^ 

15 Integration of 

Let a! = i and tte expression becomes 
% 

zdz 

{az^ + * 

the integral of this is e^ddently 

. I 


OJ* 

a {az^ + c)i’ a (a + cx^)^ 
dx X 


Hence 


r di 

J(a + . 


ea?)^ a(a 

16 To find tlie Integral of 

dx 

{a 4- 2hx + cx^Y' 

This can be written in the form 

e^dx 


(» 4 ) 


[ac - 6 * + {cx + by\i' 

which 18 reduced to the preceding on mahing cx + h = a. 



Integration of 

ein 0 


17 


Hence, we get 


dx 


b -{■ cx 


{a + 2 hx + cx^Y 


(^ 5 ) 


Again, if we substitute - for a?, 
s 


xdx 


[a + ihx + cx^Y 
and, accordingly, we have 
f xdx 


becomes 


“ dz 


{az^ + 2Ss + cf^ 


a + hx 


} {a + ihx ^ cx^)^ {ac - b^) {a + zbx + cx^)^ 

Combining these two results, we get 

f {P ^ bp - aq {cp - bq) x 

J (a + zbx + {ac - b'^){a + 26^? + cx^)^ 

1 7 Integration of 


(16) 


d6 m 

sin 0 cos 0 


It Will be shown in a subsequent chapter that the Integra* 
tion of a numerous class of expressions is reducible either to 

that of or of we accordingly propose to inves- 

sin 0 cos 0 

tigate their values here For this purpose we shall first find 

the integral of — « -k 

® Bin 0 cos 0 


Here 


dO 

G?0 008^0 d{tQ.n6) 

sin 0 cos 0 tan 0 tan 0 


insequently | sm 0^^0011 “ 

[8l 


(* 7 ) 



18 Elementary Forms of Integration 

Next, to find tlie integral of 



Tins can te written in the form 

dd 

5 — 

2 sm-oos- 
2 2 

and, "by tlie preceding, we have 

Again, to determine the integral of we substitute 

- - </) for e, and the expression becomes the integral 

of this, by ( 1 8 ), IS 

- log ^tan^), or log (oot or log jcot - -)} 
Accordingly, we have 



This integral can also be easily obtained otherwise, as 
follows : — 

r _ r oosQrfg _ r d (sm 6) 

J cos 6 ~ J oos“0 J CO8*0 

Let sin 0 = », and the integral becomes 



The student will find no difficulty m identifying this 
result with that contained in { 19 ) 



Integration <>/ 


19 


1 8 Integration ot 


de 


a + b cos 9 

This can be immediately written in the form 

d0 

- - 

{a + b) cos* ~ + (a - i) sm* - 

seo*“ dO 
2 


or 


a b {a -b) tan* ■ 


on substituting z for tan - this becomes 

zdz 


a + 6 + (e? - J) s** 

Oonseq^uently, by Bx 6, Art 2 , we get 
(i) when a > b^ 


l»- 


— , tan- 
+ b 2 


de 


+ 6 cos 0 ~ _ /,* 

( 2 ) when a <b,hj formula (A), 

t b a "V b a fan *“ 


a + 6 008 0 _ (j> 


log i 


b "I" a ^ b “ a tan “ 


L 


( 20 ) 


( 21 ) 


If we assume a = b oos a, we deduce immediately from 
the latter integral 


de 


COB 


oos a H- oos 0 sm a 


log 


oos 


0+0 


The integral in ( 20 ) can he transformed into 


1 


dO 


a + i 008 0 y/flii _ 

[2 a] 


008" 


b + a 008 0 
a + 6 008 01’ 



20 Elementm y Forms of Integt atwn. 

In a 8uI»sequeBt chaptei a tnore integrals 

'"’“'f, V”f '5 “* u 

(1) Transformation bj the introduction of a new va- 

riaWe 

(2) . Integratiou ty parts 

(3 , Integration V xationalization 

(4) . SneoessiTe reduction 

(5) . Becomposition into partial fractions. 

Two or more of these methods “J^^erenl 

with advantage ^®stmT'tbus the method of 

methods are not essentially distin , ^ always 

rationalmation is a case of the ^^t method as y 

fiffeoted by the substitution of a new variable 

sequent consideration „ formation.-Example8 of 

20 Integration toy A^g . lO, &c One 

this method have been already given m Art 4 , 
or two more cases are here aaded 


two more cases are ^ 

Ex I To find the integral of cob oj dx 
Let sin x^y, and the transformed mtegral 

_ O . -R n"f 3 ! 


y'"{^ 


f 'it y"" ^ Bin^a? 


Bm'tr 


Ex 2 


It 




+ & 


,2(r* 


Let e* = y, and we get 

r_^ = tan-> = tan-‘K)- 

J I + 


M«tegrationl)yrart8.-We have seen m Art .3 

Biff Oalo, that 

hence we get ^ ^ vdo ^ \ ^du. 


OX 


ZCV j 'OdM 


< 2 Z> 



Integration by Parts 
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Consequently the integration of an expression of the form 
udi) can always be made to depend on that of the expression 
vdu 

The advantage of this method will be best exhibited by 
applying it to a few elementary cases 


Ex I 


Ex 2 
Let 


I sin“' xdx = X sin"‘^ir - 


xdx 


= X sin"^a7 + >v/ 1 - d?® 

jcU lo^xdx. 


/jj2 

a « log ic, «) = j, and we get 





sin mx dx ’ 


sin mx m 


a 


a 


Similarly, | a"® cos mx dx = 


cos mx m 

---------------- Hh — 

a a 


^ax (jQQ 

Sin mx dx 



22 Elementary Forms of Integration 

Substituting, and solving for J c*® siii mx dx, ■we obtain 
® (a &ia. mx- m cos mx) 


Je'*®8inW®= 

In bke manner we get 

e"® (a 008 ma; + OT sm tnx) 


t 


j cos mx dx = 

Ex 5 - 
Let 


a® + 


( 24 ) 


also 


■v/a’ + = M, then 

f , X— f tjddx 

+ =a;^/a ^ " J ’ 

r , ,. r dx { a? dx 

1 v^a® + a? = aM —p^== + / . -■ ■ 

J J + iT® J A/a* + a;® 


A/a® + ^ J a/u® + (C® 

Hence, by addition, and dividing by 2 , 

j y/T^‘dx ^ ^ ^ log( 2 i + y a® + a;®) ( 25 ) 


Ex 6. 


|log(£P+\/a!“ta')di; 

Here | log (x ^ f' od ± a^) dx lo? (a^ + * ®*) 

r 

J y/cc* ± o' 


3 log 4 - ± Of") ~ 


( 26 ) 



Integration hy Mat%onah%atxon* 
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Examples 


I. 

J a?« log X dx. 

Ans 

f!l (log^-- 1-) 

«+ I \ ® n^ij 

2 

1 tdxr^xdx 

»» 

X tan-ij; - - log (i + a;*) 

2 

3 

j X tan* xdx 

9» 

a?* 

aj tan x + log (cos a;) - — 


f sm-i X dx 


X sin-^a? ^ 1 

JL log ( 1 — x^) 

4 

J (I - a;')* 

»> 

-v/l ~ iT* ^ 


Let X - sm y, and the integral becomes 


[ dy = [ y i (tan y) = 2 / tan y + log (cos y) 

J cos^y j 

5 ^e^x'^dx » e^(x'^-2x + 2) 

22 Entcgraitioii Iby ll,a 4 loiia.li 35 fttioii» 8 * propoi 
assumption of a new variable we can, in many cases, change 
an irrational expression into a rational one, and thus mte- 
grate' it An instance of this method has been given in 

The simplest case is where the quantity under the radical 
sign IS of the form a ^ hxi such expressions admit of being 
easily integratedi 

Por example, let the expression be of the form 

x^dx 

I {a + hx)^^ 

where w is a positive integer Suppose a ■¥ bx = then 

, 2zdz J S5^ - a 
= ___ and X = — =; — : 

0 0 

making these substitutions, the expression becomes 
2 (s® ~ ay dz 



2i 


Elmmtary Form of Integration 


can 


Expaading WtheEiaomial Theorem and integrating the 
terms separately, the required integral can he 

found It IS also evident that the expression ^ 

he integrated hy a similai subjteta^on 

23 Integration »f 


(a + cx*)*’ 


where »* is a positive integer ^ 

, , zdz j g ~ 

Let a + ex^ = z\ then a!<fc = — , ^ - — 


and the 


transformed expression is 


(z» - a)”^dz 


This can he mtegrated as before It can be easily seen 
that the expression ib immediately mtegrable by 

{a + co^^r 

th.e same substitution « < i n -Frinrirl be 

A considerable number of integrals will be * ^ ™ 
reducible to this form : a few examples are given for lUnstr 

tion 

TT. V i Tir-PT.D'S 


f o^dv> 

(1 - «*)‘ 

J -\/l - 

3 

f 

4 if where a * 

*■ 

” 5 3 

r 

- (20 + 10%^) 

* 1 (a •(- 


24 It 18 easily 

seen that the more general expression 


v/ 

where f{of) is a rational algebraic function, can be ration- 
alized by the same transformation 





25 


Again, if we make « = - the expression 
z 


dx 

af^{a + cx^)^ 

(transforms mto 

e”*"' dz 
[az^ + c)i ^ 


and IS reducible to the preceding form when n is an even poet- 
kve integer. 

Hence, mthis case, the expression can be easily integrated 
by the substitution [a + coc^)^ = an/. 

It will be subsequently seen that the integrals discussed 
m this and the preceding Articles are cases of a more general 
form, which is integrable by a similar transformation. 


ExAHPLns 


dx 

dx 
a;® (i + 


Ana 



(2x^ 4- i) 


9f 


-f 1)4 
15a? 





25 Integration of 


dx 

(AV(hf){si VcaF)i 


As in the preceding Article, let {a -f cx^)h « xz^ or 
a + ccd ^ a^^ . then, if we dijffierentiate and divide by 2ar, we 
shall have 

odx = z^dxjo + xz dz^ or ~ = • — 
xz c- 


da _ , 

* * ((35 + CX^)^ C - Z^^ 

and the transformed expression evidently is 

dz 


(27) 


(Ac - Ca) - Az^ 



26 Elementary Forms of Integf aUon 

This 18 reducible to the fundamental formula (A), or (/), 
IS positive or negative 


aooordmff as ' 


Hence, (i) if 


A 

Ac - Ca 


o, the integral is easily seen to he 

(28) 


* f Ac - Ga 

2\/ A (Ac - Ca) ^ \^A(a + ca?*) - a?\/ Ac - 0 ^?, 

(2) If — — — < o, the value of the integral is 


— tan“^ ■■= : • 

\/A(Ca - Ac) V A{a + ca?*) 


(29) 


Examples 


dx 

r ( x \/ 2 \ 

Avlk 1 — — 1 

(i +a;'’)(i 


dx 


(3 + 4 ^*) (4 - 

” 5v/i 

' dx 

I 2^/3 + 42;“ + 5 ^ 

(4 - (3 + 4 **)^ 



26 -RationaliaBation by Trigonometrical Trans- 
formation. — ^It can he easily seen, as in Art 6, that the 
irrational expression + 2bsc + ca?* can he always trans- 
formed into one or other of the following shapes 

(l) (2)(a* + 2*)i, (3)(^^-a*)^ 

neglecting a constant mnltipKer in each case 

Accordingly, any algebraic expression m a? which con- 
tains one, and but one, surd of a quadiatic form, is capable 
of being rationalized by a trigonometrical transformation 
the first of the forms, by making 2 = a sin 0 , the second, by 
2 == a tan 6 , and the third, by « = a sec 0 



Itationahzahon hy T) igonometncal T'i ansjormatton 27 

Por, (i) when s = o sm 0, we have (o'* -- js2)i = « cos 6, and 
dz = a cos 0(16 

(z) When z a tan 6, . (a^ + = « sec 6, and 

- adO 


( 3 ) When s = a seed, • (z^ - «®)4 = a tan (9, and 

flfe = a tan 9 sec 6d9 

A number of integrations can be performed by aid of one 
or other of these transformations In a subsequent place this 
class of tiansformations will be again considered Eor the 
present we shall merely illustrate the method by a few ex- 
amples 


Exampies 


r. 




(I 4 

Let (C = tan 6^ and tLe integral becotnee 
r cos 0 ^0 rfl?(8m0) 






f 

am ( 




da: 


> - !pi)^ 


Lot ij? = (Z sin Of and wg get 




d$ _ tan 0 X 


This has beun integrated by another tiansformation in Art 15, 
f dx 

^ J (a:^ - 1)4 

Let a = sec 0, and the integral bocomes 


j* CQB^edO, or, by (3) Art 3, 


sin 0 008 0 0 


accordingly, the value of the integral in question is 


- I I 

— _ sec^iflp 
a 



28 


Elementary Forms of Integration 


(i +*2)5 


Let X = tan 6, and we get 


j GOsOe^^dO , or by (23), 


(a cos 9 + &.in 0) 

I + fl;3 


Hence 


5 


^2; ga isjr\ { a 4. a) eotan'‘^a 

(I ” (1+ c^{i+a?)i' 


! 


dx sm"! 



Let — — rr sm^ 0, GTX — a tan^ 0, and the integral becomes 
a^-x 

a J 0^(tan20), or a J0 i?(sec20) (since sec^0 = I 4- tan20) 

Integrating by parts, we have 

J* 0 (sec^ 0) = 0 sec^ 0 - J sec^ 9 dB-Q sec-* 0 - tan 0 
hence tbe value of the proposed integral is 

(a + x) tan"^ — {ax)^ 

It may be observed that the fundamental forimilss (g) and (/) can be at once 
obtained by aid of tbe transformations of this Article 


27 Reiaarks on Integration.— --The student must 
not, however, tate for granted that whenever one or other of 
the preceding transformations is applicable, it furnishes the 
simplest method of integration We have, in Arts 9 and 13, 
already met with integrals of the class here discussed, and 
have treated them by other substitutions all that can he 
stated 18, that the method given in the preceding Article will 
often he found the most simple and useful The most suit- 
able transformation in each case can only be arrived at after 
considerable practice and familiarity with the results intro- 
duced by such transformations 

By employing different methods we often obtain integrals 
of the same expression which appear at first sight not to 
agree On examination, however, it will always be found 
that they only differ by some constant , otherwise, they could 
not have the same diflferential 
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28 Higher Transcendental Functions. — Whenever 
the expression under the radical sign contains powers of x 
beyond the second, the mtegial cannot, unless in exceptional 
oases, be reduced to any ot the fundamental formulse , and 
conseq[uently cannot be represented in finite terms of x, or of 
the ordinary transcendental functions i e logarithmic, ex- 
ponential, trigonometrical, or circular functions Accord- 
ingly, the investigation of such integrals necessitates the 
introduction of higher classes of transcendental functions 

Thus the mtegration of irrational functions of a;, m which 
the expression under the square root is of the third or fourth 
degree in x, depends on a higher class of transcendentals 
called Elliptic Ftmctions 

29 The method of integration by successive reduction is 
reserved for a subsequent place The integiation of rational 
fractions by the method of decomposition into partial frac- 
tions will be considered in the next chapter 

30 Observations on Fundamental Forms. — From 
what has been already stated, the sign of integration ( J) may 
be regarded in the light of a question 1 e the meanmg of 
the expression ^ F{r)dxvi the same as asking what function 
of X has F{x) for its first derived The aimoer to this ques- 
tion can only he deiived from our premous knouledge of the 
differential coefficients of the different classes of functions, as 
obtained by the aid of the Differential Calculus The number 
of fundamental formulse of intepation must therefore, ulti- 
mately, be the same as the number of independent kinds of 
functions in Algebra and Trigonometry These may be 
briefly classed as follows — 

p 

ti). Oidmary powers and roots, such as r™, x^, &o 

(2) Exponentials, a!', &o , and their inverse functions, 

VIZ , Logarithms. 

(3) Trigonometric functions, sin x, tan x, &o , and their 

inverse functions ; 8in~'a-, tan-V, &o 

This classification may assist the student towards under- 
standing why an expression, m order to be capable of mte- 
gration m a finite form, in terms of x and the ordinary 
transcendental functions, must be reducible by transforma- 
tion to one or other of the fundamental formulse given in 
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this chapter He will also soon find that the classes of in- 
tegrals which are so reducible are very limited, and that the 
large majority of expressions can only he integrated hy the 
aid of infinite series 

The student must not expect to understand at once the 
reason for each transformation which he finds given as he, 
however, gains familiarity with the subject he will find that 
most of the elementary integrations which can be performed 
group themselves under a few heads, and that the proper 
transformations are in general simple, not numerous, and 
usually not difiB.cult to arrive at He must often he prepared 
to abandon the transformations which seemed at first sight 
the most suitable such failures are not, however, to be con- 
sidered as waste of time, for it is by the application of such 
processes only that the student is enabled gradually to arrive 
at the general principles according to which integrals may be 
classified 

Many expressions will be found to admit of integration 
in two or more different ways Such modes of arriving at 
the same results mutually throw light on each other* and will 
be found an instructive exercise for the beginner 

31 Definite Integrals. — We now proceed to a brief 
consideration of the process of integ) ation regarded as a sum^ 
mation^ reservmg a more complete discussion for a subseq[uent 
chapter 

If we suppose any magnitude, to vary continuously hj 
successive increments, commencing with a value o, and termi- 
nating with a value j3, its total increment is obviously repre- 
sented by j3 ” a But this total increment is equal to the sum 
of its partial increments ; and this holds, however small we 
consider each increment to be 

This result is denoted m the case of finite increments by 
the equation 

e 

S {l^u) = j3 - a; 

a 

and m the case of infinitely small increments, by 
I = j3 - a , 


{30) 
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m which /3 and a are called the limits of integration the 
loriner being the supei lor and the latter the inferior limit 
Now suppose M to he a function of another variable, a;, 
represented by the equation 

« = /{*)• 

then, if when x = a,u becomes «, and when x = b, u becomes 
p, we have 

“ = /(«), /3=yw 

Moreover, m the limit, we have 

du =/'(«) dx, 

neglecting* infinitely small quantities of the second order 
(See JJili Oalo , Art. 7) 

Hence, formula (30) becomes 

^f[‘»)dx^f{b)-f{a); (31) 

in which b and a are styled the supei toi and the inferior limits 
of X, respectively 

It should be observed that the expression re- 

presents here the limit of the sum denoted by 2 ^ {f{x) A®), 

when A® is regarded as evanescent 

In the preceding we assume that each element /'(®) dx is 
mnnitely’ small for all valuos of x between the limits of into- 
gration a and h , and also that the limits, a and b, are both 
finite. 

A general investigation of these exceptional oases will be 
found in a subsequent chapter- meanwhile it may he stated, 
reserving these exceptions, that whenever /(®), 1 e the integral 
of / (®) dx, can be found, the value of the definite integral 

f{x)dv is obtained by substituting each limit separately 


will* Doamte IntegralB a ngorou* demonstration 
Will bo found of the proporty here assumed, namely that the sum of those 
guanbties of the second order Womos evanosrent m the linnt, and oonsequenth 
may be neglected Oomparo also Art 39, lt%ff OaU oonsequentlj 
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instead of x in fix), and subtracting the value for the lowei 

limit from that for the upper 


A few easy examples are added for illustration 


Examples 



rl 

I 

I 


Ans 


Jo 

w f I 

2 . 

J'^sm Ode 

y> *“ 


(■“ dx 

IT 

3 

]o -{■ 

” 4^ 

4 

IT 

BlJX^xdx 

If 

v> 


J 0 

4 

5 

TT 

Bm^xdx 

Jo 

ir I 

” 8 "a 

6 

f sm^xdx 

'IT 

, — 


J 0 

2 


f ^ dx 


7 

Ji? 

♦t I 

g 

dx 

W 


j oi +a; + a^ 

" sVi 

9 

IT 

1 ^ GOS^Xdx 

2 4 

»> 


J 0 

3 5 



I 

lO 

j 2 I + 

n 2 log 2 . 


rP dx 


II 

p 

1 

1 


See Art ii 

TT 


12 

p xamxdx 

„ I 


dx 


13 

1 ^ . J. > where a>h 

tr 


a + 0 cos X 


14 

j w dx 

7T 


Jjj I ~ 2« cosaj+a®* 
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32 Change off Umits.— It shoTild be observed that it 
18 not necessary that the increment da should be regarded as 
positive, for we may regard so as decreasing by successive 
stages, as well as moreasmg 
Accordingly we have 

=/(a) ~j{b) = - |V(a ,) doc (32) 

That 18, the interchange of the IvnviU u eguimlent to a change 
of sign oj the definite integral. ^ 

Also, it is obvious that 


j + | ^y)dso\ 

and so on 

Again, if we assume x to be any function of a new variable 
z, so that <p{x)dx becomes i{s)d%, we obviously have 

r-T 

^ ^J{x)dz, ( 33 ) 


where Z and are the values which a assumes when X and 
Xe are substituted for r, respectively 

For example, if »■ = atans, the expression — be- 
, (a^ + a?)i 

008 z az 

comes — — ; and if the limits of * be o and a, those of 


s aro o and 


TT 


Consequently 


P I r4 


^ V I 

00825 az 


Also, if we substitute a - z for a, we have 
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Since neither x nor s occurs in the result, this equation 
may evidently be written in the form 

1 (l>[x]dx = I if>[a -x)dx (34) 

0 Jo 

For example, let (p{x) = sm”a?, then ^ « cos'^^, and 

we have 


TT fT 

I sin"ir = J* 


C 08 '^a?^/a? 


And, in general, for any function, 

TT n 

j f[mix)dx = |/(oo8£p)rfa? 


(35) 


and 


33 Yalues of I mimxminxdxy and [ oonmxoomxdx 
Since 

2 sin mx sin nx = cos {m - n)x - cos {m + n) 


we have 


2 cos mx cos nx = cos {m - n)x cos {m + n) Ay 


and 


f . , Bm(m - n)x sm (m + n) x 

sinmxBmnxdx = — 7 7 

J 2(m - n) 2 {m + n) 

\ 


2{m- n) 2 {rn + n) * 

, sm (m - n)x sm (m + n) x 

ooBmxQosnxdx=^ 7 4 - — ^ 

2 {m - n) 2 [m + n) 


Hence, when m and n are unequal integers, we have 

i[- 


J. 


™ rrr 

sin mx sin nxdx = o, and cos mx cos nxdx » o (36) 

0 ‘ 

Wlien m = w, we have 
f Bm^nxdx ■■ 


I - cos 2nx - X sm 2nx 

( 3 ^ 

2 2 4^ 


fw ^ 

Bm^nxdx = when n is an integer 
Jo 2 
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In like manner, with the same condition, we have 


i: 


cos’* nxdx =» 


(37) 


Again, to find the value of 

|^\/ (co-a) {^-x)dx 

Assume, as m Art 1 1 , a? = o cos^ d f /3 sin* B , then, when 
^ = o, we have x^a, and when = ~, d? = j3 

Hence, as m the article referred to, we have 

IT 

fs* 

{x-a) {fi -x)dx-^ 2 O -ay jBm^Ooos^Odd 


Also 2 


Ooos^ 9 dO 


sin* 2 OdB 


1 


yix-a) 0 0-a)* 


(38) 


[aa] 
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Examples 


r (i 4- cos a?) don 
I {x -h sin a;)^ 


EXA.MPLXS 


_A 

2 (a? + sin a;)^* 


,, bin a: - a; cos a? 


^ J («s + ®8)! 

6 f — 

J ( I + a;^) tan-i-x 


I \/ 5 4- 4® - aZ-i 
r afidx 

I a:® 4- ic3 _ 2 * 

f dx 

J cos^x 4- sm-^a; 

! tan a; da; 

a b tan’ a; 
f cos (log x) dx 


„ 2 log (i 4- a;) - ar 

{a 4- 

n(m 4- i)^ 


” 3 (a3 4- 

„ log (tan » a;) 

/a;-!* I 
, 2sin->^— . 

.. (S^) 




2 (6 - a) 
„ Sin (log a;) 


log (a cos* a; 4 6 sin* (p) 


12 Show that the integral of — can be obtained from that of oc^dx 

X 

^m+l _« flOT+l 

Write the integral of X*^dx in the form , and, by the methoa of 

m 4 I 

indelenninate forms, £x 5, Gh ly Diff Calc , it can easily be seen that the 
true value of the fraction when m + i = o is log j , or log a;, omitting the 
arbitrary constant 

1 3 JV®® sin mx cos nx dx 

This IS immediately reducible to the integral given m formula (23) 


Ana - tan”^ 
3 


445 tan - 
2 
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^ ^at&n \(aiX — i) 

J 

(1 4 a^){i 4 X^)i 

r 

3 (fl 4 x)^ (^x - 3 a) 

16 1 a:(«; 4- x)^dx 

” 4 7 

r x^dx 

2 a + bx^ 

J (a + «*»)* 

b^{a+bx^f 


Let a -I- 

„ ^ (p + 9 cos x)dx 

1 8 I — r- • 

J a + 0 cos X 

This IS equivalent to 

Cqdx ph-qa f 

J b ]a 

and accordingly can be integiuted by Art i8 

(i + xf 

{ xdx 

I* dx 

J + hx'^)^ 

! dx 

Let a;® + I = 


dx 


bOQBt 


Ans 


I + a? 

I 


tan'^ {co^) 

<€0 

3a {a + 

1 


n 




dx 


+ I 

24 Integrate 

by aid of the assumption x = 


log 


i log 
n 


*/ 1 + ic® - 
\ + », 

\/ 1 4 a?” — I 
/y/l + a?” + I, 


de 


a + b iOs$ 
b i- a COB $ 


a b cos 9 
The expression transforms mto 

dx 




v/fl* - 4* 


sin”^ X , and when a <b^ it is 


accordingly, when a>hy its integral is 
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Examples 


%$ Deduce Gregory’s expansion for tan** ‘a; from formula (/) 
When 0} < r, we have 



This can be integrated either by the method of Art 13 or by that of Art - 


^9 

f dx 

^ x^/ - 1 

Am ^ sec"' ^ 


rr 



f 4 “ Sin a; dx 

I 

30 

Jo cos jr 

-log* 


V 


U 

f 4 dx 

J 0 cos X 

„ log (l + \/2) 


f * dx 

T 

32 

J0(4 + 3*“)® 

8 


ra 


33 

Jo ^ - x^dx 

TraZ 

Sf 



4 

34 

f^%ver8m-i(-)dir 

ll 


J 0 \(i} 

4 


n 
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fJ dx 

X 

J 0 4 + 5 sin 2 ; 





j6 

Jo 5 + 4 sm ® 
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OHAPTETt II 

INTEGRATION" OF RATIONAL FRACTIONS 

jBational Fractions —A fraction whose nuineiator 
I denominator are both rational and algebraic functions of 
a^xiable is called a rational fraction 
T jct the expression in q^uestion be of the form 

ax^ -+■ -l- &o 

ax^ + b's(f^~^ + cV*”’* 4 &o ’ 

which w> and vi are positive integers, and a^bj o>^b ^ 
constants 

In the first place, if the degree of the numerator be 
5^1 er than, or equal to, that of the denominator, by division 
can obtain a quotient, together with a new fraction in 
ich the numerator is of a lower degree than the deno- 
□lator the former part can be immediately integrated by 
t. 3 The integration of the latter part in general comes 
dex the method of Partial Praotions. 

3 3 Elementary Apiilications — Before proceeding to 
> general process of integration of rational fractions, we 
>x>ose to consider a few elementary examples, which will 
<i Tip to, and indicate in what the general method really 

'We commence with the form already considered m Art 7 , 
which, denoting by ai and aa the roots of the denominator, 
) expression to be integrated may be represented by 

(jp -I- 

{a - ai){x - oa)* 


eixme 


p^qx 


-<4i ^ -Aa 


■“ ai) (iU - aa) X- a\ X - 
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Multiplying by {x - ai){x - we get 

P + ~ "" + - 4 . 2 CIi) + (-dti + j4.2jx» 

Hence, we get for the determination of Ai and At the 
equations 

p = — Aitti — Aittif g =s Ai 4 - Ai y 

whence we obtain 


A _ P 

-^1 ^ 


Ai^- 


p + gat 


ai - tti 

Consequently 

tti - Ui 


f (i^ + gx) dx p-v qai 

dx 

p + qat 

dx 

J {x- ai){x - Qi) ai - Ui ^ 

X — ai 

Ui- Ui ^ 

X “■ II2 


I {p + yoOlog {x-ai)-(p+ gat) log (x - at) 


In like manner 


p + qa^ _ At At 

(«’ - ai){x‘ - aj) ~ - ai ^ a^ - 02’ 

where Ai and Ai have the same values as above , hence 


{p + gx^) dx jp 4 qai \ 

dx p + goi 

dx 

(a?* - ai) («’ - at) ~ m - a»J 

ai oi ~ ai^ 

x^ - aa 


But each of the latter integrals is of one or other of the 
fundamental forms (/) and (h) of Chapter I ; hence the 
proposed expression can be always integrated 

Again, let it be proposed to integrate an expression of 
the form 

{p 4 g x 4 rx'^) dx 
- ai){x - ai){x - ag)* 

We assume 

P + gx rx^ Ai Ai Ai 

(» - ai)(a! - aj)(i«! - oa) X - ai x - a, x-a^’ 
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then clearing from fractions, and identifying both sides by 
equating the coefficients of a?*, of a?, and the part independent 
of a:, at both sides, we obtain three equations of the first 
degree in which can be readily solyed by ordinary 

algebra , thus determining the values of Ai, A%y As in terms 
of the given constants 
By this means we get 


' (p qx rix^)dii ^ 

dx 

dx ^ 

dx 

{X - ai) (x - a,) (» - aj) J 

• <i 4 n* 3 1 

ar ~ tti 

■t* ai.3 

X — fta 

X - as 


= Ai log (a; - ai) -dtjog (a; ~ as) + ^slog (a? - as) 


We shall illustrate these results by a few simple examples 


* J (a: -1) (aJ + ?) 

I xdx 
-I- aa; - 3* 

r dx 

3 liTZT 

f dx 

^ J a:* 4 4- 4* 

I xdx 

6 

J ds* - 3 a;* - 4 

f -f ^ 

^ J 4 a;* - 6a; 


Examples 


Am J log (a? - 3 ) •{ ^ log (a? 4 2 ) 


„ 5log(» + J) + 'log(B_ l). 

4 4 


I a; - I I , 

^ log taa-t®. 

4 ” a; 4 I I 


^ A 1 * X 1 ® 

" taja-^af - 7 taa“‘ 

3 6 a 




«* 4 I 


„ |log*+jlog(»-2) + ^log(ai+3) 


Here the denominator is equal to *:(» — 2) (» + 3) , and we have 

a;* 4 * a; I Ai As A$ 
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bfinco a^ + ir— — 6) + A^x{x + 3) ** » 


the equations for determining Ai, Aj and As are 

^V + ^S + ^3=l, + 3^j - 2^s = I, 6A=I, 

whence we get 



8 


! 


(2ar‘ + lx"* + 4a? H- i) die 
X-* + M~+ I 


Am + log (a;* + a; + i) 


Wo now proceed to the consideration of the general 
method, and, as it is based on the decomposition of partial 
fractions, we begin with the latter process 

36 Partial Practions. — The method of decomposition 
of a fraction into its partial fractions is usually given in 
treatises on Algebra ; as, however, the process is intimately 
connected with the integration of a large class of expressions, 
a short space is devoted to its consideration here 

Eor brevity, we shall denote the fraction under oon- 

sideration by 

Let ai, aj, as, . a» denote the roots of , then 


- (a? - ai) {x - aa) (a? ~ as) {x - an) ( 0 


There are four oases to be considered, according as we 
have roots, (i) real and unequal, (2) real and equal, (3) 
imaginary and unequal, (4) imaginary and equal 
We proceed to discuss each class separately 

37. Real and Unequal Roots. — In this case we may 
assume 


f{x) Ai Ai As ^ An 

sss -j- 1 -f . . . H , 

ip i^x) X — ai X -- a% a; — as x — an 


(2) 


where Ai^ A2, An are independent of x. Eor, if the 

equation be cleared from fractions by multiplying by ^(^)f 
on equatmg the coefficients of like powers of x on both 
sides we obtain n equations for the determination of the n 
constants Ai, A^y A„ 
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Moreover, since these equations contain A%y &o , only 
in the first degree, they can always he solved however, since 
the equations are often too complicated for ready solution, 
the following method is usually more expeditious — 

The question (2), when cleared from fractions, gives 

f(x) = ~ fla) {x - as) • {x - an) H- ^2 (^ 2 ? ~ «i) (iZ? “ as) (x - a„) 

+ <!Lc +A„(a;-ai){x- 02) (aj-a^-i), 


and since, by hypothesis, both sides of this equation arc 
identical for all values of a?, we may substitute ai for x 
throughout, this gives 


or 


/(tti) = -dti(tti - a2)(ai - as) 



(ai - a,i), 


In like manner, we have 


A2- 


fM 


fM 


A =: 

” /(«n) 


Hence, when all the roots are unequal, we have 


^'(ttn) X - an 


i>(x) ^'{ai) X — Oi X a% 

Accordingly, m this case 


(3) 


(4) 


(5) 


The preceding investigation shows that to any root (a), 
which 18 not a mnlUple root^ corresponds a single term m the 
integral, viz 

f{^ \ . 
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one whioli can always te found, whetlier the remaining roots 
are known or not , and whether they are real or imaginary 
38 Case where Bfnmerator is of higher Degree 
than Denominator.— It should also he observed that even 
when the degree of tr in the numerator is greater than, or 
equal to, that m the denominator, the partial fraction cor- 
responding to any root (o) in the denominator is still of the 
form found above 
Eor let 


/(^) 

0(a;) 


Q 


R 

%(*)’ 


where Q and R denote the quotient and remainder, and let 
be tbe partial fraction of - v -r corresponding to a single 

X a 

root a , then, by multiplying by and substituting a in- 
stead of a?, it IB easily seen, as before, that we get 


f'W 

For, example, let it be proposed to integrate the ex^ 
pression 


a^dx 

- 2X^ ~ $x + 6 

Here the factors of the denominator are easily seen to be 


a; - I, a? + 2 , and a; - 3 ; 


accordingly, we may assume 


^ 

a?* - 20?* - 5a? + 6 


= a;* + ao? + /3 + 


A 


a; - I 


B 0 
2? + 2 0? - 3 


To find a and j 3 , we equate the coefficients of and 0?® to 
zero, after clearing from fractions this gives, immediately, 
a = 2, and j 3 = 9 

Agam, since ^(0?) = 0?^ — 20?* — 50? + 6, we have 


(p^x) « 30 ?* - 40 ? - 5 
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Accordingly, substituting 1,-2, and 3, successively for x 
in tbe fraction 


3a:" - 4a; - 5 


we get 

and hence 
a?® 


6 15’ 10 


^3 - 2a:* - 5a? + 6 


“ -f 2a; f 9 - 


32 


243 


6(a:-i) i5(®+2) io(^-3)’ 


(lx 


^ 20;* - 5a; "h 6 3 




- l0g(* + 2)+^^l0g(»-j), 

39 Case af* JCven Powers. — If the numerator and 
denominator oontam x in even powers only, the process can 
generally be simplified , for, on substituting z for a;*, the 
fraction becomes of the form 

m 

^(2)' 

Accordingly, whenever the roots of ^(2) are real and 
unequal^ the fraction can be decomposed into partial fractions, 
and to any root (a) corresponds a fraction of the form 

/(a) » 

z - a 

The oorrespondmg term m the integral of 


fj^) 


dx 


18 obviously represented by 


f{a) f dx 

(ft' (a) ] sr’ - a’ 
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This IS of the form (/) or (A), according as a is a positive 
or negative root 

The case of imaginary roots m ^(s) will he considered in 
a subsequent part of the chapter 

It may be observed that the integrals treated of in Art 5 
are simple cases of the method of partial fractions discussed 
in this Article. 


Examples 


! { 2X -h 1 ) dx 
^ x’^ — 2X 


Here the factors of the denominator evidently are a?, rc — i, and a: 2 ; we 
accordingly assume 

la? + 3 A B 0 


x z — i a: + 2* 

Again, as (ar) » — 2«, we have tp'(z) = 32;^ + 2aj — 2 

/(*) i* + 3 


<p^(x) + 2X — 2 


Hence, by (3) we have 


A = --, a = < 7 =-^, 

a 3 6 


conseq^uently 

(aa? + ijdx 3 


= l)-l log(a:^-2) 


2 

Here 


! dx 
(a;2 + + 




(ar^ + a^){x^ + i*) 
hence the value of the required integral is 


= _!_ /_i i_\ 


(of 




I 


xdx 


(ara + a)(a?2 ^ {,) 
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Subslittite z for and the transformed integral is 
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(i : 

j 2 (z a] 


dt 


! ("s! + «) (« •+ 
Consequently the value of the required integral is 


, ix^ + h\ 
I \x^ + a) 


[ 0^^ 

J - 3^+2 

] x^ - ya -h 6 
(ir l)dx 


2 ia-b)^ 

Am 3a; + 1 1 log (a- - 2) - 2 log(a; - i) 


„ ■~log(a:-l) + jlog(»-i) + -ilog(a: + j) 


f (iJ 
J a; (a- 4 I 


x^dx 


f x^dx 

Ja^ ” a;* - 12 


8 

Let 


- log a; + log (a? + I) - ~ log (a? 4 2) 


v/? 


7 \ v/ 3 ^ 7 V + »/ 


f dx(a* 4 

J + dx ^) ' 


OjTt z 


40 multiple Real Roots. — Suppose 0 (aj) has r roots 
each equal to a, then the fraction can be •written m the shape 

fjo^) 

(a? - aYxPix) 

In this case we may assume 

f{^) ^ Jfl M, Mr P 

{x - aYxl/ (r) (x - a)'' (x — a)^* :r -* a \p (xY 

where the last term arises from the remaining roots. 

For, when the expiession is cleared from fractions, it is 
readily seen that, on equating the coefficients of like powers 
at both sides, we have as many equations as there are 
unknown quantities, and accordingly the assumption is a 
legitimate one 
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In order to determine the coefficients, jJfi, &c Mr^ 
clear from fractions, and we get 

f{x) = M4{x)+M,{x-a^{x) + M^{x-a)^{x)+&0 - (6) 

This gives, when a is substituted for a, 

/(a) =M4{a), or M.=^y (7) 

Next, differentiate with respect to x, and substitute a 
instead of x in the resulting equation, and we get 

/(a) = M,xl/{a) M4{a) , (8) 

which determines 

By a second differentiation, can be determined , and 
so on 

It can be readily seen, that the senes of equations thus 
arrived at may be written as follows — 

f'(a) = Mi\l/{a) + I ]lfz\p{a)f 

f(a) = Mi4l\a) + 2 M4\a) + I 

f''{a) = + 3 ^ 2 f'(a) + 23 +123 -3f4^(a)> 

f^{a) = + 4 + 3 + ^ 3 4 

+ 1234 -af«^(a). 


m which the law of formation is obvious, and the coefficients 
can be obtained in succession 

The corresponding part of the integral of 

f{x) dx 
(a? - 


evidently is 
lfrlog(a!-a)-^^ 


1 Mr.t 

2 (oJ-a)’ 


'-{r-i){x-ar^- 


(9) 


If have a second set of multiple roots, the cor- 

responding terms in the integral can be obtained in like 
manner 
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41. liKiagiitary Hoots — The results arrived at in 
Art 37 apply to the case of imaginary, as well as to real 
roots , however, as the corresponding partial fractions appear 
in this case under an imaginary form, it is desirable to show 
that conjugate imagmanes give rise to groups m which the 

coefficients are all real_^ 

Suppose a 4 - 6 ^/— i and a - h \/- i to be a pair of con- 
jugate roots in the equation =0; then the corresponding 
quadratic factor is 

(a? - + 6* ; which may be written m the form 4 pa; + ^ 


We accordingly assume 


^(a?) = + q) yp{x)^ 

and hence 

f{x) Lx ^ M P ^ 


p 

wkere % represents the portion arising from the remaining 

Q 


roots, and is the part arising from the roots 

’ x^ px-\r q 

a±by- 1 

Multiplying hy we get 

p 

f{x) = {Lx I- If) ^ («) + {a^ +px + q) {x). (io) 


If in this, - (px + g) he substituted for the last term 
disapjpears , and by repeating the same substitution m the 
equation 

f{x) = \p{x)[Lx + M), 

it ultimately reduces to a simple equation in x on identify- 
ing both sides of this equation, we oan determine the values 

of L and if ,i . r x 

42. In many oases we oan determine the coefficients L, M 

more expeditiously, either by equatmg coefficients direc% 
or else by determining the other partial fractions first, and 
subtracting their sum from the given fraction. 

It will also be found that the determination of many 

[ 4 ] 
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integrals of this class can be much, simplified by a trans- 
formation to a new variable, or by some other suitable 
expedient 

Some elementary examples are added for the purpose 
of illustration 


I. 

A-Ssume 


Examplfs 
/ xdx 

J (r +a;)(i ^ 


A Lx M 

• + • 


(I +*)(! + *») ! + » ■ 1+** 

clearing from fractions, tins becomes 

x-A{i + x^)-\- {Lx + -fa;) 

Equate the coefficients, and we get 

X + ^ = o, X + Jf=i, 

Hence 


and accordingly 


£=ri M=-, A=--, 

i’ 2 ’ a ' 


II I I \-X 

+ - ■ 


(i + a:)(i + a;*) 2 i-\-x 2 H-a;*’ 


f xdx I , 

(i + ®)(i+»») “ 4*“® 

r dx 

) I + 


I + I I 


(l+£C)«, 3 


I- - tan"^a 5 


Let 


I A Lx ^ M 


i-fa;"*’ i—ajt®*’' 


consequently, formula ( 3 ) Substituting and clearing from fractions 

we have 

3 = - 1-3 {Lx 3f){i x) f 

. hence, dividing by i +• a:, we have 


2 - a? — 3 {Lx + M) 
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Consequently 


t dx _ 1 I dx (2 ~ x)dx 

] I + ” 3)1 + 21 ? 3 ]i-a. + i23® 

= -log (I + *) - rlog (» - a? + 

3 ® 

I ix . I, /!+* + «?* 

— _ 6 - 2» + aj 

This can be got from the last by changing the sign of x 


— A=:tan"^ I 

v/3 ^ 

f2X- l\ 

Wl> 


f2X + I\ 

tan"^ 

v/i 



i dx 


In this case we hare 


I — 2\i— 2 :® 1+ a?®/ 


I m^dx 


Ans — log 


/ A\/ 2 ^ a/ 2 * 


— ^4^1""“ ly' 


Let jr* = «, and the integral becomes 


If %dt 

4]^^" 


6 

Assume 


x^dx 


i(* - + !)■ 

^ , -?_ ^ r:Lj_zi 

(a - i)^ [aj-* + i) *" (2 — I j® ^ iP— I ^ I i- a;* 


To and L and Jf, cloai from fractions, and by Art 4* the values of Z and -W 
are found by making a:* « - i m the following equation . 

a;* «(Xa;-»- Jsf)(aj- 1)2. 


Jfcfsa O 


This gives immediately L » 

Again, by Art. 40, we get immediately ji «= ^ 

To tind A, make « = o in both sides of oux identity, and wo get 


O^A'-B\Mf B ^ A 

3 


[4a] 
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Finally 


Integration of Rational Fractiom, 




II II It 

: + 


i(T 


i)2(ip2 4. ,) 2 a? -I ai + i-*' 

-JL^L ^ a _ ! _-L. 4 . 1 log(a; - i) - jlog [x^ + I) 

- iy(a;» +1) 2 x ^12 4 


1 * 


r dx 

J re® -f a;'^ - X* - a?* 


Here the denominator is easily seen to he a;®(a; - i)(* + i)*(a:® + i)f and the 
expression hecomes 

! dx 

a^{x - i){x + -f i) 

Assume as - and the transformed expression is evidently 
z 

f z*dz 

J I)(i 5 T^) 2 (* 2 + !)• 

The quotient is easily seen to be a - i , and, by the method of Art 38, ^ e may 
assume 

jfi A B ^ C ^ Lz~\- M 


(a - i)(a+ 1 )^ 2 ^ I- I) 
Hence (Arts 37, 40), we have 


a - 1 {a 4 I )* a + I a* 4 I 




Next, Z and M are foiind by making r’ = — i, in the equation 

M)(z- !)(«+ 1)*. 

.• I = i(Za 4 M){z + I) = I { Z*' + (Z + M)z + M), 

vrbich gives 

i+Jf=o, 

2 

.• Jf=i, z=— 1. 

4 4 

In order to find the remaining coefficjent (7, we make * = o, when we get 


O tss — l — A 4 -5 4 4 f 
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hence we have 


(«- l)() 5 + I) 

z^dz 


rs * — 1 4" 7 




8 ( 25 - 1 ) 4(2: + i)* ^ *) 4 («*+ * 

i z^dz ^ ^ ^ f \ I ^ 


Hence 


+ I log (» + 0 - I l°g (*’ + I) + 7 tan-’2 

I - 


r dx _ L _ ? i t - W ^ ^ + l0K^^ + - taii-*-^: 

J 2x‘ * 4(*t0 * I + a-2 * 4 X 


[■ {3x t ')dx 
) (x- iy(x-Y 


3 ) 


I , *- I I 

j„, _iog — - — 


43. Sliiltiple Imaginary Roots. — To complete the 

discussion of the decomposition of the fraction suppose 

the denominator <t>{x) to contain r pairs of equal and imaginary 
roots 1 e let the denominator contain a factor of the lorm 
{p ay + br, and suppose i>{x) = {(a. - a)» + bT M‘») 

^ In this case we assume 


/■(*) 


ZiX + Ml 


LiX + Jfj 


t(a!-a)’+ b‘]’-<^i{x) {(»-a)’ + 6’‘)'- {(»-»)' + 6’)'^' 

LrX + ifr P 


+ . . + 


(*-«)*+ V <^x{x) ’ 
the remaining partial fractions being obtained from the other 

™°*There is no difficulty in seeing that we shall still have 
as many equations as unknown quantities, U, Mi,Lx,Mx, 
when tL coefficients of like powers of <r are equated on both 

determine Li, Mi, Lx, &o ; let the factor^ - a)’ + 6’ 
be represented by X, and multiply up by when we get 

M. = Zix + Mi+ (ia® + + &o + {LrX 4- (l l) 

<t>l (x) 
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Integration of Rational actions 


The coefficients Lx and Mi are determined as in Art 41 
To find L2 and M2 ; differentiate with respect to ocy and sub- 
stitute a + - I for X m the result, when it becomes 

where aro = « + h^/ - k 

Hence, equating real and imaginary parts, we get two 
equations for the determination of Li and M2 By a second 
differentiation, and Mz can be determined, and so on. 

It 18 unnecessary to go into further detail, as sufficient has 
been stated to show that the decomposition into partial frac- 
tions is possible in all cases, when the roots of ^(x) =0 are 
known 

The practical application is often simplified by transfor- 
mation to a new variable 

44 The preceding investigation shows that the integra- 
tion of rational fractions is in all oases reducible to that of 
one or more fractions of the following forms: 

dx dx (A + B)dx (Lx + M)dx 
a? - a’ (a? - (x - af + 6 *^ ( (x - a)* 4- 5 * I'' 

The methods of integrating the first three forms have been 
given already We proceed to show the mode of dealing 
with the last 

45 In the first place it can be divided into two others, 

Z(x ~ a)dx ^ (La-hM)dx 
{(a! - arf + {(«-«)> + 

The integral of the first part is evidently 

-i 

2 (r - i) ((a? - ay + 

To determine the integral of the other part, we substitute 
z for X — (ly and, omitting the constant coefficient, it becomes 

r dz 

i(z^+l>X 
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Again 

f 1 [• (z" + h^ - z^)dz _ 1 

) V+ Jf" 

But we get bf integration by paits 

f _ f, ^ 

J(«* + 5')'' “J® ( 3 " + 6y 2(r-i) 


[z^ + 6»)’ 


I f z^dz 


" 2{r- i)(2* + 2{r- i)l (s'* + 

Substituting in tbe preceding, we obtain 


(s» + Ij^Y 
dz 


f__2?_ + * (i2l 

(sH b 7 2{r- i)60 (f + **)*"’ 2(r - i)¥ (s’ f J’)*-' 

This formula reduces the integral to another of the same 
shape, m which the exponent r is replaced by r - i. By 
successive repetitions of this formula the integral can be re- 

dz 

duoed to depend on that of ^ 

The preceding is a case of the method of mtegration by 
successive reduction, referred to in Art 19 Other examples 
of this method will be found in the next Chapter 

The preceding integral can often be found more expedi- 
tiously by the following transformation — Substitute b tan w 

for s, and the expression ^ l^ecomes, obviously, 


_JcO8’*-’0rft) 

The discussion of this class of integrals will be found m 
the next Chapter. /(»*)& 

46 We shall next return to the mtegration of 
which has been already considered in Art 39 in the case 
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wli6re t]i0 roots of real To a pair of imaginary 

roots, a ±h v/- I , corresponds a partial fraction of the form 

{Ax^^B)dx {Ax^ + £)d x 
(aj* - ay ■+ - 2ax'^ + c** 

where <?* = a® + 6* 

In order to integrate this, we assume a = c cos 2f/), when 
the fraction becomes 

{Ax^ + £) dx 
- 2X^0 cos 20 + C** 

The quadratic factors of the denominator are easily seen 
to be 

ar* - 2a: cos 0 + <?, and a?* + 2x a/T cos 0 + <?. 


Accordingly we assume 

Ax^ + J? ^ X a? 4 - -ZH^ 

a:* - 2X^c cos 20 + a?* ~ 2a; cos 0 + c a?* -f 2a;v ^ c oos0 +(? 

hence it can he seen without difdculty that 


X = - i' = 


Ac-B 


20 


4 cos 0^ 

and after a few easy transformations, we find 

r {Ax^ •¥ B)dx _ Ac- B , / x^ - zx y/c cos 0 -f c 
J x^- 20 ? 0 cos 20 + c* 8 cos 0 + 2a; y/c cos 0 + (?. 


+ 


tan-' f 

4sm<j,ci \ ) 


dx 

47 Integration of 

This expression can be easily transformed into a shape^ 



dv 


UJT 
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{a-h)dz 

(I-*)” 


which IS immediately mtegrahle, by the foUowing snbstitu- 
tion — 

AsBume x ^ a - [co- h)%i then 

1-2 1 “ » * * 
and the expression transforms into 

(l - s)’"^”'V3 
(a - 

Expand the numerator by the Binomial Theorem, and the 
mtegrd can be immediately obtained. (Compare Art 4 ) 
For example, take the integral 

dx 


(x - ay{x- hy 

Here the transfomed expression is 
’(l - %Ydi 


(•(I -%Yo 

J (a - byl 


or 


4 3 - 2 - 


- I 


3»+ 3log» + ;j 


{a 

Substituting ^ for s, the mtegral can be expressed in 




terms of x 

48 Integration of ^ ^,y«, 

where tn and n are integers 

Let a + <»’ = a, and the expression becomes 

(s - a)’”ds ^ 

2C™*'S” ’ 

a form which is immediately mtegrahle by aid of the Bino- 
mial Theorem 
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It is evident that the expression is made integrahle hy the 
same transformation when n is either a fractional or a nega- 
tive index , - 

It may be also observed that the more general expression 

can be integrated by tbe same transformation, where 
/(a^) denotes an integral algebraic function of a-* 


Examples 


f x^dx 

+f! + »nog(a>-*») 

' ) (»» - a*)’ 

2(»2-a;0 ^ 

f x^dx 

I « 

* J {a + 

** 4 c* {a + ex^f ^ {(t \ cx^)^ 

f x^dx 
^ ] (I + *»)> 

* * . ■|--log(a;®+ 1). 

»* a:®+i 4(a;*4-i)* ^ 

49 Integration of 

(lx 

ai" - i’ 


where nis a positive integer 

Suppose a an imaginary root of af* - i = o, then it is e^*- 
dent that is the conjugate root also, by ( 3 ), the partial 
fraction corresponding to the root a is 

I a 

f T, or / \ • 

- af n{x - a) 

If to this the fraction ansmg from the root a"’ be added, 
we get 

« ia- - a X - a"*)’ n (a:’ - (a + «"*) a; + I ) 

But, by the theory of equations, a is of the foim 
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itP' - 1 


where h is any integer , 


a 4- a”' ~ 2 COS 


Hence, if 6 be substituted for the preceding fraction 
becomes 

2 X co^d - I 
n* - 2x cos 6 + 1* 

The integral of this, by Art 7, is 

cos 6 , ,, 2 sm 0 , /'a? “ 008 6\ 

— log (I -20)008 ft + ^-tan J 

There are two oases to he considered, aooordmg as n is 
even or odd, 

(1) Let n = 2r in this case the equation x^ - i - o naa 
two real roots, viz , + i and - i ; and it is easily seen that 

— + — S008 — log(l- 22 !OOS^ +*>) 

] _ I 2r ® a? + I 2r r ^ 


I kir , ^ 

- - S Bin — tan 

r r 


X - cos 


kir 

sin — / 

r / 


where the summation represented by S extends to all integer 

values of k from i to r - i 

(2) Let w = 2r + i, we obtain 

f ^ ^Qg(-”~0. ., _i— Sco8-^^logfi-2a:oos-^+a^^ 

J — I 2r I 2y 4 1 2r+ 1 \ 


2 iKtT , „ 

S Sin tan 

2r 4 I 2r 4 I 


X - cos 


24 4 I 
2kir 


, (14) 
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wtere the summation represented by S extends to all integer 
values of k from i up to r 

50. Integration of , where m is less than n + 1 

As before, let a be a root, and the corresponding partial 

fraction is ; r or — ; r 9 hence the partial fraction 

wa”"' (x - «) n [X — a) 

arising from the conjugate roots, o and oT^y is 
if \ 1 x(a”* + g-*”) - 


n\x - a X - oT^j n - (a + a”"') a; + i 

2 xoosmO - cos(w - i )9 
n a;* - 2aj cos -f I ’ 

where 0 is of the same form as before 

The corresponding term in the proposed integral is easily 
seen, by Art. 7, to be 

I ( V .a?~oos0) / N 

- |cos md\og (a?* - 2x cos 6 + i ) - 2 sin mo tan j * 


By gmng to k all values from i to ^ - 1, when n is even, and 
from I to when n is odd, the integral required can be 

o 

written down as m the preceding Article. 
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! dx 

ic® + 6 j; + 8 

1 '\%dx 
- ic - 2 

f (^ + 

) x{a + ho^) 

] + 2 : 3-2 

i dx 

f {2X-s)‘l-> ' 
'(*+ 3)(» ^ O'* 
dx 


EXilMP™ 

^“8 (^) 


„ ilog(®-j) + log(* + *) 

,, _J_log*:ii^l^.-^tan-(^) 
4^2 x‘-x\/l + l 2^/2 '‘ 1 -* 


7 +•« 


\x{a 


” 2(a; + I) 4 

I 


- (Jf;) 


!»(« 


+ bx^y 

dx 


dx 






«a(a + Aa;»*) 


)«(<» 4- 


^2 -- J)r -1 ifa 

Let a + = a;«2, and the transformed expression is 


xdx 


Am ilog(24+.)-ilog(*+l)+5t>‘’^-'* 

, ( 

-log 


x^ sfl + x I* 

dx L lo^ t±2^ + i-tan->2 - 

-t; — * »> r: a:* + I %<{ 5 (a:+ 2 ; 

X*’ + 4*^ + 4- 43^ 4- 4 5 

dx 


ax 

12 Apply the method of Art 47 to the mtegration of 
(I 4- zY»-^d& 

The transformed expression is 


\(rrx 


, I *(1 4 *») £ Llf 

iTm?? 16 
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Examples. 


1 4 Prove that 


— — T" transforms into <- t 
x**{i ~ x)« J 


(i + 


if we make x = 


I 


*5 


I -f a 

■ dx ^ I , a; I , X 

^ log sm r log cos - 

I Bin (tf + © cos af) a -k- 0 i a - b 2 


, log (a + i cos x). 


Multiply by sin Xy substitute u for cos Xy and the integi al becomes 
f - du 

« J (i — «”)(<* + 


i6 


*7 


! d>3^ 1 X X 2 

jins - log sin — log cos - + - log (3 4 2 cos a?) 

3 am ar 4 sm aa; s * 

t (i -s^)dx *s/ \ ,/*4 x\ « , f a;* 4 I \ 

UiTTTO) •• T— ) 


Let x^ = &c 

18. Prove that 

dx I _ {2k - i) 

in 


f dx 1 ^ {xfc- !)*• / (lA: - i)ir \ 

I = 2 cos log ( I — 2a! cos — i x^ I 

J 1 4 in 2» ® \ in / 

•r — ona J — 

I ( 2 ^! - i)ir - 1 

4 - 2 sm tan-' < 


{zk - i)t ( * 


where k extends through all integer values from i to «, inclusive 


f_4_=l£i^__f_2co.<?^^log(c 

J 1 4 i#» 4 1 2w 4 I 2» 4 I \ 


(a/c— i)w^ 
2W 4 I 


2sm 


2W 4 I 4 I 


(iillilf ta.,1 J 


(ifc- l)ir 


(2k -• l) IT 


where k assumes all mteger values from i to « molusive 
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CHAPTER III 

integration by successive reduction 

51 . Cases in wliicli Bin^ 9 oos^ 0 dO Is immediateljlii- 
tegrable.—We shall oommeaoe this Chapter* with the dis- 
ouBsion of the integral 


J sm'" 0 cos” 9 d6 , 


to which form it will be seen that a number of other expres- 
sions are readily reducible , , , 

In the first place it is easily seen that whenever mtier m or 
n is an odd positive integer the expression sin’^fi oosTOdd can 
be immediately integrated 

Eor, if n = 2 r 4- I, the integral becomes 

f sin”* 0 cos 0 dO, or, J sin”* 0 (cos" 0Y d (sm 0) 

If we assume x « sin 0 , the integral transforms into 

\ - (x^Ydx\ (i) 


arid as, by hypotheais, r is a positive integer, (i - x) can 
be expanded by the Bmomial Theorem in a finite nmnber of 
terms; each of which can be integrated separately In hke 
manner, if the index of 8 m 0 be an odd mteger, we assume 

A few examples are added for the purpose of making the 
student familiar with this pnnoiple. 


. It may be observed tiiat “XtesswXSt ^^errs^S 

advisable to separate the discussion lato distinct Chapters 
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Integration by Successive Reduction 


Examplfs 


I 


Jins 

OOB^S . 

coaS 

3 

2 

1 

tf 

2 , sin®d 

8 in 0 sm’ 0 Hi 

3 


J 8 m’ 0 cos'^ 0 


008 ^® 6 COS®^ 

3 

»> 

10 8 

4 

fsin’e^e 
) coa^B 

** 

I CO 8®0 

+ 2 CO 80 

COS 0 3 




2 sin^d 2 

5 

>» 

3 7 

6 

J V cosff 

$9 

2 cos^^ 

2 cos* $ 

5 

7 

J smSe 

99 

2 8 mJ 0 - - 8 m ^0 

7 


52 Again, wlieiieveT m n is an even negative integer 
the expression sin"* 0 cos" 0 can be readily integrated 

For if we assume x = tan 0, we have 


OOS0 = • 


sm 0 = 


^ I + a?’ 

and the expression transforms into 

otf^dx 


^ , and dQ = 


I + 


(i + x^) » 

Hence, if m + n = — 2 r, this becomes 


af^{ I + 

a form which is immediately mtegrable 



Cases m which sm’^6 cos”9 d0 is mmeckateli/ Jntegrabk 66 
fsin*0c((J 


teax^OdO 

Take, for example, I 
Let » = tan 6, and we get 

I »“(! + 

d6 


tan®0 tan**® 

or + < 

3 5 


.6 


Next, to find Jsin0co8^ 

Making the same suhstitution, we obtain 

+ x^ycke 


F 


ao- 


Hence, the value of the proposed integral is 

— ^ + tan®0 + log (tan 9). 

4 

„ , f d9 

Again, tofindj^^lg^ 

(l + , 

Here the transformed expression is , aua 

oordmgly the value of the proposed mtegral is 

In many oases it is more oonvement to assume ® = cot 0 

„ , r itl 

For example, to find 

Smoe d(ootfl) = - if oot 0 ■= *, the transformed 

BlOi u 

f „ oofO 

- (i + (id)da>, or - oot 9 — —• 

The follovnng examples are added for illustration ; 

[®J 
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IntegT<xt%oi^ hy Sucobbhwb Reduction 


Examples 


l- 

f am* B dB 

1 cos® B 

Ans 

taii*0 

4 ~* 

2 

f de 

J cos®^ 

ff 

2 tan^d tan®^ 

tan Q 4 

3 5 

3 

f dB 

J am B cos* B 

?? 

tan* 9 ... .. 

4 log (tan B) 

4 

f 

J cos^ B 

5? 

^tan®0 

5 

r dB 

J Bin^dcos^d 

ft 

g 

— 8 cot 20 cot® 20 

3 

6 

f dB 

J sini^oos^d 

9 > 

, / tan*0\ 

2 tan* d + — —j 


Wken neither of the preceding methods is applicable, the 
integration of the expression sin"* 9 oos” 9 d9 can be obtained 
only by aid of successive reduction 

We proceed to establish the formulse of reduction suitable 
to this case 

53 Formulae of Keduction for sin"* 9 cos" 9 dO 
I sin"* 6 oos^9d9 = | cos""' 0 sin"* 9d (sin 6 ) : 
consequently, if we assume 


U = 008 "“' 6 , 


sin"*+' 9 

I ’ 


the formula for integration by parts (Art 21 ) gives 
I m + I w 4- 1 J 



Case of One PostUve and One Negat%m Index 67 

In like manner, if the integral be written in the form 


we obtain 



J «+ 1 J n+i 


( 3 ) 


It may be obserTed that this latter formula can be de- 
rived from (2) by substituting - - for and interchanging 
the letters m and n in it 

54 Case of one Positive and one Wegative Index. 

— The results in (2) and (3) hold whether m or w be positive 
or negative , accordingly, let one of them be negative (n sup 
pose), and on changing n into - % formula (3) becomes 


sin*^0 . _ sin”*"^ 6 

cos" 6 (n - 1) 0 


m - I fsin*” *0 
w - I J oos”"^0 


(^) 


in which m and n are supposed to have positive^ signs 

sin*^ 0 jt 

By this formula the integral of — ^0 is made to de- 
pend on another in which the indices of sin 0 and cos 0 are 
each dimmished by two The same method is apphcable to 
the new integral, and so on . 

If m be an odd integer, the expression is integrable im- 
mediately by Art 51 If m be even, and n even and greater 

than m, the method of Art 52 is applicable , if m = w, the 
expression becomes J tan”*0(3?0, which will be treated 
quently ; if ^^ < m, the integral reduces to that of sin**’^0 < 3?0 

Agaan, if n "be odd, and > m, the integral reduces to f ; 


* The formiilDe of reduction employed in practice are indicated Ij the capital 

letters A, JB, &c , and in them the indices wand n are supposed to hare always 
positiTe signs By this means the fonnulss will be more easily apprehended 
and applied by the student 



08 IntegTation hy Successwe Reduction, 

and if n < it reduces to j • Tte mode of find- 

ing these latter integrals unH be considered subsequently 
Again, if the index of sin 6 be negative, we get, by 
changing the sign of »» m (2), 


rcos"d 




008"“’ 


Sin® 9 {m-i) sin®"' 0 


M - I f 

W— I J 


cos”"’ 6 


de 


sin’ 


{B, 


We shall next consider the case where the mdioes are 

both positive v 

55 Indices bo«i Fosittve. — ^If sm“0 (i - oos’fl) be 

written instead of sin®^’ 9 in formula (2), it becomes 


f 


cos” 0 dO = 


008”“^ 0 sin”*'*'' 0 


m 4 I 


m 4 


J sin® e (ooB"-’0 - cos” 0) de 

■ - — ? f sm® e cos""’ 6d9 — [ 

m+ I J m4 I J 


cos”"' 0 sin”^' 0 
w 4 I 

Bin*” 0 cos” 0 d0 • 


hence, transposing the latter integral to the other side, and 
dividing hy ^ we get 



os” 0d0^ 


cos”"'0 sin*”^'6 » ~ I 


m-\- n 


W4 


- [ sm”* 0 cos”"*® d0 [C) 

wj 


In like manner, from (3), we get 


I sm”* 0 cos” 0dO- 


m - 1 j 
m + n. 


sm”*"* 0 cos” 0 d0 


sin*”"'® cos”*"'® 


m + n 


{D) 


By aid of these formulae the integral of sin”» 0 cos”0rf® is 
made to depend on another in which the mdex of either 
sin 0, or of cos 0, is reduced by two By successive appli- 
cation of these formulae the complete integral can always be 
found when the indices are integers. 



Indices both Negative 
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56 Formiilio of Meductlon for sin” ft dO and oos”ftift 
These integrals are evidently oases of the general formulse 
(( 7 ) and (D) , however, they are so freq[nently employed that 
we give the formulse of reduction separately in their case, 


f « /I ® oos”*^^ft n- 1 

J n n 

f /I 7/i cosftsin”“^ft n- 
J n « 

The former gives, when n is even, 


cos ft sin”“^ ft ^ n - i 
n n 


- 1 008 ”~® ft dO 
— f Binr^edO 

n J 


oos” e = — f oos”-' 61 + ooB“-“ e 

J n \ n - 2 

[n - 2){n ~ 4) / 

4. “ 3)(^„ I 5l 0 fg) 

n{n-2){n-’4) 2 

A similar expression is readily obtained for the latter 
integral. 


Examples 


1 siii*0 de 


1 co 8*0 do 


sm 9 oosO f , 3 \ , 3 fl 
^ + + 8® 

Bin 9 cos 0 / 8 in*a ^ sm^O , A 
n I \ 3 12 8/ 16* 

^ 9 oo^« + ^) + ^ (amOcoaSH- «) 


Bind 008^0/ 
6 \ 


57. Indices liotli negative.— It remains to consider 
the case where the indices of sm ft and oos ft are both 

^liVnting ““ m and — n instead of vfi and n^ in formula (C^)i 
it becomes 


sin^^ft cos”ft 


I %-¥ i [ d9 ^ 

sin"^^ m + v J sm'^ft oos^^ft * 
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or, transposing and multiplying by 

dQ I m^n[ dO 

sin*”0oos«^='0 "" (w + i)oo8'‘'-'flsm*”-''0 VTi J Sn^'*Oco8”0 

Again, if we substitute n f or » + 2 m this, it becomes 


dO I 

sin”'0cos”d ” (n - i) cos”“*dsin*^^0 

m 4* n ~ 2 r rfl9 

^ n ~ I J sin*”6 oob"”*®^ 


{E) 


Making alike transformation m formula (D), it becomes 

f d 0 2 l 

J sm'”0coB^0 {m - i) sin’”‘"^6 oo8”“^0 

^ ^ — 2 I* dO (W\ 

^ m ~ I J sin’”“^6 008^0 

In each of these, one of the indices is reduced by two 
degrees, and consequently, by successive applications of the 
formulee, the integrals are reducible ultimately to those of 

one or other of the forms — 7. or ^ these have been 

COS0 sintf 

already integrated m Art 17 

The formulee of reduction for — and — are so 

Bin'^e 008 ”t/ 

important that they are added mdependently, as follows : — 


* It may "be observed that formulae (3), (i)), and can he immediately 
obtained 3&rom (-4), ((7), and (JS), by interchanging the letters m and », and 

Buhstitutmg ~ - 4> instead of 0 For, in this case, sin $, cos 0, and d0, transform 

into COB sin <l>, and — respectiTely 
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f dQ 

j oos” 

f de ^ 

J sm” 0 (n - I 


sirxO 


n - 2 


d0 


0 (n - i) oos "“*6 n - I Jcos""* 0 ‘ 


~ eos0 


-■2f de 
- I J 


(7) 

(«- i)sin'‘-'e " n ^ 

It may be here observed that, since sin^fl + cos^0 = i , we 
kave immediately 

(9) 


de 

d9 

1 

de 

) sin'”ff oos” 6 > . 

sin’”'“’^ 0 cos ”0 J 

sm^-e oos^-’fli ’ 


and a similar process is applicable to the latter integrals 
This method is often useful m elementary oases 


de 


Examples 

c d 0 I 


^ f 

] Sind cos® i J cos®d jsmd 


ooa 6 


; tan - 
2 


I. 


de 


f smdi^d 


de 


J smdcos®fl’ 


)smdoos^fl~J cos^d 

and 18 accordingly immediately integrated by tbe last 

f de cosd I 


Jsin^d 
do 


Ana — 


. + - log tan - 
2sm^d 2 ° a 


) Bin® d cos® d 


1 cosd 3i i, ^ 

^+ilogtan- 

” cosd 2 8m®d a 2 


58 . A.ppllcatloii oJT Ifeiltad of HlfTerentlatloit. — 

The formulse of reduction given in the preceding Articles 
can also be readily arrived at by direct differentiation 
Thus, for example, we have 

d fmi***6\ msin”®’’^^ ^ n sin”*^^ff 

^ Vco8”0 J ^ cos^-^fl qob^-^^9 

and, consequently, 

f 8in*”^^0 I sin*”0 m r sin***"^ 0 

J oos”^^0 ” n co8”0 n J oos"“^6 

This result is easily identified with formula (A) 
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Again, 

4 OO8“0) = m sin^-'e oos"^*fl - n sia”"0 oos"-'fl 

du ^ 

If we substitute for its equivalent cos” (i - sin ft), 

we get 


4 (sin’^ft cos’^ft) = m sin^^-'ft cos'^^'fl - (m + n) Bin»""ift , 

dd ^ 

hence we get 


I sin’”^^ft cos"~^ft dO - - 


sin^^fl cos"ft m 


m + n 


m+n 


J sin^^'^ft oos”"^ft^^ft, 


a result easily identified with (D) v.i • a 

The other formulce of reduction can be readily obtained 
in hke manner 

7/1 

59 Integration of tan"ft di) and 

These integrals may be regarded as cases of the preceding 
they can, however, be arrived at in a simpler manner, as 
follows — 

Since tan®ft = sec*ft - i, we have 


taii"0(i0 = I tan"-’0 (sec^O - i) = | tan’'-^6 d (tan 9) 

- j d9 = - j tan»-»fl dB (lo) 


By aid of this formula we have, at once, 


I tan”ft d9 = 


tan^-^ft 


n - 1 


tan^~^ft tan**“^ft _ 

1^-3 w - 5 


(II) 


(i.) If ^ = 2 r + I, the last term is easily seen to be 
(- i)^+4og (cos ft) 

( 2 ) If w = 2 r, the two last terms may be represented 

by (- i)"*Utanft-e). 



Tngonowieirical Tranaformatiom. 

In a similar manner we have 

f 8ec“0 dB 
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f dQ f 8ec“0 dB f d^ ;2J f f 1 2 ! 

Jta^'"Jtan ”0 J tan“-“d («- i) tan «-'0 Jtan”'*d 


Ezahples 


1 

j tan^arfd 

Ans 

tan*tf , . . A 

tan 0 + 0 

3 

1 

r d6 
] taio^ 

9t 


3 

r dd 
] tan^d* 

9f 


4 

f 00 m d0 

»» 

- + cot 0 + 0 

3 


60 Trigonometrical TransformatloiiB. — Many ele- 
mentary mtegrations are immediately reduoihle to one or 
other of the preceding formulae of reduction by aid of the 
transformations given m Art 26 For example, if we 

(xf^ dso 

assume a? - o tan 6 , the expression — „ transforms mto 

(a^ + «;’)« 

HiTi mfl oos””’"”’^ dQ (neglecting a constant multiplier) 

In lite manner, the substitution of u sin 0 for x trans- 

af'dai . a”‘-'^*^siDr'$dQ , . 

forms the expression — — — „ into “ 

cd"dx ^ j. _ _i. oo8”-*-*flrf0 

a! = a sec fl, the expression — „ transforms into — 

{ad- a’)' ““ '' 

(neglecting the constant multiplier) 

A Hiumlar transformation may be applied in other oases 

For example, to find the integral of - (3^ 5 

let X - 2a sin* Q, then tfo = 4a sm fl cos Q dQ, 

and the transformed integral is 

accordingly the formula of reduction is the same as that m (5) ; 
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Examples 


r dx 

J I ~ a 

r dx 

] (a* + x^)i 

f a^dx 


I 3 , I - f 

= sm-^x — - — ::: 


- (3 + 2a;2) 


r x^dx 
I ( 2 ax - 


I I — ^ 1 —x^ 1 — 

.. i 


” a* (a* + a*)* + a®) 9 

— x^ 3 / X 1 A 
” 2(a* + »*) ^ 2 V * ^ <»/ 

„ - {2ax - *»)» + 3*28m-i^^ 


The integrals considered in this Article admit also of 
a more direct treatment We shall commence with the 
following — 

dtijc 

6 1 Cases in wMcli ; Is immediately lute- 

grable. {a + cx‘)'‘ 

We have seen, in Art 48, that the proposed expression is 
mtegrable immediately when m is an odd positive integer 

Again, when m is an even integer, if we assume a + ax? 
= the transformed expresssion is 

7t ~ m 8 

- (2^ - c) ^ dz 


This is immediately integrahle when n - m - 1 is even 
and positive, 1 e when m is either an even negative integer^ 
or an even positive integer ^ less than n - i. 

7t«8 

^ T dx ^ {z^ - c)^ d& 3 

For example, becomes - - ' and 


accordingly is always integrahle by this transformation, 
smce n is an odd integer, by hypothesis 



Binomial Differ enUaU. 
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Examples 



An, * (i 

ftJ?* \ 

{a + 

{a + ex^)\ 1 

“ 3 (« + cx^)] 

' x^dx 

X? (1 

<a?* 1 

[a + cx^y 

” 4. 

“ 5 (a + 0 X ^)1 

\ a^dx 

- (aa* + 3a;*) 


1 (a^ + 

” 3 (a*+»*)* 


f dx 




^ J a:* (« 4- 

The differentials considered in this Article are cases of a 
more general class called hinomial differentials 

62 Binomial Bifferentials. — ^Expressions of the form 


+ bixfydxy 

m wHch m, n, p denote any numbers, positive, negative, or 
fractional, are called Binomial Differentials 

Such expressions can be immediately integrated in two 
oases, wbiob we proceed to determine by transfomations 
analogous to those adopted in the preceding Article. 


(1) Let a + 6a!" = « , then x ^ 


JS - a\n 


and 


hence 



+ bx^ydx = 


w +1 





Consequently, whenever « a postUve mUger, the 

transformed expression is immediately integrable after ex- 
pansion by the Binomial Theorem 
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(2) Again, if we suTistitute ^ for », the differential 
becomes 


_ + hy dy. 

This IS un mediately mtegrahle, as in the preceding 

case, whenever ~ is a positive integer; i e when 

fh 

^ '*' .-1 +. « is a negative integer In this latter case the mte- 
n 

gration is effected by the substitution of s for oa?"” + 0. 


Examples. 



f a^da> 

Am 

a(i + - 2) 


) (i 4-a;8)i 


9 


f dx 


X 

2 . 

1 (I +ic3)f 

>» 

(I 4 


f das 


(I 4 

3 

) 27^(1 -f 


X 


f dx 


axi 

4 

J aTi (i + 

99 

(I + 


When neither of the preceding processes is applicable, the 
expression, if he a fractional index, is, in general, incapable 
of integration m a finite number of terms Before proceed- 
ing with this mvestigation we shall discuss a few simple 
forms of integration by reduction, involving transcendental 
funotions 


63 Rdductloii of 


e^x^dx^ 


where n is an integer. 

Integrating ty parts, we haye 




xre”' 

m 


m] 




(*3) 


By successive applications of this formula the integral 


is maie to depend on 


i e on — , 



Reduction o/{ as” (% *»)"<*». 
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— dx. 

AssTiHung tt = e™*, ® = 


- I 


parts, we have 

(fr*dx 


I- 


(» - i)!e”' 

- g»* w I" 


and integrating by 


g»* w f* 

^ w - iJ 


a" (w - i)ir” 

By means of this the mtegral is reduced to depend on 
f e!^dx 


(14) 




The value of this mtegral cannot be obtained in a fimte 
form , it however may be exhibited in the shape of im 
mfinite senes , for, expandmg a*”* and mtegratmg each term 
separately, we have 

(* 5 ) 


[d^^dx , 

J-— = log 


mx ^ 

a! + — + — .+ ,.2 3»-" 


The integral of (faf'dx is immediately reducible to the 
preceding, since a* = Consequently, by the snbstitu- 

Ln of log a for m in (13) and (14), we obtain the formulae 
of reduction for 


f (faf'dx andj 


In hke manner we have immediately 

jff<ardx=-e-*i>f‘ + nje-^ar-'die ( 16 ) 

64 Rednctioo off ^ of' (\.ogx)’'dx 

Let y = log X, and the mtegral reduces to that discussed 

m the last Article 

The formula of reduction is 


r a!^' (log x)” 

I X’” (log x^dx = J— 


m 


X” (log «)"■' dx (17) 
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Examples 

■ ! 

x^ef^dsa 

r 3 32 

Ans — 

a ( a Or 

* ! 

3^ (log *)* dx 


3 1 


0 il I J[_) 

’* 2a;* 2 x] 

65- 

Reduction of 

jaf* oos axdx. 

Here 

f 0?^ sin <350? uf , 

0?” COS axdx * - ^ sin ctx dx 

J a cij 

again 

sin axdx = - 

008 a® ^ w -_i f 
a d ) 

hence 




3 g 


■ e* duo 


The formula of reduction for of' sax a<cdx can be obtained 

m like manner ^ , i i 

Again, if we substitute y for sin"' a?, the mtegrai 

transforms into 

J cos ydy, 

and accordingly its value can be found by the preceding 
formula 

Examples 

I. domcdic Ant as^ sin * + Sjt* cob ju — 3 2 ujBinar-S 2 i cosflp. 

2 Ja;*Bi2iii?«?« 

An$ - af^co8a? + 4a!® sin ii; + 4 3 aj*co8a?-4 3 2 a; sin a; -4 3 ^ i cob* 



Reduction of \ coe^x stn nxdx» 
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66 Reduction of je^oo&^xdx 
Integrating by parts, we get 

( T COS^^X ^ f 

f^ax = + - U®* oos"“’'a; sin xdz 

J a a] 

Again, 

I oos”^^x smxdx 


ooa”"^ r sm x 


- (cos'* a? - - i) oos'‘"®aJBin^a;}ifo 

. C 52 !:i 2 £? + fci> 

a a ) ai 

substituting, and solving for J oos^xdx, we get 

f , e^^ cos”"^a? {a cos a; + n sm x) 

e®* QO^^xdx 1 1 

J a* + n* 

co^^xdx (i8i 

a* + n® J ^ ^ 

The form of reduction for mi^xda> can be obtained in 
like manner 

67 Reduction of Jcos”*a? sin narc^a;- 
Integrating by parts, we get 


oos”*a? sin na;c?a? = - 


cos'^a? 


? cos iw? m f 
n u] 


oos”*“^a; cos nx dm xdxi 


replaomg oos nx sm x by sin wtc oos a; - sm (n - i) after one 
or two sunple transformations we get 


f 


oos*”a?sin wa?&? = 


oos ”*a? cos nx 
m + n 


+ ”L- f oos”"*!K sm(» - i) (*9) 

m + ni 

Tbe mode of reduction for cos”* cos nxdx, sin-* oos 
and sm”* sm nxcb> can be easily found m like manner. 
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J an^die 

|oo8**Mn4*(&, 

|<r»cosa*<iSe 


Eiamplbs. 


. sm a, ^ 

Am ^(«sina-2oos®) + - 


4 + a* 


a(4 + «>) 


_fOB»*oo^_oog®_oo^ eo 82 » 

* w ~ 1^- 

t 

» “ ~ (oos^rp - sm 2® + 2). 

•eta taZon rfttf *“>I "<» 

^ 60 «.d 6. ..d 

expression - ^ ^ rni • 

(a + <!!!:^)i as other formula of re- 

P^liZSTfST’ “ "‘’““■^“•ed V tk. „d of . 

Thus we have 


£ 

da 


{ct + 


(^35 + 

(« + CQl^)h 

** ^ mcx‘^ 

(a + ca^)i 

hence, transposing and integrating, we obtain 


(a + ae^)i (^°) 

duiSs'/Sw ‘» “e » »»» 

pr^ «i ko Sw^ mCriM ' S' “>» »- 

integer ^ ® when m is a positive 

The fonnul. (,o) o„d„fl,. told. 



Reduction of 


J(« + 


(xf^dx 


cx^Y 
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or negative ; accordingly, if we change m into - (m - 2), we 
obtain, after transposing and dividing, 

r dx 


^ (a + {m - 2) 0 

I cd^{a + cx^)^ (w - i) ax^‘“^ [m - i)a] 

69 More generally, we iiave 


{a + cx^)l 


(21) 


d 


^ [a + <»’)“) ■= (m - I ) a;’”'® (a + ca;*)" + zncaf^ (a + or’)"-’ 

= (a + ca:’)"'’ {{m- i)aoir~^ + im + zn-i)eaf^] 


Hence 


1 


(m+ 2n- l)c 


(m - i)a 


(m + 271 ■ 


_|jjjfn-2(^ + CX^Y^dx (22) 


Consequently, when m is positive the integral can be 
reduced to one lower by two degrees If m be negative, 
the formula can be transformed as in the preceding Article, 
and the integration reduced two degrees 

We next proceed to consider the case where n is negative 

x^dx 

70 Reduction of 7 — , 

J (a + cx^Y 

m and n being both positive 
Here 


Let i 


f x^dx f ^ , xdx 
J (a + cx^Y J (a + cfl?*)**' 

r xdx 

J + cx^Y 


u, and 


or 


~ I 


j (w - i)c (a + codY^ 


and we get 

r x^dx __ 

J (a + CX^Y 


m 

2 {n--i)c{a f 2 (n 


- 1)0) (a 


af^die . , 
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By successive applications of this form the integral admits 
^ reduced to another of a simpler shape We are not 
able, however, to find the complete integral by this formula, 

unless when n is either an integer, or is of the form where 
r is an integer 

71 RedLiiction of 7 

J (flJ + 2hx + cx^)^ 

By differentiation, we have 
^ + 2 hx + cxy) = [a + ihx + cx^)h 


hence 

__ (2m- i)h 
me 


+ ca?) 

(a +25^+ cx^y^ 

x^dx 


(m - + (2m ~ i) + mex^ 

{a + zhx cx^)^ ^ 


1: 


■1 


{a + 25a! + ca?)^ 

{a + 2bx + ca^yi ^ 

{m- i) a[ af'-'^dx 

{a+2hx^ca?)^~ me ]{a + 2 hx+cx^yi 


(24] 


This furnishes the formula of reduction for this case : by 

suooessive apphoations of it the mtegral depends ultimately 
on those of o r j 


xdx 


and 


dx 


{a-^2bx + cx^y {a+2hx+ cx^)^' 

These have been determined already in Arts 9 and 12. 
Again, the integral of^;;^^—-^-— can be reduced to 

the preceding form by making x ^ — 

z 

72 The more general Integral 

x^dx 


li 


I {a + 2 lx + ae’)" 

•dmlte of being treated In Uke manner. 





Reductton of f gg 

J (a + ibx + cx^Y 

For if a + ihz + <ja?* be represented by we have, by 
differentiation, 


(m - i)x^^ 2{n-- {b + €x) 

{m- i)x^’'^a + 2bx + cz^) ~ 2(n- i)z^‘^^{b + cz) 


2b(m-n)cif^^ (in-m-i) 

Jin 

Hence, we get the formula of reduction 


cx"^ 


2{m--n)h Cx^-^dz 

J T” i)c ^ (2^- w- i)(?J T”^ 

{m-i)a ^x^'^’^dx 


x^dx 


By aid of this, the integral of when m is a positive 

X dx dz 

integer, is made to depend on those of and ^ Agam, 


xdx 


it IS easily seen that the integral of is reduced to that of 


dx 


for 


^xdz _ i r{b ■¥ cx)dz 6 f 

J T- cj 


dz 

_ 


« I 


h [ dx 


2{n - i)cT^^ c] 

[ea] 


(a6) 
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dx 

In order to rednoe J we have 
d (h +cx\ c 2 « (6 + cxY 

_ c 2 n{ac-W) znc 2 n{ac-h*) (2n-t)c 

“ 2^n+i 'j^n " 


Hence 


1 


dx 

Jfn¥l 


b + cx 


{zn “ x)c 


2n (ac - b^) 2n{ac 


' \)c {dx 


(27) 


dx 


By aid of this formula of reduction the integral of ^ can 
be found whenever n is an integer, or when it is of the form 

f 

- (r being an integer) 


74 Rednctton of f-; 

] {a + b 008 a;)® 

when « is a positiTe integer 

Let 77= a + b cos x, then = — b sin tr, cos x »• 

ax 

Again, by differentiation, we have 

— _ COBX ^ (n — i) b 8in*<» 

^ (JT®-*) “ j7»-i ^ 


= (« - i)5 OOS’j) 

iT"®-* ?7” ^ ’ 

substitute — ^ for cos a; in the numerators of these fractions, 
and we get 


£ 

dx 


[ an jg ) _ I a 

“ JCr"-» “ bU^ 
_ (n - r)a » _ - - 2 ) 

*77® 677*-» 


+ (” ~ ~ I 2 (n ~ i) a 

£7® 6Z7"-“ “ JcfiM 

, (2«-3)g 

6?7®-’ • 



Reduction of f ^ 

J (a + ooosa;)* 

Hence, transposing and integrating, we get 
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r dx 

{n - I 


- &Bina! 


{in - 3 )a 


J 


dm 


) (a’ - 6*) Z7“-' («-!)(«*- 6») J J7»-> 

« - 2 f (fo 


By this formula the proposed integral can he reduced to 
depend on 


I 


dx 

a + boo^x' 


the value of which has been found in Art i8 

75 The integral considered in the last Article can also 
be found by aid of a transformation, whenever a is greater 
than 6, as follows : — 


dx 

{a b cos x)^ 




{a + b) cos* ~ + (a - 



(where A = a + i, J? = a - 6). 


X \A 

Next, assume tan - = tan 0, then 
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Integration by Successive Reduction. 


and we get 


I + tan *- 1 dw 

^ + JS tan* — 

2 


I + ■ 




^ £(^oosV-^ sin*^)»-V0 
(^.Bp4~ * 

Henoe. replacing ^ and 5 by a + J and « - b, we get 

f, — ^ 2 f (« - ices 2 ^)«-^di> 

J [a + b cos x)» J - j2)»-4 (29) 

hanJ^iX Ln be integral at the right- 

obtain ’ * = acoso, and 2^ = y, we 

[ ^ = 1 f/ 

J (i + COS a 008 ir)” " sin^^-i a J (30) 

where tan - «= tan ~ tan - 
2 22’ 

Hence, if we take o and ^ as limits for 21, we have 

1 rt5 


f* dx 

Jo (i + cos o cos ar)® ~ 8in*”' 

76 lategratlon of 


fv 

3 ^ 1^(1 - 0080 oosy)«-i(iy 

/(aj)<fo 


^ (a'Jv / a + zbx + csd 

above form,\^here/^*/^d^^?l*®^ discussion of the 

braio functions of oj. 9^( ) are supposed rational alge^ 

ftT"™ “• *»«*•«" 

/(*) ^ R 
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Integration of 




^ (a?) -v/a + 2te + Ciu 


Again, since Q is of tke form jo + + ra?® + &o , the inte- 
gration of can be fotmd by the method of 

^ a ^ zbx + (ja?* 

Art 71. 

jffi 

The fraction can he decomposed by the method of 
partial fraotions (Chap 11 ) To any root a, which is not a 
multiple root, corresponds a term of the form - — and the 
corresponding term in the expression under discussion is 

Adx 

{x - a) Ya + zlx + 

The method of integration of this has been given in Art 13 
Next, to a multiple root correspond terms of the form 

Bdx 

(p - aY^/ a + 2bx -f cx^ 

This IS reducible to the form of Art 71 on making 
0? - a = ^ Again, to a pair of imaginary roots corresponds 
an expression of the form 

(Jp + m)dx 

((;» ~ aY -I- /3*) zbX’i-Cdi? 

If z be substituted for x - a, the transformed expression 
may be written 

{L^M)d% _ 

( 3 * + / 3 ’) + zB% + Cz^* 

where Z, JT, A, JB, ( 7 , are constants 

To integrate this form , assume* 2 = j 3 tan (d + y), where 


• For this simple metliod of determmiag the mlegral in question I am 
indebted to Mr Cathcart 
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Integration by Successive Reduction. 


0JS& new variable, and y an arbitrary constant, and the 
transformed expression is 

(Z/3 sin (9 4 - 7 ) 4 - Jf QOS (0 4 - y)}d& 

A cos^(0 + 7 ) + zJSjS Gos(0 + y) sm (0 + 7 ) + (7/3® sm * {6 + y) 

Again, the expression under the square root is easily 
transformed into 


i{A+ (7/3* + (A- (7/3*) cos 2(0 + 7 ) + 2 £fi sin 2(9 + 7 )} 
“ + (7/3* + cos 26 {(A — (7/3*) cos 27 -f 2R(j sin 27 ) 


+ sin 26 {2^/3 00 s 2y - (A~ (7/3*) sin 2 y) J. 

Moreover, since y is perfectly arbitrary, it may be assumed 
so as to satisfy the equation 


2B(i 00 s 2y - {A- C'/3*) sm 27 = o, or tan 2y = 


25/3 
A - OiS‘ 


rad consequently the proposed expression is reducible to the 
form 


{L' cos Q + M' ena.0)dd 
•s/p + Q 008 2 d 

(m which L', M' , P and Q are constants), or 


_ L'd(sme) _ M'd (cos 0) 

•/P-i- Q - 2Q sm*6l x/F-Q + 2Qoob^9* 

each of which 


IS immediately mtegrable 




Examples, 
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Examples 


k 

J cos^d sin 2$ do 

Am 

- “ cos^d 

S 

2 

j* sm20 Goa^ede 

>f 

sm®d sm®d 

3 

3 

1 8m®d coa^dde 

» 

- ~ (cos 2d - ? COS® 2 d + i cos® 2dl 
^4 ( 3 S ) 

4 

f coB^Sde 

J smd 

»» 

COB®d « , 

+ cos 0 + log ^tan - j 

5 

f C 08 ^ 6 rfi 9 


(cos>«-2cos(»)^^-|logtang) 

J sin»6 

»» 

6 

r dx 




J (I + 


\5 3 3 / (1 + a;2)8 

7 * 

1 + bx'^)PdiB 

»> 

(a + {(l> + i)hx*^ - «} 

"(i* + >){# + *)** 

8. 

J r® coa^xdx 

n 

^ / 

~ < 3 (sm sr - cos x) + cos* a; (3 sin a? ~ cos a?) 


" I; 


dS 




d9 


Sin’” S COS” S sin*”-'^ cos”'^0 J cos”^’ 

determine the values of A and JS by differentiation. 

■ (a-a - d*)dx 


J (r 


1 811 ] 


+ a *)8 
sin®d dd 


(l +C 08 d)® 


Ana 2 tan — $ 
2 


_ , , , f sin’”^ d$ r Bin*”<fr d<t 

12 Prove that the integral I -r- transforms into 2"* ’*♦' I — — , 

® J(i + cos(?)»* J oosa«“»”^* 

where S «= 20 
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Examples 


• (« TTcos^ 


f® - i«)(« + i cos») + ta”' I (^-:;rj) tan - 

J(5 + 4ooa«)» ; 

15 j(sin-»a!) 4 rfa = *|(sm-i^j,_^ ^ (sm->a;)2+4 3 , 


008 e dB 
(5 + 4 cos 


Ansi 

9 5 + 4 cos d 27 


4 4\/ 1 ~ sin-la? { (sm-iic)* - 3 2} 

16 Prove by Art 74, that any expression of the form 
capable of being integrated wben/(coe*) conaiata of integral potte'or^l” 
17. Show, in like manner, that the expression 

/(cosa?, sin x)dx 
(a 4 i cos a;)« 

^ b^mtegrated when /(cos. am *) consists only of integral powers of cos a 

18 If f M 4 ^a? + Cx^) da; 

J (« 4 $z)(a + ia: 4 cz^) 4 $x) + Qlog (» 4 + oz\ 

+ £{~ , 

^ . j d + bx -j- 


find the values of P, Q, and M 


J {a cos*8 4 h am* 8)8* 
where tan 4^ = /i tan 8 


Ans « ( g~^)sma^ 

4(«i)S * 


20 Find the values of n for whioh f 

I /" gs integrable in finite 

»TT>a J V — a?*'* 


a I Prove that 


I (i 4 cos a cos a;)" sm^n 


( IT 

^ (i - cos a 0O8y)»-i^ 



( 91 ) 


CHAPTER IV. 


INTB^RATION BY RATIONALIZATION 

77. Integration of Monomials. — If an algebraic expres- 
sion contain fractional [powers of the variable x it can 
evidently be rendered rational by assuming x « s”, where n 
IS the least common multiple of the denominators of the 
several fractional powers By this means the integration of 
such expressions is reduced to that of rational funotions 

Por example, to find 

r (i + xk)dx 

J I + aji 

Let X == and the transformed expression is 
r2''(i + z)dz 

Consequently the value of the integral is 

— + 2a?* - 4a?i f 4 tan"'(a?l) - 2 log (i ^ .-ri). 

3 

Again, any algebraic expression containing integral 
powers of a? along with irrational powers of an expression 
of the form a-h bx is immediately reduced to the preceding, 
by the substitution of ziox a + bx. 


I. 


2. 


1 

! 

I 


- I 

(a + hx)^ 


dx 



Ana 


»> 


*» 


Examples. 

[5»8 + <5«» + 8* + Id]. 

S 7 

2 (2a hx) 
s/ a hx 

log (a? + \/ a? - I) — ^ tan"A 

V 3 ^ V % ' 


3 
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Integration by Rationalization 


78 Rationalization of \/a + zhx + It 

has been observed (Art 28) that the integration, in a finite 
form of irrational expressions containing powers of x beyond 
the second, is m general impossible without introducing new 
transcendental functions We shall accordingly restrict onr 
investigation to the ease of an algebraic fun ction containing 

a single radical of the form >v/« + 2^2; + where a, i, c are 
any constants, positive or negative 

Integrals of this form have been already treated by th^ 
method of Eeduction (Art 76) We shall discuss them here 
by the method of rationalization 


The expression* — 

^ + ihx + 

^ • n « . 


- ^ 20X+ cx* 

tional in several ways, which we propose to consider in 
order — 


(i) Assume \/a -¥ 2bx + caf ^ z -- x (i) 

Then a + ihx = as* - 2xz hdx = zdz - [xdz + zdx)^ 

or dx{^ + »>/'c) = dz{%-xye) = dzy^~+2bx + cx‘; 

^ dz 


v/a + 2 bx + CZ* b + z a/o 


Also 


X = 


i^) 

( 3 ) 


2 (J + «v^)* 

prei proposed ex- 


the that the integration of aU expreeeion. of 

t/ « + li* + cx*)ix 

It may aSo^'^obswed^S; «lgehraio fnnobon. 

tegration m nraoboe n that 
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Rationalization of F{a}f + Cix^) dw. 

When J = o, we get 


dx 


dz 


and X = 


(see Art 9) 


+ CX^ St^s/c 2%*y~C 

By aid of the preceding substitution the expression 
dx 


transforms into 


{x -p) + ihx + cm? 

dz 


(Art 13) 


For example, to find J 

2® — I 

Here x = , and 


- 2zp 's/c - a - 2ph 
dx 


{p + qx) \/ 1 + x^' 

dx zdz 


-1 


2Z 


dx 


(p + qx)\/i ^ a?* qz^ + 2pz - q" 

l 


(^ + ^^a?) v^TT^ ^\q%^’ p ^p^ 


g'g + jp ~ */p^-^<i 


+ ^v 


When the coefficient c is negative the preceding method 
introduces imagmanes we proceed to other transformations 
m which they are avoided 


(2). Assume* a/ a + 2lx + cod = ^/a + xz. 
Sijuarmg both sides, we get immediately 

ib ^ CX - 2Z 's/a + 372 * , 

/ dx(c- 2») - 2d% {^/a + 072 ) == 2dz /a + 2bx + 
dx 2dz 


( 4 ) 


Hence 


y a + 2hx + cx^ c - 2* 


(5) 


* This 18 reducible to the preceding, by changing a? into and then em- 
plovmg the former transformation 
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Integration hy Rattonahmtion. 


And * = 

This substitution also eTidently renders the proposed 
exp^ssion rational, provided a be positive 
For example, to find 

f dx 
J x^/ 1 ~ a-* 


Assume a/i - = i - and we get 

l;7r^ "It ■ 


( 3 ) Again, when the roots of « + zhx -{■ cx^ are real, there 
IS another method of transformation 

For, let a and /3 be the roots, and the radical becomes 
of the form 


- a){x - /3), or a/^o? - o)(j3 - a?), 

accordmg as the ooeflBoient of is positive or negative 

In the former case, assume x - a = 2 y^x - j3, and we 
get 

ik 

Accordingly 


0, = ?^; hence*-/3= = J 

I ^ 1 -%^' x-B I 


I'” 


dil? 




__ ^2 dz 

yc(x-a){x-B) 

In the latter ease, let \/x~a = z\/B-x, and we get 


(7) 


-±±§£ 


1+2 


.2 > 


and 




2 dfs 


a/c - a) (/3 - a?) I + 2 ® 


(8) 
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Rattomhzatton of F{x, a/as + zbx 4 <5®®) dx. 
For example, the mtegral 


tratsforms into 


f 

I 


dx 

{p -hqx) v^i 


idz 

{p + i)z‘+p-^ 


on making x 


Z2 - I 
2^ + l’ 


The student can compare this method of integrating the 
preceding example with that of Art 13, and he will find no 
dijOSoulty in identifying the results 

It may he observed that m the application of the fore- 
going methods it is advisable that the student should in each 
case select whichever method avoids the introduction of 
unaginaries 

Thus, as already observed, the first should be em- 
ployed only when c is positive in like manner, the second 
requires a to be positive; and the third, that the roots 
be real. 

It IS easily seen that when a and c are both negative, the 
roots must be real ; for the expression 


a + 2hx ~ or 


-ae- {cx -bf 


is imaginary for all real values of x unless - ac is positive , 
1 e unless the roots are real 

Accordingly, the third method is always applicable when 
the other two fail 

From the preceding investigation it foILows that the 
expression 

F{x, ibx + cc^) dx 

can be always rationalized , F denotmg a rational algebraic 
function of x and of + zia? + ax?. 
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Integration by Mattonahzation^ 


Examples 


dec 


(2 + 3®)v^ 4-»“ 
‘ dx 


^ 1 , \/4 {- 2 i »:“'\/2 — 05 

Ans —— log 7= 

4'\/ 2 v 4+2a?4'V ^ — ^ 


Assume « = (»* + a;*)* + a?, and we get for the value of the proposed integral 




3. ^dx a? + v/ 2 + aj®* 

4 I jp** {(«* + a?*)^ ^ x}**dx. 


^ 2a;*4-a?v/ 2 + a^~a 

— . 

^ V jp 4- 2 4 a?® 


Making the same assumption as in Ex 2, the transformed expression is 

2m+I > 


which 18 immediately integrahle when w is a positive integer 
f dx 

^ Ito 

6 


{(i+ip2)*-a:}>« 

4 x}** 

Im^S^ 


An, [(t + »*)> + [(I + + a>3"^ 

2 (« 4 i) a (« - x) 


f {(i 4iP*)* 4 x}*^dx 

J (1 


»» - {(i +a;®)4 4a?}». 


dx 


-) \/ a 4 2bx 4 (\/ a 4 zbx 4 ox^ ± 

Let \/»42&p + «r« i = «, then, as in Art 78, we get 

dz 

\/a + 2 bzi-ex^ b±z\/ 7 * 

hence the proposed expression transforms mto 

dz 


s»(A±sy/ e) 


Ap 
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79 Cfeneral InTestigation. — The following more 
general investigation may be worthy of the notice of the 
student. 

Let R denote the quadratic expression a ibx + cx^\ 
then, smce the even powers oi ^/R are rational, and the odd 
contain ^/r as a factor, any rational algebraic function of x 
and of ^/r can evidently be reduced to the form 

P+ Q^/R 
P'+Q'y/P' 


where P, Q, P', Q' are rational algebraic functions of x 
On multiplying the numerator and denominator of this 
fraction by the complementary surd P' - R^ the deno- 
minator becomes rational, and the resulting expression may 
be written in the form 

M-vN^R, 

where M and N are rational functions 

The integration of Mdx is effected by the methods of 
Chapter II. 

AT f cNRdx 

which IS of the form 


/(^) dx 


J ^ {x) *Z a + 2hx + cx^ 

Let, as before, + ibx + ca?* = - a)(aj - j3), and 


substitute 


X + 2fX% + VZ^ 
y + 2ijlZ + vZ‘ 


instead of ar, when the radical becomes 


v/ 0 {a, - + 2 (/;t — ail’) a + (j' — 01 

^ 


f') z^} {X - 4 2 (ju. g -f (y - $vf) z^} 

2fi'z -f /a* 


(9) 


Again, if the quadratic factors under this radical be made 
each a perfect square, the expression obviously becomes 
rational. 
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Integration by Rationahzatton. 


The simplest method of fulfilling these conditions is by 
reducing one factor to a constant, and the other to the term 
oontaaning 

Accordingly, let 

X - aX' = o, fi- ajl fuL - = o, V - j3i/' « o , 

jU, = Of fJL — Of X = a\'f V = /3i/ 

On making these substitutions the expression (9) becomes 


(/3 - a)z^^ eX'v' 
X' + v'a" ’ 


while a? -= 


aX' + /3rV 
"X' + ,/s* ' 


In order that should be real, X^and / must have 

opposite signs when e is positive, and the same sign when c 
18 negative 

It is also easily seen that without loss* of generality we 
may assume X' = i, and v' = ± i 

Hence, when c is positive, we get a? = and when 

I ~ 

0 is negative, w = - ^ 

I + a* 

'aese agree with the third transformation in the preced 
ing Article ^ 

More generally, when the factors in (o) are each squares, 
we must have 


(/i — )* — (X — aX^) (v — av') ~ o, 

or M*-Av+(Xv'+vX'-2;tt/)a + (/«'»-XV)a* = 0, (10) 

and a similar equation with /3 mstead of a. 

Moreover, by hypothesis, a satisfies the equation 

a + 2 ba 4* ca* « o. 


• For tlie substitution of ^ transfonns 


a\' + 

‘-TT-, — TT" “itO 
X 4 /a* 


tt4- 

I +y3 » 


&0 



General Imeettgation 99 

Accordingly (10) is satisiGed if we assume the constants 
A, fly &Q y so as to satisfy the equations 

^ — Xl/ ^ tty X V + Xv — 2flfX ^2.hy — XV s= C, (l l) 

Again, solving for z from the equation 

x{y + 2/i2 4- vV) = X + 2fxz 4 vz\ (12) 

we obtain 


{v-a}v)z-h Xfx - - Xv 4 (Xv"^ 4 * Xv 4- Z ^2 
Also, by differentiation, we get from (12), 

{y+2^'% 4- v%^)dx^ 2 {/i 4- vflJ -x{fi ■\‘V%))dz 

“ 2 \/ a + 2bx + m^d%\ 

V^a4- 252? 4 - A' 4- 2f/% 4- vV (^4) 

Now, since we have but three equations (ii) connecting 
A, <S:c , they can be satisfied in an indefinite number of 
ways 

We proceed to consider the simplest oases for real trans- 
formations 

^ (i) Let a be positive, and we may assume v » o, and 
ft = o ; this gives 

/i « ^/a, X/ « ihy XV - - <j* 

Again, without loss of generality, we may assume 
which gives 

X « - 2i, X^ *« 0, whence x « 


and 


dx 


2 d% 


a 4- 2^2? 4- 0 — »** 


These agree with the results in (5) and (6). 

[7 a] 
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Integration by Rattonahzation 


(2) In like manner, if c be positive we may assume 
«= o, ju. — Oy and v == 1, 

wMoh gives 

f/ = v^, k = - a, and X' = 25 ; 

g* - a , dx dz 

— —y and — y — - ~ = • —-jp. 9 

2 (^ + zvc) V a ^ 2hx + cx^ b + &v c 

as in (2) and (3) 

It may be observed tnat since these results do not contain 
the roots a and /3, they hold whether these roots be real or 
unagmary ; as already shown m Art 7 8 

It IS easily seen that if we make m = o> and fx =« o, we 
get the third transformation 

80. If the expression to be mtegrated be of the form 


f[cc)dx 

-v/a + ibx ■¥ cx^ 

where /(^r) is a rational algebraic function of a?, it is often 
more convenient to proceed as follows , — 

The substitution of is - ~ for a; transforms the proposed 


mto 



where = 


ac - 
e 


If the even and odd powers be separated in the expan- 
sion of/ ^2 it can plainly be written in the form 

and the proposed integral becomes 

f 0 (g^) dz ^ f («*) d% 

\ ^ d \ J v^a' H- 

The former of these is rationalized (Art 24), by making 
+ cs’ - y%, and the latter by making a' -tr o%^ y 



Cme of a Recurmig BtquadfaUc under the Radical Sign 101 
It may be obsoived that in general the expression 
f{^) dx 

CQ^ 

IS also made rational by the transformation 


^ a + cud’ = xy 

8 1 Case of a Hecurring Biquadratic under tlie 
Badical ^ign. As the solution of a recurring equation of 
the fourth degree is immediately reducible to that of a 
quadratic, it is natural to consider in what case an Elliptic 
Integral (Art 28), in which the biquadratic under the radi- 
cal sign IS recurring, is reducible by the corresponding sub- 
stitution ® 

Writing the expression in the form 


^[p^dx 


or 




a i- zhx + -f fl 77 7 TT ’ 

and, assuming a; + i = a, the radical becomes v'a*’ +2hi +'c'^. 


and also 



== dz 


Consequently, in order that the transformed expression 
should be of the required type, it is obvious that 6(x) must 
be reducible to the form 


In this case 




dx 


*y a+ 2te-f 

a** + 25« + (j - 2a 


transforms into 



Integration ly Rationalization. 
In like manner, the expression 


into 


a-^ 2hx ->f ca? - 2 hx^ + ax^ 


/(g) dz 


2hz + 2a-c* 


hy the assumption 


expression can in some oases be reduced 

0 I « I 

a: + — or — ; = *. 


Exauples 



X 


n log- 


X 




v/z ii— 

4* 

1 , \/i + it* + ir\/a 

t» -y= log 1 — 

v 2 I - a;2 


ng were given by Enler (Cale Int , tom 4 ) the 
leir solution with the method of recurring equations 
sen pomted out by him 

Am + *. 

I X 

c 


i)dx 

0 {X* fix + i) 

F 

Am sm'i ( — ^ — \ 

\I + a;2/ 





Examples. 
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‘ xdx 

(a+ 

ri + dx 




10 

Assume 


fLl^_ 

J I - iC® -v/ 1 

I,T 


•v/ 1 +■ a;* + a;* 
dx 

t; = (I -h a:4)i sm &c 


„ -Liog yli±»!±fl+i3/3 

y' 3 I - ic* 




II 


f 

J (i + a?®"){(i + a;*")'* - x^^ \(i 


li 


xdx 


I (I + x)\ + (l + x)\ 
Assume i + a; = 
x^dx 


- I, FT 


(l-.a^)(l +a:4)i 


An. -1- log ^ JL^ t&a-‘ t 

4V ^ I — a:* 4^/ 2 ar-v / 2 


J4 f(i_+f*)^ 

J (r- 


15 


(i - a^)* 
f (l +a:*)J>dii? 

J I -a:* • 




(I - 


If 


!: 


Ans 


I - x^ 


2^/2 


; ^ 
\ I-»* / 


a;2 


f — ~ tau“^ 

2 -y/ a I 4 - 2 ?^ 


'7 


+ aaa; + 2 :* ^ i ^ aaa; + zbx^ 4- xax^ 4- a^ 
I - ax^ dx 


4 - *y I 4 - 2cx^ 4 - «* a^ 

Ans 


iPV 2 (tf — a) 4- *y I 4 ^ex^ + a*aj* 

v/a-(7r7) ^“8 -TT^ > ‘ > « 


»y !-(«—<») 
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CHAJeTEE V 

MISCELLANEOUS EXAMPLES OF INTEGRATION 

82 Integration of ^ 

a cos X ->r b sm x + c 

Let a coax + b am x + c = u, then - a amx + b 


COSO? 


Next assume 




A coax + B Binx + C = \u + u — V, 

dx 

and, equating coeffioients, we have 

A = \a + fxh, B = \b-fia, C=\o + v. 
Solving for X, /n, v, we get 

\ = ^ (Aa + Bb) e 


TA-nf 


f COS a; + jB sma; -f C) dx 
a coax + b sm x + c 

Ah -Ba . 

/z* 4. ^2 COS a?+ J sina? + c) 




os a? -f i sm a; + c’ 
y found ; for, if we make 


sm X sm o) s= r 00s (a? — a) 
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Integratum of _ 

a cos X •¥ b sm a? + c* 

On making a? ~ a = 0, the integral reduces to the form con- 
sidered m Art 1 8 

As a simple example, let us take 

f (A + jB ta n a?) aila? 

J a + b tan a? 

Here A + £ tan a? ^ ^ cos a? + £ sina? 

a + b tan a; « cos a? + A sin a? ^ 

and we evidently have 

' (A + £t8Lna;)da ; __ (Aa + £b) a? Ah^£a 

a+hi&nx 1FT¥~ log(«eosjr+i8maj) 

83 Integration of Ag os Bin 

«cosa?-)-&sma? + c* 

where /is a rational algebraic function, not involving frac- 
tions 

As in the preceding Article, assume a? = 0 + a, and the 
expression becomes of the form 

^ (cos 0, sm 0) d9 
A cos 0 + J? 

Again, since sin*0 = i - co8*0, any integral function of sin0 
and cos 0 can be transformed into another of the form 

(cos 0) + sm 0 ^ 2(008 0) 

Accordingly, the proposed expression is reducible to 

^i(oos B)d6 ^ j)a(cos 0) sin 6dB 
-4co8 0 + jB Acob0 + £ ’ 

The latter is immediately mtegrable, by assuming 

A cos 0 -h £ = z. 

To integrate the former, we divide by -4 cos 0 4 - i?, and 
integrate each term separately 
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MucellaneouB Examples of Integration. 


84 Integration of 

/(cos x)dx 

(ai + h cos x) (ch + bi cos x) .. bn cos x) 

where /, as before, denotes a rational algebraic function. 
Substitute s for cos x and decompose 


m 

(fli 4- biS^{(H + ^2-2^) • • 

by the method of partial fractions . then the expression to be 
integrated reduces to the sum of a number of terms of the form 


dx 

^ + jB cos 


each of which can be immediately integrated 


1* 


dx 


I C08d?(5 + 3 cos a;) 

r ^ 

I 4 h coBxj 

Ans 

f dz 

I cos* a; (a 4- i cos a?) 


Examples 

i.iog 

10 ° \i -sma;/ 10 


taa > 


when a>b 

J - a 008 a? 


fh 4- 

(a* - ^2) sm X 

a * 

\a + 

, tana? 

b firx\ 


Ana 

a 

^logtan(-+-] 



dx 

> + h 000 aj* 


85 . 1" ntegration of { / (^r) + f{^ ) ^ dx. 

The expression d^Pdx is immediately mtegrable whenerer 
P can be divided into the sum of two functions, one of which 
is the derived of the other. 

For, let P=f{x) 

then / e^Pd^ - ld^f{x) dx + / dx. 



Dtfferenkation under the 8%gn of Integration 


107 


Again, integrating by parts, we hay© 

/ <?*/ (a?) dx «/(aj) e* ~ {x) dx» 

Accordingly, 


/ [f{z) •¥ f{x)]d^dx^ d^f{oo). 
For mstanoe, to find 


J tV ^ 


xY 


dx 


Her© 


(i+a-y 1 + X + it/’ 

consequently the value of the proposed integral is — 


I + a? 


Exahpibs. 


1 1’ (ooa at + sin ») dx 

An$ iHfaiaa;. 

fs*' 

„ tf*loga; 

vm-'- 

» ~ I 
” ^ St l 


” H- 


86 . niflnerentlatlon under the Sign of Integra- 
tlon. — The integral of any expression of the form <j)(x, a)dx, 
where a is independent of x, is obviously a function of a as 
woU as of <r. 

Suppose the integral to he denoted by F{x, a), i e. let 
F{x, a) • j <tt{x, a)dx, 
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Again, differentiating both sides with respect to a, we 
have, since x and a are independent, 


g) d . ^ (a?, a) 
dadx da 


or (Art. 1 1 9 , Diff Calc ), 

dx \ da ) da 

Consequently, integrating with respect to a?, we get 


d F(Xy a) fd»<f>(x,a)j 

^ ) ra 


i e 


d 

da 


(/) (Xy a) dx = j* dx. 


In other words, if 

U = f</>(x, a)dx. 


then 


du 

da 



(0 


provided a be independent of fp , in which case, accordingly, it 
is permitted to differentiate under the sign of integration. 

By oontmumg the same process of reasoning we obviously 
get 


d^u f d**<^{xy a) 


(*) 


where u = ftp (x, a) ix, a being independent of x. 
Por example, if the equation 



Integration under the Sign of Integration 
be differentiated n times with respect to «, we get 


j hr — 

\aaj \a 


dV/i 


10 & 


« <?“* a? H- 


day \a 

(See Art 49, Diffi Oalo ). 

Again, m Art 2 1 we have seen that 


1 




Accordingly, 

We now proceed to consider the inverse process, namely 
the method of integration under the sign of integration. ’ 

87 Integration under the fillgn of Integration 

If in the last Article we suppose ^(r, a) to be the derived 
with respect to a of another function v, i.e. if 

then 0 “ / a) da 

Also by the preceding Article we have 

^ (j.cfo,) - «) ab - «). 

Hence ^vdx=^F{x, a) da. 

In other words, if 
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M%mellaneom Hmmpks of Integration 
then j* jP(a?, a) = I [ j ^ (iT, a) da] dx (3) 

It may te remarked that the results established in this 
and m the preceding Article are chiefly of importance in 
connexion with definite integrals Some examples of such 
apphcation will be given in the next Chapter. 

88 Integration by Infinite Series. — It has been 
already observed that in most cases we fail in exhibiting the 
integral of any proposed expression in finite terms In such 
cases, however, we can often represent the integral m the 
form of a series containing an infinite number of terms 

An example of an integral exhibited in such a form has 
been given in Art 63. 

The simplest mode of seeking the integral of f{x)dxirL the 
form of an mfinite senes consists in expanding fix) in a 
series of ascending powers of a?, and integrating each term 
separately then if the series thus obtained be convergent, it 
represents the integral proposed 

It can be easily seen that if the expansion of f{x) be a 
convergent senes, that of lf{x)dx is also convergent. 

For let 


then 


/ {x) = ^0 aix + flair* + . anx^ + Ac , 


) 23 w -f I 


Now (Diff Calc, Art 73), the expression for fix) is 

fl X 

oonrergent wlienever — is less than unity for all values 
of n beyond a certain number ; and the latter series is con- 
vergent provided — be less than unity, under the same 

conditions 

Accordingly, the latter senes is convergent whenever the 
former is so 



Ifitegratton hy Infinite Series 
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Examples 


1—1 f!! 

4 6 i6 

1 I 

249 


+ &0 


( div (Xf t I ajiJi I 

»• l—r =!=-+-- + + — 

•'V f - a ;5 r 26 2 4 ii a 

* f-^ = 2v/8^6+i?^^ + i-J!![?!f+ '1 

Wamx \ 3 ^ *49 / 

3 * f (1 +ea»)fa;« ^dx^xmfLj. ^ -g!_- , -PCj* - ?)<* !C»" „ \ 

■’ \»> ff (» + « 1 2 + 

89 Expansion of Jlog (i + 2 »» oosa: + m^) dx 

We shall oonolude hy showing that the integral 

flog (i + 2^ cos a? + m^) dx 

can be exhibited in the form of an infinite senes 
For we have 


Hence 


I + 2 moosa; + = (i + 


log (i + 2«i008a? + m?) = log (1 + + log (i + me^^) 


. f wi® 

= 2 [ m 008 * 00s 2* + — 00s 3* - Ao 

N 2 3 


Sin 2x sm 3* 

— _L. M/%a *•' 




(4) 


Accordingly 

+2mco8*+»»’)rf*»=2^w8in* -w’ — 

This senes heoomes divergent when m is greater than 
e^ly obtained corresponding senes oan be 
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I + 2m cos a? + m* = m^i i + 


and aooordingly 

log(i + 2moos*+m*) = 2logm + 2te-"+?2i3f_&,\ 

\ m 2 m^ 3m® ) 

Consequently, when m > i, we have 

flog(i+ 2 moos«+m»)(&= 2 ^ 1 og»»H- 2 f^-?^ 5 if+?]£ 3 f_ . 

J \ m 2W 3W J 

From the above it is easily seen that the integral 

/log(i 4 - aooax)dx 

can he exhibited in the form of an infinite senes when a is 
less than unity . for making a = - we have 

I 

log (i + aooBx) ^ log (i + 2^008 2? + m®) - log (i + m®) 
The relation between m and a admits of being exhibited 
in a simple form ; for let a = sin a, and we get m = tan 
Making this substitution m (4), we get 


J log ( I + sin a cos x)(tx = 2 X log ^cos ~ 

4 2 ^tan ~ sm a* “ tan® ~ + 1 

\ 2 7 2 * 



Examples 
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EXAMPlBg. 


J (2 COS a; + 3 sm x) dx t2x 5 

3 cos a; 4 - 2 sm a? T3 73 cos a? + 2 sm x) 


J- 

1 


~ tan B + — ^ tan“i 2) 

2 2Y 2 


e^x 


Bm.^9 

»*(x^ + X -h i)dx 
(i + 

f dd I, i_ ^ 

I sm 20 -iin 0 “ 6 7 ““ ^) "■ ~ log: (i ~ 2 cos e) 


\/i + «* 


' e \ 

\/ a Bin - 4- I 



sm ~ tan -dd / 1 ~ sm 

— »^-«4 

6 When x^ < i, prove that 
f dx ^ X I x^ 

J \/ 1 I 2 s 2 49 2 4.6 13 

and vhon x^ > i 

f _ i + i _L _ i_i JL ^ L_i_i _I_ _ _ 

\/i+®‘ * a 5 <bs a 4 9a;» a 4 C ij*** 

7. Prove that 

+ ,j, 

senes is oonrergeiit, and irhen divergent 




u + I 12 « + 3 

+ (^’‘+t»)(A» + 3 ») dn'^w 

t 2. ? 4 ~ ^ + 5 -I ' 

Substitute » foi sm *r m the eipansion of CWe , Art 87), &o 

5 ^ 4 2 e)sui>>-*n, 

^ I/*4-2 ^:23/t + 4 

, \Ca^ + 2 »)(a» + 4 '‘) sms'*** ^ 

* 2*3 4 5** /a + 6 

[ 8 ] 
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CHAPTER VI, 

DEFINITE INTEGRALS 


90 Integration regarded a§ Summation, — We have in 
the oommencement observed that the process of integration 
may he regarded as that of finding the limit of the sum of 
the senes of values of a differential f (a?) (fa?, when x vanes by 
indefinitely small increments from any one assisrned value to 
another 

It IS in this aspect that the practical importance of inte- 
gration chiefly consists For example, in seeking the area of 
a curve, we conceive it divided into an indefinite number of 
suitable elementary areas, of which we seek to determine the 
sum by a process of integration Applications of findmg 
areas by this method will be given in the next Chapter. 

We now proceed to show more fully than in Chapter I 
the connexion between the process of integration regarded 
from this point of view an(? that from which we have hitherto 
considered it 

Suppose 0 (a?) to represent a function of x which is finite 
and continuous for all values of x between the limits JC and Xq , 
fbat X — a;© is divided into n intervals Xi — Xo, 
^ 9 by definition (Diff Calc , 

Art 6), we have 




in the limit when Xi = Xo; accordingly we have 
(p{xi) - <p[xo) = (a?i - x^{<l>'(xo) + 6o)> 



Ltmtis of Integration. 

where eo becomes infinitely small along with x, - x« 
we may wnte 

^ (»i) - Ip (Xt) = (Xi - Xo) I p'(Xo) + Col, 

p(Xo) - ip{Xi) = (3h-Xi){(p'(Xi) + £,), 

piok) -p (x,) = (Xo- X 3 ){p'(Xi) + £,}, 
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Hence 


<p (X) <p {x„.i) - (X - a:^,) {^'(x„.i) + £*.ij, 

By addition, we have 

<p{X)-,p {Xo) = {x, - Xo) p'(xo) + (x,- X,) i,'{x,) + . , 

+ (X- Xn.,) p'(x„.,) + (x, -Xo) Co + (Xo -Xi) Ci+ + (X-X„.,) £^, 

greatest of the quantities £„, £,. £ 

than rx " 1 nght-hand side is eyideky less 

and accordingly becomes evanescent ulti- 
mately (compare Diff Oalo , Art 30) 

Hence ' 

^ (X) - 0 (xo) = limit of [{x, - Xo) p'{xo) + (*,- X,) ^'(*0 + 

+ (X - a:^,) 0'(a;„_,) ], ( i ) 

when n is increased indefinitely 

This result can also he written in the form 

0 (X) ~ (p{a^o) = ^<f{x)dx, 

where the sign of summation Sis supposed to extend through 
all values of x between the limits aso and X ^ 

Tha' Integrals, Mmlts of Integration.— 


/(X) -/(xo) = rf{x)dx, 
^ *0 


(2) 

bte^a? superior, and Xo the mfertor hmit of the 

fSal 
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Definite Integrals. 


Agam, the expression 


<lt{x)dx 

J *0 

is called the definite tnlegral of <^{x)dx between the limits x^ 
and X, and represents the hmit of the sum of the infinitely 
small elements ^ ix) dx, taken between the proposed hmits. 
From equation (i) we see that the limit of 

(a?i ~a?o)/'(a?o) + {x^ - x^ f{x^ + + (X - 

when Xi - Xq^ Xz- Xi, , . X - x,^^i become evanescent, is got 
by finding the integral oif'[x'j dx {i e the function of which 
f{x) IS the derived), and substitutmg the limits Xo, X for x in 
it, and subtracting the value for the lower limit from that for 
the upper 

If we write x instead of X in (2) we have 

f{x) - f{xo) = [ f{x)dx (3) 


in which the upper limit* x may be regarded as variable 
Again, as the lower limit Xq may be assumed arbitrarily, f{x^ 
may have any value, and may be regarded as an arbitrary 
constant This agrees with the results hitherto arrived at 
In contradistinction, the name indefinite integrals is often 
apphed to integrals such as have been considered m the pre- 
vious chapters, m which the form of the function is merely 
taken into account, without regard to any assigned limits 
As already observed, the definite integral of any expres- 
sion between assigned limits can be at once found whenever 
the indefinite integral is known 

A few easy examples are added for illustration. 


* The student should observe that m (3) the letter x which tends for the 
superior hmit and ^e x m the element dx must be considered as being 
entirely distinct The want of attention to this distinction often causes Tmi^b 
confusion m the mind of the beginner 



Elementary Examples 


Exampibs 


f {a positire) 

•^0 

f'- (to 

Jo I + 2a? cos 0 + 

p dx 

Jo I + 2a; cos 0 + a?8 

gm 

r 


Jo 

ft too 


<r«» cos wa?rf<z?. 


*»(& 

. 3«+i - OJWI 

Ans iL. 


+ I 

w 


f rsin 


' ® cos^ 0 

n V^2 - I. 

r dx 


0 a; + « -f 

’’ 3 (■v/* 

r dx 


Jo 

ft 


’’ 2a 



Jo 

TT 

2 


2 8 in 0 
P 

sm 0 
m 




a» + i 


f*” i=0 _ TT 

J-o i + 2.bs + ex^ ~ — i* 18 positiTe 

92 To prove tbat 

I = [" a«->(i = J ^-3 • (w-i) 

“ Jo «(« + i) (n + m-i) 

when m and n are positive, and m ts an integer 
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Definite Integrals 


Tte first relation is evident from (34), Art 32 
Again, integrating by parts, we have 


- (i ^ ^ [2^(1 ^xY'-'^dx 

n ' n ] ^ ' 

Moreover, since n and m - i are positive, the term 

vanishes for both limits ; 



x)^’^dx 


The repeated application of this formula reduces the in- 
tegral to depend on f the value of which is ^ 

Jo m^n^i 

Hence we have 



» 3 3 

« (w + i) 


. {m - i) 

(n -f i)’ 


(4) 


This iormula, combined with the ecjuation 

a:”-' (i - a:)”-* a!”-i (i _ *)«-> dx, 

shows that when either m or n is an mteger the definite 
mtegral 



can be easily evaluated 

"WTien m and n are both fractional, the preceding is one 
of the most important definite mtegrals in analysis 

We purpose in a subsequent part of the Chapter to give 
an investigation of some of its simplest properties. 


Examples. 


*• [ »»{i - x)^dx 

*'0 

2. "■ 


Am 


3 7 II 13 


5 - 7‘0 13-17 
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» » 

I Bm’*a;rf'aiand|’'cos’‘a;di! 


93 Talaes of 


One of the simplest and most useful applications of 
defimte integration is to the case of the ciroSar inte^rak 
oonadered m the oommenoement of Chapter III ® 

We begin with the simple case of 


%iu^xdx 

D 

If in the equation (Art 56) 


I sin” 


, cos X sin”’^;2j n - 
X ax ~ — — ~ . i — 


^|sin« 


'-^xdx 


we taie o and j for hmits, the term — vamshea 


for both limits, and we have 


3 , n 

sm’^xdx = — 


8 m™'“ard'a;. 

) 

Now, if « be an integer, the definite mtegral can be 
easily obtained , its form, however, depends on whether the 
index n is even or odd 

(i) Suppose the index even, and represented by zm 
then ’ 


Similarly, 


1: 


Bin^^xdx == 

0 zm 


^1: 




TT 

j: 


BXD‘”^zdx = — — ^ psin’^-'irtfo! ; 

2 m- 2}^ ’ 


and by successive apphcation of the formula, we get 


1: 


2,46 . zm 2 


(5) 
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x3). Suppose tlie index odd, and represented by 2w + i, 
then 




2 m fa . 

SI 

2W4 4- I Jo 


sin*"*‘^a?(3£r. 


Hence, it is easily seen that 


T , 

SI 

« 0 




246 


2m 


357 {2m +1)’ 

Again, it is evident from f35)» Art 32, that 


( 6 ) 


w 0 

j* oos^oj^a? = I 

and consequently (5) and (6) hold when cos x is substituted 
for sin X. 

w 

94 InTestigation of J sin** a? cos’* a; cfo 

From Art 55, when m and n are positive, we have 

» w 

’sin*® co8”i » dx = - — ^ 'sm^as cos"-* mdx, 

Jo »» + «jo ’ 

» W 

and am"** cos"® dx = - ~ - T sin"-’® cos”® dx. 

Jo >w+«Jo 

Hence, when one of the indices is an odd integer, the 
value of the definite* integral is easily found. 

• The in thu^ foDows also immediately from Art. 92, by making 

oos»* = *; for this substitution transforms the mtegial into ® 



Elementary Examples 

For, writing zm + i instead of m, we have 


12] 


r- 

. .I 0 


Hence 


ft 


2 m{ 2 m- 2 ) ... 2 
'im + n- 

246 {zm) 


{ 2 m + n^i){2m + n-i) ~. ^ + 


In like manner, 


(w+i)(w + 3) {n-\2m+i) 


(7) 


ft 

r 


I* , 

0 2 (m + 

Hence 


I f2 

-T Bin^^x 

«)Jo 


008 ^^“^ xdx 


f’sin*'* 00B«fl! flIiK = -LlLJ . (2« - r) fj _ 

Jo 


_ » - 3 5 . ( 2 w - i) 

(2m + 2) . (2m + 2n)^ 

-LJ _5 ( 2 »-i) ^ 


246 


( 2 ff» + 2 «) 2’ 


(8) 


f V™ supposed both positive integers 

duoiW^to oZ? immidiately re- 

auomie to one or other of the preceding forms ^ 

I^or example, on making m = tan 6 , we get 


I.F^ - . I. 

^ / JO 246... (2W-2) 2 


(9) 


Similarly, by r = a sin 0 , j“r» («• _ transforms mto 

IT 

I’ Q g 
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In like manner 


I {lax - 


x^YdXy 


on making a? = a (i - cos 0), becomes 




T^e expressions for these integrals, when tn and n are 
fractional in form, will be given m a subse(juent Article 


Examples 


0 




!: 


f (I -x^Ydx 
J 0 

f i x'^^dx 

•v'rr^’ 


Am 


4* 


3 

5 7 u 


i 

10 20 

30 40 

)» 

9 

19 29 

39 49 * 


1 

2.3 • 

{m- i) 

♦> 


(»+0 

{n+m — i) 


2 

4 6 

(2«) 

H 

F 

5 7 

( 2 »+ l)* 


I 

3-5 • 

(iw - l) tr 

n 

2 

4.6 . 

zn t 


2 

4 6 . 

291 

f* 

3 

5 *7 • • 

( 2 « + I)' 


7 Deduce Wallu’e yalue for » hy aid of the two preceding definite integrals 


f,: 




Ans 


I + hxY 

wken n IS an odd integer. 

9 j s^(2ax-X^'^dx. 


246 
3 5 7 ••• • 
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95. Value er^af^dx, when « Is a positive Intecer. 

In Art 63 we have seen that 

je'^af‘dx = - + « j" dx 

Again, the expression — vanishes when x = o, and also 
when » = 00 (Diffi Calo , Art 94, Ex. 2). 

f * 

Hence - w I dx. (lo) 

M CD 

Consequently \ ff^af'dx i .2 .3. n. („) 

May other forms are immediately reducible to the pre- 
ceding definite mtegral 

Eor example, if we make x = az we get 


f er«‘z'^dz =: I- ^ • 3 • • ” 

Jo a"*' ' 


(12) 


in which a is supposed to be positive. > ' 

ri 

Again, tofind I (log ar)»cte, let x - and the 
tegral becomes 


in- 


l)” [ J)n L ^ 3 

Jo ' 


* 


{m + 1)^ 

Since log » = - log this result may be written in the 


form 
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The definite integral J is sometimes known as 

The Second* Eulerian Integral, and is fundamental in the 
theory of definite integrals Being obviously a function 
of n, it is denoted by the symbol r(n), and is styled the 
Gamma-Eunotion 

It follows from (lo) that 

r(w -f i) = (14) 

Also, when n is an integer we have 

r(« + i) = I .2.3 ..n (15) 

Again, when x is less than unity, we have 


i - X * 



(by a well-known result in Trigonometry). 
In like manner we get 


{^logxdx ir* 

Jo I ^ ” 12’ 

An account of the more elementary properties of Gamma- 
Functions will be given at the end of this Chapter 


* The integral considered m Art 9a, is gometunes called 

the Fmt Eulenan Integral, we shall show subsequently how it can he ex- 
pressed in terins of (r anrrmft .Ty iiTiftiiftna 



Examples, 
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Exampies. 

Jo „ 

Jo I - a* „ 

f* <?a;(Ioga!)2»-l I- 

J, =-*.« 3 . (2«-.)[, + ^ 


2 3 


(log a)' 


22f. + p; + 






T., z:£zz:fjtr^ 

». .S';‘rat4 tCr^Ltr »' 


when V is negative, 


Av > tiv > Bv ; 
Av <m < Bv, 


[■^ fx 

mOe lies between A and sj^vde, 

which establishes the theorem proposed 
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Cor If y (a?) be finite and continuous for all values of x 
between tbe finite limits and X, then the integral 

f 

will also have a finite value. 

^ greatest value of f{x\ and JS the leasti 

1* ^ evidently hes between the quantities 

F F 

A dx and 5 dx\ 

J*0 J*0 

f{<^) dx>B{X-x,) and < ^ (X - a;,). 

97 • Taylor’s Tbeorem. — The method of definite inte- 
gration combined with that of integration by parts furnishes 
a simple proof of Taylor’s series 
For, if in the equation 

/(X + A) -/(X) = I f{x)dx 
we assume » = X + A - z, -we get dx = - dz, and also 

TAT+A 

A<»)dx=yr{X + h-z)dz, 

/(X + A) -/(X) = j" /'{X + h — z)dz 
Agam, integratmg by parts, we have 

j/(X + A-*)ds = z/(X+A-z) + J z/"(X + A - z)dz. 
Hence, substituting the limits, we have 

1 /'(X + h-z)dz= ^'(X) + J* z/"(X + A - *] d». 



Taylor’s Theorem. 
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In like manner, 

{•/'(X+J - .)* .l'r(X+j.,) 
wluoli gives 

and so on 

Accordingly, we have finally 

'(X.A) ./(X) r(X) . il/'(X) .. . . . -^/.«.(X, 


h fV(“)(A 

J 0 


, ? \ ^ dz 

0^) 


This 18 Taylor's well known expansion • 

have Taylor 8 senes, then by the preceding Article 




= [V(")(A 

Jo 


+ ^~») 




\n- I* 


(17) 


There is no difficulty m deducing Lagrange’s form for 
the remamder from this result s lorm tor 

i or, by Art. 96, we have 


It, 


?,= zzf"- 

J n I 


S’^^ds 


23 («-I) 


F 


/i" 


I 2 . . »’ 


the greatest and least values which 
/•( + A - z) assumes while » vanes between o aJd A 


(Alt* S W 
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Hence as in 75, Diff Calo. (since any value of a between 

(* -0)A,where0>oand< i), 


i2« 




I 2 . . » 


/(")(X + %h) 


where 0 is some quantity between the limits zero and unity 
»«*;“oam»s Serles—If we apply the method oi 
mtegration by parts to the expression /{x)dx we get 

I /{x) dx = xf(x) ~ J xf'{x)dx , 

-iV(a;) «>dx. 

In like manner, 

jVw,* . -(Vw 
r r(‘) - ^r(X) - [Vw 

and so on. 

Hence, we get finally 

[■'/(.)* .I/(Z) - £ . (,8) 

f^,•ronf^ ’^8'S obtained 
directly from Taylor’s expansion. 

Tt, fW ®«eP«onal Caaes la Befinlte lategrals.— 

in the foregoing discussion of defimte integrals we havesun- 
posed that the function /(x), under the sifn of integration, 
has a fimte value for all values of x between the '^V'e 

have also supposed that the limits are fimte. We purpose now 
to give a short discussion of the exceptional cases.* They may 

.. ffiTestigatioii oi deflmtb integrale in these ezoentianal eai». 
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men/(.;) becomes infinite at 
one of the limits of integration (2) When /(x) becomes 
infinite for one o r m ore values of x between the limits of 

become 

In these cases, the integral J^/(«)* may still have a 

indeterminate depend- 
Tfe function f(x) in each partioular^case 

investigation will be found to comprise the 
eases which usually arise ^ 

Vf*® Q* whJeh /(*) becomes Infinite at one ol 
toe Mmlts.— ^ppose that /(*) is finite for all values of ir 
betw^n iTo and Z, but that it becomes infinite when x = X 
ine ease that most commonly anses is where /(«) is ol 

(Z - a:)"’ “ wliioh xf,{x) is finite for all values 
between the limits, and « is a positive index 

« be assumed so that ^x) preserves the same smn 
between the limits a and Z, then ^ 

^ [“ iP(x)ax ^(a.)dx 
Jx„ (Z - x)» (Z - a!)« + J„ (Z - x)’' 

finite^bv^AS®nfi°^ integrals at the right-hand side is 
Unite by Art 96 Ihe consideration of the latter resolves 
into two cases, according as n is less or greater than unity 
(I) i.et n< 1, and also let A and £ be the greatest 
and least values of \P{x) between the limits a and A^ then 
by Art 96, the integral ’ 

1. ^ “■» *r(x^ 

Moreover, smoe « < i, we have evidently 
(lx (X - a)'"^ 


£ 


(Z-a;)" 


I - 


fimte^ valX^°*^^’ P^oP^sed integral has a 

W 
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« > I, and, as before, suppose A and B tbo 
greatest and least values of between a and X; then 


dx 


AX-xY 


and J? 


, , r 

I . (X-x)" between A J 

Again, we have 

f I 

J (X-j!)» “ (7- i)(x - *)«-i 


dx 


a(X-x)'' 


(X - a!)"-* becomes infinite when i = X, tut hue a 

When n i, | becomes 

■” »“ 

becomes infinite for * = * 

102 C°,Se wherT ^ the limits ’ 

Where /(a;) becomes infinite between 

whATft *”i becomes infinite when - a 

Wh,» « has b.tw,en It, Inml. ». „d X, then ' 

” *' *0 J a 

Haul., U wa Mppo»/(a,) . .j ^ ^ 

It. laat Antiala, that |V(n)i. h„ . 

valnaa batwa.n tha linn 4 1 . tenlad iTfS^lS 
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For example, if 

/W - ». /W /(.,) . 

a... a. U, between the h»it, Z and tha. 

V(.)& + 4e /•(,)*, 

«u>h of whch can be treated .eparately 

tmt X to le mSite'S* la “rsnot 

m be of the form Vw " 

^ {x~ a)«’ ^(*) 18 finite for all values 

As before, we have 

value as befOT^^ '^Th^mvesW^m^ ® 

sists again of two oases ^ integral cou- 

beti^u^be liii; “In? ^then^® value of 


But 


f"* &? * r I 

J. (»-«)■ [(„ - „)« - (ZT^J- 

..8i?.i'r^<Sh‘,T“”:ss?“ f - » • ««.rd- 

_ In like manner it m easily seen +f«? f 
nnity, tbe deflmte integral ^ ” be «o^ ^^rraaifer ^an 



has an infinite value « and consequently 

r 

Ja 

18 also infinite, provided does not become evanescent for 
mfinite values of x 

Hence, the definite integral 

r 4>{^) dx 

]x^{x - ay 

has, m general, a finite or an mfinite value according as n is 
greater or not greatei than unity • \li{x) being supposed finite, 
and a-Q being greater than a 

If X become - oo, a similar investigation is applicable, for 
on changing x into - a?, we have 


mdx=-y 

J -*0 


f{-x)dxy 


in which the superior limit becomes oo. 

104 Principal and General Values of a Definite 
®**tegraL We shall conclude this discussion with a short 
account of Cauchy’s* method of mvestigation 

Suppose /(*) to he infinite when t = a, where a lies be- 


tween the limits and X, then the integral 


[ /{x)da! is re- 


garded as the hmit towards which the sum 


J OiQ 



a 


fi!v)dx 


approaches when e becomes evanescent , fi and d being any 
arbitrary constants ® 


♦ This and the four following Articles have been 
tions, fromMoigno’s Calcul InUgtal 


taken, with some modifica- 
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»nm i» <aUe 5 '^lhe^„TOiS*i*^/(r'“ P'»"'1“S 

“ p'- *b»-3:i£“4ifSur • 

For example, let us consider the integral T ^ 

J-^o * 

Also, mating a> = ~ z, 

J-*o ® Z °^Uo}' 

Aooorf,.*,,. u,, /£N 

“■ '•*“ “ (f) + The ktlT 

Moe 18 perfectly arlitra^ and mdetermmate 

Again, let us take f ~ 

J-TO 


LJv* ^ 

J-*(I /Ut j;,, ’ 


-«o iS’J 


cLc r w - 


1 ^-limit ri^.1, 

•'-*0 ^ ijUi 1/f 



---=»4uentiy, both the principal 
integral are infinite m this case 
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la lake manner, 
F dx , 


2\vU' V XV 

Henoe the general yalne of the integral is infinite, while 
its principal value is - ~ 


2W X 


It may be observed that the principal value of 
dx dx 

This holds also whenever f{x) is a function of an odd 
order i e when /(- x) = -/(a?). 

Por we have 

/(«) dx f[x)dx + ^ f{x) dx. 

But r f{x)dx — [ J{-x)dx f{-x)dx , 

Jo 


•. [ " f{x)dx = r* {/(*) +f{-x))(dx. (19) 

Jo 

Acoordmgly, =-/(«), we get 

I f{x)dx = o. 

J “^0 

Again, if /(«) be of an even order, i e if /(-») = /(x), we 
have 

I f{x) = 2 [ f{x)dx 
J -^0 

105 Slngnlar Definite Integral — Tie differenoe 
between the general and tie prmeipal value of the integral 
oonsiaered at the oommenaeinent of the preceding A jtiole is 
repr^ented by 

/(x) dx, 

in which/(a) * 00, and c is evanesoent. 



Infinite Limits. Example. 1 S 5 

Such an integral is called by Cauchy a singular definite 
integral, m which the limits differ by an infinitely small 
quantity ihe preceding discussion shows that such an in- 
tegral may be either infinite or indeterminate 

106 Inflnlte lilmits — the superior limit be infinite, 


we regard f / (x) dx as the hmit of {"/(x) dx, when e becomes 
evanescent 

so ~ 

1 ^ ~ liimt of I when c is evanescent 


J V€ 


dx when c is evanescent 


In the latter case the value of the definite mtegral when 
M IS, as before, called the principal value of 


I /{x)dx 


In this we assume that/(a!) does not become infinite for 
any real value of x 

107 Example,— Suppose to be a rational algebraic 

fraction, in which /(«) is at least two degrees lower mar than 
(X), and suppose all the roots of F{x) = o to be imaninarv 
it 18 required to find the value of ^ 


From the foregoing conditions it follows that ^ cannot 

become infinite for any real value of ar. accordmgly the true 
value of the mtegral is the limit of g ui uo 


when € vanishes 



136 


Definite Integrals. 


To find this value, suppose decomposed by the 
thod of partial fractions, and let 

^ — JB I _ A 4- £ y/— I 
— and ^ 


me- 


X - a - Ia / -I X - a -4 h*y - i 

be the fractions corresponding to the pair of conjugate roots 
a + I and a - - i, of F{x) = o , 

then the corresponding quadratic fraction is the sum of 

X - a - 1 X -a 4- h ^/ - m 

2 A ix- a) 4- iBh 
(ir - a)* + 

1 

f” iBldx _ , 

• J j y “ when e vanishes 

. , [zAix - a)dx 

J J x-ay + V ° ^ ~ ^ > 

1 

. 2A(x - g)(fo _ ^ jju* (i - avtY + bW) 

" J -i (« - a)» + J’ ( V* ( I + antY + JVe”) 


= 2^ log-, when « = o. 
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+ 2 ^-B ( 20 ) 

roots, be denoted hy A„ A., ^ A„, and £,, T Z 

speotively ; then we have ’ 

Z 

Tve f(x) 

J-i = 2 (^, + ^, 4 .4 A„) l0g(^ 

+ 2ir(By +B3* ... + £„) 

Again, 8moe/(a!) is of the degree 2« - 2 at most, we have 
-4i + ^2 + 4 . o* 

ITor, if we clear the equation 

= ^yi<«-ai) + 2BA ^ ^ ^ 2A„{a-a„) + 2 BA 


F{x) [x-ttiy + b-c 




^den%*'''“’ coefficient oi a?”-' at the right-hand side is 
2 (-4i +-42+ + An) , 

^^e^side** corresponding term on the 

Accordingly we have, in this* case, 


f” t{<’d] , 

‘ + - 6 «)- 


(21) 


• It may be observed that when f(x) m but on> degree lover thaa F{,x), 

the ptimtpal valm of J Zgd, „ »tiU of the form given in (21) 
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We proceed to apply this result to an important example 
f* dec 

io8 Talae of — when m and. n are l®08itive 

Jo I 

Integ^eris, and n> m 

Let a be a root of + i ^ o, and, by Art 37, we have 

2 na^^~^ in 

Again, by the theory of equations, a is of the form 
(2 ^+i) 7r y — (ik + Ott 

eos ^ ^ ^ ism 

in in 

m which k is either zero or a positive integer less than n ; 

. fl2m+i + ,^/ir”i 8in(2yt + i)0, 


where 


9 0 ”' 


Hence B = — , and accordingly we have 

£1 + J5a + . . . + j9„ = i- {sin 6 + Sin 30 + . + sin (zw - i ) 0) 

To find this sum, let 

S = sm 0 + sin 30 + . . , -f sin {in - i) 0 ; 

then 

28fsm 0 = 2 sin *0 + 2 sin 0 sin 30 + . . + 2 sin 6 sm (in — i) 0 
= I - cos 20 + cos 20 - cos 40 + + cos (in — 2) 0 — 00s inO 

* ! - cos inO = 2 sm*w 0 = 2 8in*(2»j + lij ~ = 2 : 

^2 


8m0 (im + Ott 

sm ^ i- 

in 
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f 




I + ii?*’ 




Accordingly, we have 
J,co I 


+ (2m -i- l) tt 

n Bin 

2 n 


Hence, by (19), 

If” ^ 


r id’^dx _ I r 

Joi + <»“” " iJ^iT 


2n (zm + ijn-' 
sm 

in 


«^”aIogous integral 

Jo 1 ”* «> as before, are positive integers, 

and n > m 

log. Investtgatloii orf - 

Joi 

We oommence by shelving that 
Cdx 

Joi 


- 3 !*" 


dx. 


- 31* 


This IS easily seen as follows : 

f ^ ^ r (fa f” <fe 


we get 


Now, transform the latter integral, by mating 3; - 1 , and 

z 


f* dz n dx 

■••r— .-o. 

j 0 1 - » 


4 .gam, proceeding to the integral 

rx^dx 

Joi - a?*'*’ 
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we observe that i + a; and i - a? are the only real factors of 
I - and that the corresponding partial quadratic fraction 
m the decomposition of 

_ 1 

I n{i - x^y 

Consequently, the part of the definite integral which corre- 
sponds to the real roots disappears 

Moreover, it is easily seen that the method of Arts 107 
and 108 apphes to the fractions arising from the » — i pairs 
of imaginary roots, and accordingly 

o^^dx 

I 27T {Di 4- D 2 Hh • • • + 

1 “• iC 

where 5 i, Bi, Bn^i have the same signification as before 
Again, since the roots of - i *= o are of the form 

kir / — kir 
cos — ± -y/- I sin — , 
n ^ ft 

it follows, as in Art 108, that 



+ . . + J5n-i = ^ [sin 2 O + sin 40 + . + sm 2 (n ~ i)0J, 


where 


^ (2W+ i)7r ^ ^ 

^ as before. 

2 n 


Proceeding as m the former case, it is easily seen that 
sm 20 + sm 40 + + sin 2 (w - i) 0 

008 0 ~ cos ( 2 w— i )0 . 2 m 4 - I 

= ^ 

2 sm 0 2n 


Hence 


r ^ n 

- x^^'~ % 


cot TT j 

n 2n 


X^^dx TT 2m + I 

T- = — cot n 

^ fii - zn zn 


(23) 



j Examples 

Agam, if we transform (22) and (23) by makmg ar"* = 2 
and a — , we get 


I + z Sill aw 


oI - 2 


• TT cot aw 


The conditions imposed on m and n require that a should 
be positive and less than unity 

“ (^4) hold for all integer 
values of w and n provided n>m, we assume, by the law of 

continuity .that they hold for all values of a, so long as it is 
positive and less than unity g “o it is 

110 The definite integrals discussed in the two precedmg 
Articles admit of several important transformations, of which 
we proceed to add a few 

For example, on making « = s“ m (24), we get 


J 0 1 — 


aw cot aw 


0 I + 8111 (ITT J 0 1 — 

~ these become 

f = ”• C du tt , 7 T 

J 0 I + «'■ V J I _ Mr - OOt 

rsin- J" “ ' ' 

> 

where r is positive and greater than unity 
Again •’ ' 

r ydx P rti!"dx 

Jo I + Jo I + ^ Jl I + ** 

Now, if in the latter mtegral we make a? ■= -, we get 


r id'dx ^ _ r» z-«dz _ P ar^dx 

j. I +s’ 

• f* 

Jo I + »’ 


(26) 
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Moreover, from (22), -wlien n is less than unity, we ha 


Accordingly 


' (x^ + ar^‘' dx w 
t a + (b me 

2 008 

2 


In like manner, it is easily seen that 

P fife TT mt 

I = — tan — . 

X - or X 2 2 

It should he noted, that in these results n must be lesi 
unity. 

Again, transform (28) and (29) by making x — 
nir = a, and we get 


+ I a 

--—az=-seo-, 


I , a 

— d%^- tan- 

0 2 2 


We add a few examples for illustration. 


Examples. 


f« 

Jo . 

(a® — 


dx 


lo + d* 

f* dx 
Jo I - 


2ab (a -i- i 


^ J where n lies between + i and ~ 1 


8|3| 
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-j- X , 

r («" 4 + <rl«:) 

Jo 

i; 


iffTrx ^ 

(tf«« + ^ g-hx^ 


in cos — 

2n 

ah 
* cos - cos ~ 
2 2 

** COS fl -j- cos ^ 
sm ^ 


J 0 - ^-ir* -- 

COS a + cos b 

It should be observed, that in these we must have a + A < „ 

8 Hence, when i <w, prove that 


f® + e-f>» 

Jo eirx^g-rrx 

r® gi* _ g-b» 


cos ax dx = 


J 0 — ^tra- 


COS ax dx =r 


(sVs-S)cos^- 

-f 2 cos i + <?"« 
sm d 


0" + 2 cos i + tf”*** 


sin dx ^ - 


- e-« 


2 ^ + 2 cos ^ -i r«* 


ri aa > 

Jo T 


” <3fe 


^»5 IT cot air — ~ 
a 


III nifTerenttatlon of Definite Integrals.— It la 

plain from Art 86 that the method of differentiation under 
the sign of integration applies to definite as weU as to in- 
definite mtegrals, provided the hmits of integration are 
independent of the quantity with respect to which we dif- 
ferentiate. 

• J account of the importance of this principle we add an 
mdependent proof, as follows • — 

Suppose u to denote the definite integral in question, i e 
leti 


u 


a)cfe, 

a 


where a and h are independent of a. 

To find — let denote the change in u arising from the 
change Aa m a, then, since the limits are unaltered, 
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An a + Aa) - a)\dxt 

/. ^ g + Aa) - ^ {v, a) 

* * Aa Ja Z\a 

Hence, on passing to the limit,* we have 


du 

da 


d<p (iC, a) 
a da 


dx 


Also, if we differentiate n times in succession, we 
vionsly have 

da" I da" ^ ' 

The importance of this method will be best exhibited 
few elementary examples 

1 12 Integrals deduced by DifTerentiatlon. 

the equation 

-00 

e^dx^- 

Jo a 

be differentiated n times with respect to or, we get 

[ se'e^dx = — 3 • 

J 0 ’ 

as m Art 95. 

Agam, from the equation 

r dx s-i 
Jo 3^ + a 2 ai’ 

we get, after n differentiations with respect to a, 

f ^ ”• I 3 5 (2» — i) 1 

Jo (a? + a)«« 2 2 4 6... 2 n ~(^ i ' 

which agrees with Art 94. 

tie Btudent is referred to Bertra 
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.ud^S’ “ w° ge? " “‘*8"* (“ 3 ) 

M 00 

(Kt (* *** 

cos mx dx p-ax ^ . 

Jo + Jo ^ (31) 



^ [n cos(n + i)B 

n f. 1 J 

{a^ + m^) * 
r* 

^*‘ sin mx dx = L” (” ^ 0 ^ 

Jo n 4- I ' » 

(<2* + 2 


(32) 


where ni = a f-an B (See Ex 
Next, from (24) wo have 


17, 18, Diff Oalo , pp 58, 59 ) 


r s^-^dx 

= TT cot air 

Jo I- X 

Accordingly, if we diffoiontiate with respect to «, we have 

f * log X dx tt* 

Jo I - X sin ^ ait 
Again, if tlie equation 



be transformed, by making it evidently gives 

Jo (a + hxY*^ ~ 
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Now, dijfferentiatmg with respect to a, we have 


r 


otf^^dx 


Jo {a + hxY^^ n{n-\-i)a^b^ 

If we proceed to differentiate m ~ i times with regard to 
Uy we have 


dx 


r 

Jo (a + bxY 

1) 


I 2 3 .(ot-i) 


(«+i)(« + 2) ..(« + w-i) ' a”*b*‘ 


1 13 By aid of the preceding method the determination 
of a definite integral can often he reduced to a known integral. 
We shall illustrate this statement by one or two examples. 
Ex I. To find 


1 


'’"log(i + sma coSir) 


cos a? 


dx 


Denote the definite integral by % and differentiate with 
respect to a , then 


du 

da 


COS a dx 


Jo I + sin a 00s 0? 

Hence, we get 

f + sin g ooso?) 


TT (by Art 18). 


008«? 


= ro 


No constant is added since the integral evidently vanishes 
along with a o ^ 


Ex 2. 

In this case 
du 
dm 


u - 


sin mx 


dx. 


-i 


cos mx dx 


+ m® ^ 


... {dm 

a — = tan" 
+ m® 


"-(t) 

No constant is added since « vanishes with m. 
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Ca^e where the Ltmtte are Vanabk. 
Ex 3 Next suppose 
log(i + 


u = 


I + 


•ch. 


Here 


du 

da 


pop 

2ax^dx 

.0 (l 

+ aV)(i + 

I 

r r zadx 

— J* 

LJ 0 I + b^oti^ 

I 


a’ - 

\p ) w 


k. ““ “““ •■ »w«™ir 

Consequently, the constant is - pogS; 

f log (i + aV) ,r (a + h\ 

The method adopted in this Article is plainly equivalent 
to a process of integration under the sign of mtegration 
Before proceeding to this method we shall consider fhe case 

^ functions of 

the quantity with respect to which we dilforentiate 

114 nilTerentlatlon where the I^imits are ¥a- 
riahle. Let the indefinite integral of the expression 
<p{x, a)dz be denoted by F{a!, a), then, by Art 91 , we have 

rb 


Ja 


^(a?, a)dx = F(l>, a) - F{a, «); 


. ^ _ of F{b , a) 
db db 
[10 a] 


= ^(S, a), 
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and 


dn dF(a, a) ^ 

- ^ a), 

da da 


Again, taking the total differential coefiScient of u re- 
garding a and b as functions of a, we have 


da Ja 


di>ir, a) 


dx 


du db du da 


da dh da da da 

db 


'hd<l>(x,a) , rr sdb . .da , . 

dx + a)^- <p{a, a)^. (33) 


da 


da 


^da 


d^u dti 

Bj repeating this process, the values of — , — , &o , can 
he obtained, if required 

1 15 Integration under tbe §lign of* Integration* — 

Returning to the equation 


= I ^(r, a)dx^ 


where the limits are independent of a, it is obvious, as in 
Art. 87, that 


|* nda = (p(x^ a) da 


dxy 


pro'^ded a be taken between the same limits m both cases 
If we denote the limits of a by ao and ai, we get 


pti rir ra, q 

uda = \ (ti{x, a)da\dx^ 

JOo JoLJao I 


'oco 

<f>{x, a)dx da= * p a),ia 
This result is easily written m the form 

L I ^ = p" ^6(a-, a) da do. 




(34) 


(35) 
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These expressions are called double definite integrals^ as m- 
rolving* successive integrations with respect to two variables, 
taken between limits 

It may be observed that the expression 

I (t>{Xy a)dccda 

IS here taken as an abbreviation of 



m which the definite integral between the brackets is sup- 
posed to be first determined, and the result afterwards 
integrated with respect to a, between the limits ao and ai 
The principle* established above may be otherwise stated, 
thus In the determination of the integi al of the expresmn 

(p{x^ a)dxda 


between the respective limits aj©, Xiy and oo, ai, we may effect the 
integrations in either order ^ provided the limits oj x and a are 
independent of each other 

In a subsequent chapter the geometrical interpretation of 
this, as well as oi a more general theorem, will be given 

We now proceed to illustrate the importance of this 
method by a few examples 

1 1 6 Applications or Integration under the §ign J. 

Ex I From the equation 



* It eliould te noted that this principle fails whenever a), or either of 
Its integrals with respect to a, or to becomes infinite for any values of a; and a 
contained between the limits of mtegration The student will find that the 
examples here given are exempt from such failure 
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Henoe 


'’1 

f 




tfe = log(fiiV 


)o loga! 

Again, If we make a> - m this equation, we get 


Jo 


-dz 


-logf^X 

\ai/ 


Ex. 2 We have already seen that 


Henoe 


A® 

Jo 


(T^ COS > 


-a^ 

-ao 


e'-^da 


008 mitdx 


(I + 


J ao 


or 


I* 


+ 

2 ^Vao^ + rn''^’ 


■“ — 008 rmcdx = - log 


^ 2 
Ex 3 Again, from the equation 


^ „ 3 • /wi 2 ' 
oi + 

,€Lq + m‘ 


we get 


i: 


«^ 8 m fmdai=^ 


m 


ri:' 


f 

Jo 


^sin mxdadx 

■'<10 


= f ' 

Jtto ' 


mdd 


^ Bin mxdx = tau”^ 


Compare Ex 2, Art 1 13 
Oita"* 


in the latter resiil 


I 


r 

0 X * J’ 


we 
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Ex 4 To find the value of 

\o^^‘ 


i; 


e-^’^^adx^k; 


Hence 


But 


e-^'‘(^*‘’‘)adadx= k \ e'-’^da = 1 * 


Hence 


I 


e-««(i+»»)„^„ ^1. I 


2 1 + 0?* 


dx TT 


f e^'‘dx^k^-JTr 
Jo 2 ^ 


( 36 ) 

This definite integral is of considerable importance and 
several otheis are readily deduced fiom it. 

1 1 7 For example, to find 


Here 


(A) .=J^ 

du f® 


e “‘dx. 


_ a® , 

dx 


da I,,' " 

Again, let 2 = -, and we get 
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e - u ; 


— ^ - 2 u , hence u = 
da 


To determine Oy let a — Oy and, by the pieoeding’ example, 


u becomes . 

2 

Consequently 


2 


Again, to find 


(B) «=j^ 


^-a2a2^^g 


du f" 

^ ® J ® sm zbsjdas. 

But, integrating by parts, ire hare 
2 fe-“^"“sm 26 r;rrtb = -£!!!j^^ , 2* 

^ 7^ J ^ 

’ ■ I ^ r coi 


<r^'*'^“co8 2 dir dr y 


Hence 


Hence 


cos zbrdr 


= „„ 2 bdb 

db a»’®^ir = -— • 


M = Ce 


Also, when i = o, y becomes — 


e-°^^oo8 2bu>dx = ^e~^’ 





Examples 

Again, if we difierentiate n times, with 
equation 


15.3 

respect to o, the 


J 0 





and afterwards make a = i, we get 


(C) 




Next, to find 


1 


3 


5 {2n-i) 

V 7r. 


(D) 


We obviously have 


‘"“cos mcndx 
0 I + 


Jo I -h 


• 2 

J 0 Jo 


COBWCcdlt} 
0 I + 


But, by (38), we have 


j-a 2 1 z 


COS m;rr^r 


-v/tt : 

(9 4a« ' 



COS Wi? cb 
I ^ Q}^ 


Hence, by (37), we have 


'“'ooswardi? TT 

0 I f- 2?^ 2^ * (' 59 ) 


Again, differentiating with respect to m, we obtain 


TBmrnrdx tt 

SS 

0 1 + »“ 2 


(40) 
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Examples. 


I 

Jo eu^ — e~fr* 

2 

when a 

1 ^ 

Jo I + a? log a:’ 

> 0 and < I 

3 

p j 3 ^ + 2 ;-a -2 

Jo 1-0 log Z 


IT 

4 

jj log (i +COS flcosa;) 

5 * 


6 

f “ «*‘l0g2^?S 

Jo I +«2 * 

7 

f“ BlRadde 

J 0 e'nrO — <?-nrd 


A ns - sec® - 
4 2 


dx 
cos X 

dx 


log ^ 

tan • — , 

. 2 J 

log( ) 

\8in air/ 

I 

* 2 

(f") 

, TT 


TpS 

ITT 

sm — 

2 

4 

COS^ — 


I ea ~ r 
4 <?a 4- I * 


n8 The values of some important defimte integials can 
be easily deduced from formula (34), Art 32. 

For example* to find 

TT 

J* log (sin 6)cl0 

Here J' log (sin bg (cos e)cl6 

Hence, denotmg either mtegral by «, we have 

"T 

{log (sin 0) +log(cosfl))rfd 


2U « 


® mthe Camh-tig, 



Theorem of Fmllam. 
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= log (sin 2d)dB - ^ log 2 

A-gain, if s = 20, we haye 

rt 

|‘‘log(sm20)«!0 = ^f’'log(8insWs 
J 2 J 0 

TT 

“ log (sin £)di + ^ j^^log (sins)(^a ; 

% 

but, Binoe sin (;r - s) = sm z, 

TT 

l^log (8ms)c?a = j*log(8itt*)dj, 

a 

Consequently 

f5 I 

J *log (sin 29)d9 = J’ log (sin 9)(i9 ; 

IT 

• J^log(smfl)«?fl =-^ log(2) (41 j 

Again, to find 

I 0 log (8ia6)^j?0. 

J 0 

6 log (sin e)d6 = |^ (^r - 6) log (sin 9)d9 , 

■ j|, ^ ijo 

1 1 9 Tlieorem of Frullani. — To prove that 


Here 


i; 


^{ate) - p{bx) 


da!= (j, {6} 
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Let u = 


^(2) - 0(0) 


dz , substitute aoc for s, and we get 


a - <j>{o) 


If we substitute h for ar, we get 


'b^(^bx) - 9 !)(o) 


^ Cb (j)(^bxi)dx 


Hence 


Q ^ J 0 ^ 


“ (t> (gjg) - 0 (5a;) ^ (i*) cte 


'- = ^>(0) — = ^(o)%- (42) 


= ?ifojlog -). (43) 


If we suppose A = 00, we get 
p ^(ax) - ^{hx) , 


dx= <j>{o) logM, 


provided ^ ^ = o ^ten = 00. 

b 

For example, let ^(x) = cos®, and, sinee the integral 

h 

f^ooa boe , 

dec 

a 

evidently vanishes when A = 00, we have 


h 

oos boe 


cos ax - Qoahx ^ h 

; ^fe = log 



Theorem af Ft ullam 
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Frullani’s theorem plainly fails when <j>{ax) tends to a 
definite limit when cc becomes infinitely great The formulae 
can be exhibited, however, in this case in a simple shape, as 
was shown by Mr E B Elliott * 

For, m (42) let h ^ ab^ and it becomes 


(l>{ax)dx 

0 X 


=♦(»)■»«©• 


(45) 


Again, li (ft {co) denote the definite value to which (^{ax) 
tends when x increases indefinitely, then when h becomes 
infinite we may substitute (/>(oo) instead of (^[hx) m the 
integral 


h 



in which case it becomes 


h 



a 


On making this substitution in (43), we get 

„ = j^( 00) - ^(o)j (46) 

For example, let (p(ax) = tan“^(aa?) then we have 0(0) = o, 
and 0 ( 00) = 

Accordingly we have 

A 

r* tan~^ ax ~ tan~^ bx ^ w(^dx w ^ 

Jo X ^ 2 ]h X 2 ® Vi/ 


* JSdumhonal Times, 1875 The student will find some remarkable exten- 
sions of the formulse, given above, to Multiple Definite Integrals, by Mr Elhott, 
in the Proceedmffs of the London Mathematical Society, 1876, 1877 -^so by 
Mr Lendesdorf, in the same Journal, 1878 
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proied Series— We aex 

(Diff Calft A f remainder m Lagrange’s aerie 

demonfifrn+m^^l’ which at the same time affords £ 
M Zolotare:^'— * ^ simple character, is due tc 

Let s = + y0(2) , and consider the definite mtegral 


«» = 


(y^(u) + 3!- uj-i’'(u)du. 


*» by (33), 

dSfi 


(47] 


If m this we make » = 1, we get 

«. = y^(*)j;^(a>) + Jl; 

dx 

«« = -F(s) - F{x) ; 

’ ^ 

dx 

In like manner, making » = 2, we have 


(48) 


2S. = /(^(*)j’i?^(») + 

, dh d V 

” dx~ iTi cfo i* 

Substituting m (48) it becomes 


d 8 % 

dZ* 


I 2 


Again, -j * 


dh^ 
2 dx^ 
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I cPst 
I 2 &:* 




1 

I 2 da^ 


«*«-!= 

I I r ~\ 

1.2 .>r^ I 2 -^(*)j 

+ » 

Tr „ 1 2 n da?'' 

Henoe we get finally 

^(*) = +• ^ ^(a:) («) + ^ 

■" i 2 .n (^) 1 + * - «]“.?"(«) (49) 

Consequently the remainder m Lagrange^s series is always 
represented by a definite integral 

We next proceed to consider a general class of Definite 
Integrals first introduced into analysis by Euler 

120 €^aiiiiua Funetious. — It may be observed that 
there is no branch of analysis which has occupied the atten- 
tion of mathematicians more than that which treats of 
Definite Integrals, both single and multiple , nor m which 
the results arrived at are of greater elegance and mterest 
It would be manifestly impossible in the limits of an 
elementary treatise to give more than a sketch of the results 
arrived at At the same time the Gamma or Eulerian 
Integrals hold so fundamental a place, that no treatise, 
however elementary, would be complete without giving at 
least an outline of their properties With such an outline 
we propose to conclude this Chapter 

The definitions of the Eulerian Integrals, both First and 
Second, have been given already m Art 95. 

The First Eulerian Integral, viz , 

n 

Jo 

18 evidently a function of its two parameters, m and w , it is 
usually represented by the notation n). 



160 


Definite Integiah 


Thus, we have hy definition 

r ^ B{m, f)) 

J 0 

J = r(p) 


(50 


The constants m, are supposed positive m all oases 
It IS evident that the result in equation (14), Art 95, stxl 
holds when p is of fi actional form 
Hence, we have in all cases 


r{p^ i)^pT[p) 


isi) 


This may be regarded as the fundamental property ol 
(xamma Functions, and by aid of it the calculations of all 
such functions can be reduced to those for which the para- 
meter^ IS comprised between any two consecutive integers 
For tbs purpose the values of r{p\ or rather of log r(;>), 
have been tabulated by Legendre* to 12 decimal places, for 
^ values of p (between i and 2) to 3 decimal places The 

la^tei 6 decimal places at the end of this 

chapter By aid of such Tables we can readily calculate the 

It may be remarked that we have 


r(i)=i, r(o)=oo, r(-p) = oc, 

p being any integer For negative values of n wlnob 
not integer ^e function has a finite value ^ ^ 

-^ain, if we substitute za- instead of a;, where 
stant with respect to 2:, we obviously have 


are 
js is a oon- 


p® 

Jo 


gm • 


{52) 


• See Mlhpt^ues, Tome 2. Int Euler, chap .< 
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With respect to the First Eulerian Integral, we have 
already seen (Art 92) that 

B (m, n) ^ B {n, m). 


Hence, the interchange of the constants m and w does not 
alter the value of the integral 

V 

Again, if we substitute - for a?, we get 


Hence 




y^^dy 

(i + 


- JS(m, n) 


(53) 


We now proceed to express B (m, n) in terms of Gamma 
Functions 

121 To prove that 


B [niy n) = 


r{m) r(yi ) 
r 4 n) ’ 


From equation (52) we have 


Hence 





r (m) e-^ = 


>00 

0 


r 



g-z 2»-l |_fe 





af^-’^dz 
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But, if s (i + iPy = we get 

,-.(!«) e-v^«-^dy = ^ 

J * djo 

0 (TTip^* 

Accordingly, bj (53), we bave 

, r{m) r{n) 

B(m, n) = -= 7 - — 

^ ^ r{m ^ n) 

Again, if = i - w, we get, by (24), 
rin)r(i^n)^ [* 

' Jo I H-ra? sin /iTT 

If in this n — —y we get 

r(i)-y; 

This agrees -with (36), for if we make j? = 2, we get 


r{m + n) 

+ a;)'"*'' ’ 


(54) 

(55) 




r(- 


e’^z'^dz = 


(56) 


Again, if we suppose m the double integral 


II' 


z and^ extended to all positire values, subject to the condi- 
tion that ^ + y is not greater than unity , then, integrating 
with respect to g, between the limits o and i - the 
integral becomes ^ 


^ r*”-(i -x)«da! = 1 r>0i>jjO , , . 

n r(m + n -hi) ^ 7 \54) » 

Wx^^r-^dxdyr. J'(»»)r(w) ^ 

JJ r(m+«+i)’ 


(57) 


S&n always positive, and subject to the con- 
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122 By aid of the relatioa in (54) a number of definite 
integrals are reducible to Gamma Functions 
For instance, we have 


8 

I 

1 

f y’^^dy 

1 

8 

Jo(i+y)’"*” J 

0(1 + +J 

, (i + y)”>*^‘ 


Now, substituting - for y in the last integral, we get 

0(/ 

J 1 (TTyp» “ J 0 

Hence 

P ie«-i + _ r(m) r(w) 

J u (i + x)”^ * ~ r(»J + n) ’ 

Next, if we make aj = ^, we get 

r ,..4" 

J 0 (i + ]i[ay + 6 )”^ ’ 

r y’^'^dy _ r{m) r(») 

' \a{ay + b)”'*" ~ a”‘b’' Vim + n) 
Again,* let x = sin* 6, and we get 


(58) 


(59) 


-x)’^^dx = 2^\m^^B<soB^^ede; 

.• [ sm*”*'*^ = r^) _r^) 

Jo 2r{m + n) 

This result may also be written as follows . 



^ These results may he regarded as generolizatiOTis of the formulsB giv©a m 
Arts 93, 94, to which the student can readily see that they are reducible when 
the indices are integers 



Lqfimte Integrak 
If we make q ^ i , we get 


I 


0 2 


r^- 


p -f I 
2 


(62; 


Again, if ;» = y in (61) It becomes 


Kf)!‘ r 




2r{p) 

Let 26 — Zy and we have 




81 2 0 d0 


J 'smJ-' zddd = = |'sin»^>sa!2 




2 

P + I 
2 


Hence 


r(^]r 


7? + 1 
2 




If we STihstitnte 2 m for jo, this becomes 

rWr(»w-^)=^r(2m) 


Again, make y = tan*fl in (59), and we get 

f? sin^’»-'ecos»«-erfe r(m)r(«) 

Jo (a ein* 6 + b oos“ 6)”*+” 2a’" i" r(OT + n) 

123 To find the Value* of 

n being any mteger 


(63' 


(64; 


-txced.Ae 
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nj \nj \nj \ n 

Multiply the expression by itself, reversing the order of 
Lhe factors, and we get its square under the form 



that 18, by (55), 


TT^* 


TT 27 r 37 r 

Sin — sin — sin — 
n n n 


sin 


(n ~ i)7r 

n 


To calculate this expression, we have by the theory of 
equations 

I ~ 07^'^ 

I -of 


I ~ 2^C0S- + iU^Y I “2£PC0S— +a?N 

n J\ n ) 


I “ 227008 ^+07* 

n 


Making successively in this, x - i, and r = - i , and re 
placing the first member by its true value n, we get 


( IT V/ 27 rY ( 

V 2nJ \ in) \ 

f ttV/ 27 rY / 

\ 2nJ\ in) \ 


(n- i) 7 r’ 
in 

{n — i) tt' 
in 


whence, multiplying and extracting the square root, 


« 1 TT ITT 

n = 2"“^sin — sin — 
n n 

Hence, it follows that 


sin 


(n - i)w 






( 27 r) 




(65^ 



^ Definite Integrals, 

1 24 To find the values of 


/** 00 

e-^QOslxif^-^dx, e-<‘=°si-D.bxaf<^^dx. 

If m (52) a-i^- I be substituted* for 2 the equatio 


beoomes 


^ r(m) ^ r(m)(a + b^- i) gi 

(a -i -/-rTji® (^2 ^ ~ 

pril" ‘riSt^lre. *■ “■» 


I 0 + Bm 
~m (®os mO -f y/— I gin ^ 


^(cos 5« + y/_ I sin 

, r(m) 

(a> + 

, r(m) 

f! 

(o* + by 

Henoe, equating real and imaginarj parts, we have 
(a* + by 

1 . 

(a* + 




( 66 ) 


m T^hioh e = tan-'0 

n wo , Wmo. 1 , th« 


tauiofonittboa 


the studenit is 
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OOS dx = cos — 


sin dx = — - “ sm • 


It may be observed that these latter integrals can be 
rived at m another manner, as follows . — 

From (52) we have 


/ V cos })Z j 

cos bzdx, 

^ Jo 

^ f“ 00a bzdz r r 
I — — — = OOS bz (c^ 

Jo 2 Jo Jo 


r(n) 


OOS bzixf^^dxdz 


But, by (32), we have 


COS b% d% 


6 ^ + 0 ^’ 


cos 62 c/s I f ® 2?" 

" f^Jo 


^ 2 cos — > by (^27), 


m which n must be positive and < 1 
In like manner we find 

r "" sin h% dz b^^ ir 

Jo s'* ~ r(n) nw 

^ ^ / 2 sin — 

2 


The results in (67) follow from these by aid of the relafion 
contained in eq[uation (55) 
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Examples 



fl 

r{p+ i)r (“±i\ 

^o.« _ \ " / 

I 

J7»w (T ~ a?^)Pdx, 


J 0 

«r(jp + i+'« + ^) 


2 ~ 

Jo (a + a;)"t+« 

3 Prove that 




Jo (I ~ a:*)i ^ Jo(i + 

f <o ^ 

cos {h^)dz 


?) 


r(w 4 t) cos 

Iffi 


p dx 

j 0 I - 2;j« 


f® Bin ia; 

dx 

J 0 X 



tioi«^l-T^r 7 Tr‘*“‘ Calculation of ftamma Func- 

to fill’ following TaWe gives the values of log r(jo), 

f«v places, for all values of p between i and 2 

(taien to three decimal places) 

fu rl observed that we have r(i) = r(2) = i and 

that for all values olp between 1 and 2, r(jo) is positive and 

fo? alUuoh^vair'^ ^ “cg^tive 

mefnoBl inrr fv. ®® as in ordinary trigono- 

by addin/^^ logarithm is obtained 

ealciatSi fV,LVw logarithm The method of 



Log r(ij) 


p 

0 

1 

2 

3 

4 

5 

0 

7 

8 

9 

I oo 


9750 

9500 

9251 

9003 

8755 

8509 

8263 

8017 

7773 

I OI 

9 997529 

7285 

7043 

6861 

6560 

6320 

6080 

5841 

5602 

5385 

I 02 

5128 

4892 

4656 

4421 

4187 

3953 

3721 

3489 

3257 

3026 

I 03 

2796 

2567 

2338 

2110 

1883 

1656 

1430 


0981 

0775 

I 04 

0533 

0311 

0089 

9868 

9647 

9427 

9208 

8989 

8772 

8554 

I 05 

9 988338 

8122 

7907 

7692 

7478 

7265 

7052 

6841 

6629 

8419 

I 00 

6209 

6000 

5791 

5583 

5378 

5169 

4963 

4758 

4553 

4349 

I 07 

4 HS 

3943 

374 JC 

3539 

3338 

3138 

2939 

2740 

2541 

2344 

I 08 

2147 

1951 

1755 

1560 

1365 

1172 

0978 

0786 

9594 

0403 

I 09 

0212 

0022 

9833 

9644 

9456 

9269 

9082 

B9OO 

8710 

8525 

I 10 

9 978341 

8157 

7974 

7791 

7610 

7428 

7248 

7068 

6888 

8709 

I 11 

^> 53 * 

6354 

6177 

tooo 

5825 

5650 

5475 

5301 

5128 

4955 

I 12 

4783 

4612 

4441 

4271 

4101 

3932 

3764 

3596 

3429 

3262 

1 13 

3096 

2931 

2766 

2602 

2438 

2275 

2113 

1951 

1790 

1629 

I 14 

1469 

1309 

1150 

0992''* 

083s 

0677 

0521 

0365 

0210 

0055 

* IS 

Q q60QOI 

9747 

9594 

9442 

q2Q0 

9539 

8988 

8838 

8688 

8539 

I 16 

8390 

8243 

8696 

7949 

7803 

7658 

7513 

7369 

7225 

7082 » 

I 17 

6939 

6797 

6655 

OSM 

6374 

6234 

6095 

5957 

5818 

5681 

I 18 

5544 

5408 

5272 

5137 

5002 

4868 

4734 

4601 

4469 

4337 

I 19 

4205 

407s 

3944 

3815 

3686 

3557 

3429 

3302 

3175 

3048 

I 20 

2922 

2797 

2672 

2548 

2425 

2302 

2179 

2057 

1936 

1815 

I 21 

1695 

1575 

1456 

1337 

1219 

IIOI 

0984 

0867 

0751 

0636 

I 22 

0521 

0407 

0293 

0180 

0067 

9955 

9843 

9^2 

9621 

9511 

1 23 

9 959401 

Q2Q2 

9184 

9076 

8968 

8861 

8755 

8649 

8544 

8439 

1 24 

833s 

8231 

8128 

8025 

7923 

7821 

7720 

7620 

7520 

7420 

1 4 

7321 

7223 

7125 

1 7027 

6930 

6834 

6738 

6642 

8547 

6453 

1 26 

^359 

6267 

6173 

6081 

5989 

5898 

5807 

5718 

5827 

5537 

1 27 

5449 

5360 

5273 

5185 

5099 

So '3 

4927 

4842 

4757 

4673 

1 28 

4589 

4506 

4423 

4341 

4259 

4178 

4097 

4017 

3938 

3858 

1 29 

3780 

3702 

3624 

3547 

3470 

3394 

3318 

3243 

3168 

3094 

1 30 

3020 

2947 

2874 

2802 

2730 

2659 

2588 

2518 

2448 

2379 


2310 

2242 

2174 

2106 

2040 

1973 

1007 

1842 

1777 

1712 

1 32 

1648 

1585 

1522 

H 59 

1397 

1336 

1275 

1214 

”54 

1094 

1 33 

1035 

0977 

0918 

0861 

0803 

0747 

0690 

0634 

0579 

0524 

^ 34 

0470 

0416 

0362 

0309 

0257 

0205 

<^^53 

0102 

0051 

0001 

1 35 

9 949951 

9902 

9853 

9805 

9757 

9710 

9063 

9617 

9571 

9525 

1 36 

9480 

9435 

9391 

9348 

9304 

9262 

9219 

9178 

9138 

909s 

37 

9054 

9015 

8975 

8936 

8898 

8859 

8822 

8785 

8748 

8711 

1 38 

8676 

8640 

8605 

8571 

8537 

8503 

8470 

8437 

8405 

^373 

1 39 

8342 

8311 

8280 

8250 

8221 

8192 

8163 

8135 

8107 

8080 

1 40 

8053 

8026 

8000 

7975 

7950 

7925 

7901 


7854 

7832 

1 41 

7808 

7786 

7765 

7744 

7723 

7703 

7683 

7664 

7645 

7626 

1 42 

7608 

7590 

7573 

7556 

7540 

7524 

7509 

7494 

7479 

7405 

1 43 

745 1 

7438 

7425 

7413 

7401 

7389 

7378 

7388 

7357 

7348 

1 44 

7338 

7329 

7321 

7312 

7305 

7298 

7291 

7284 

7278 


* 45 

7262 

7263 

7259 

7255 

7251 

7248 

7246 

7244 

7242 

7241 

1 46 

7240 

7239 

7239 

7240 

7240 

7242 

7243 

724s 

7248 

7251 

1 47 

7254 

7258 

7262 

7266 

7271 

7277 

7282 

7289 

729s 

7302 

1 48 

7310 

7317 

7326 

7334 

7343 

7353 

7363 

7373 

7384 

7395 

1 49 

7407 

7419 

7431 

7444 

7457 

7471 

7485 

7499 

7514 

7529 
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p 

0 

1 

2 

3 

4 

5 

6 

7 

8 

0 

I 50 

9 947545 

7561 

7577 

7594 

7612 

7629 

7647 

7666 

768s 

7704 

I 51 

7724 

7744 

7764 

7785 

7806 

7828 

7850 

7873 

7896 

7919 

I 52 

7943 

7967 

7991 

8016 

8041 

8067 

8093 

8120 

8146 

8174 

8 a68 

I S 3 

8201 

8229 

8258 

8287 

8316 

8346 

3376 

8406 


I 54 

8500 

8532 

8564 

8597 

8630 

8664 

8098 

8732 

8767 

8W2 

I 55 

8837 

8873 

8910 

8946 

8983 

9021 

905? 

9097 

913s 

95 ^t 

I 56 

9214 

9254 

9294 

9334 

9^75 

9417 

9458 

9500 


I 57 

9629 

9^2 

9716 

8761 

9806 

9851 

9896 

9942 

9989 

003s 

I 58 

9 950082 

0130 

0177 

0225 

0274 

0323 

0372 

0422 

0472 

0522 

159 

0573 

0624 

0676 

0728 

0780 

0833 

0886 

0939 

0993 

1047 

I 60 

1102 

itS 7 

1212 

1268 

1324 

1380 

1437 

Ittt 

1552 

1610 

I 61 

1668 

1727 

1786 

*845 

1905 

1965 

2025 

2147 

2209 

I 62 

2271 

2333 

2396 

2459 

2522 

2586 

2650 


2780 

284s 

I 63 

2911 

2977 

3043 

3110 

3177 

3244 

3312 

3380 

3449 

35*7 

I 64 

3587 

3656 

3726 

3797 

3867 

3938 

4010 

4081 

4 J 54 

4226 

1.65 

4299 

4372 

4446 

4519 

4594 

5356 

4668 

4743 

4819 

4894 

4970 

I 66 

5047 

5124 

5201 

5278 

sm 

5513 

5592 

5671 

life 

1.67 

5830 

5911 

5991 

6072 


623s 

63«7 

6400 

6482 

1,68 

0649 

8733 

6817 

6901 

6986 

7072 

7157 

7243 

7322 

8301 

I 69 

7503 

7590 

7678 

7766 

7854 

7943 

8032 

8122 

8211 

I 70 

8391 

8482 

8573 

8664 

8756 

8848 


9034 

9127 

9220 

I 71 

9314 

9409 

9502 

9598 

9693 

9788 

9884 

9980 

0077 

0 ^ X 4 - 

1.72 

9 960271 

0369 

0467 

0565 

0664 

0763 

0862 

0961 

io6i 

1102 

I 73 

1262 

1383 

1464 

2496 

1566 

i668 

1770 

1873 

1976 

2079 

2183 

I 74 

2287 

2391 

2601 

2706 

2812 

2918 

3024 

3131 

3238 

I 75 

I 76 

3345 

4436 

3453 

4547 

3561 

4659 

3669 

4770 

3778 

4882 

3887 

4994 

0135 

3996 

5107 

4105 

5220 

4215 

5333 

4326 

I 77 

5581 

5675 

5789 

5904 

6019 

6251 

6367 

6484 

178 

6718 

6835 

6953 

7071 

7189 

7308 


7547 

7666 

7787 

I 79 

7907 

8023 

8149 

8270 

8392 

8514 

8636 

8759 

8882 

900s 

I 80 

9129 

9253 

9377 

9501 

9626 

9751 

9877 

0008 

0129 

0255 

I 8i 

9 970383 

0509 

0637 

0765 

0893 

1021 

1150 

1279 

1408 


r 82 

1668 

1798 

1929 

2060 

2191 

2322 

2454 

2586 

2719 

2852 

t 84 

2985 

4333 

3118 

4470 

3252 

4606 

3386 

4744 

3520 

4881 

3655 

5019 

3790 

SI57 

3925 

5295 

4061 

m 

4*97 

*!§ 

5712 

5852 

5992 

6132 

6273 

6^14 

^555 

6697 

I 86 


7266 

7408 

7552 

7696 

7840 

7984 

8t28 

8273 

Si 

187 

9 980036 

8710 

8856 

9002 1 

9149 

9296 

9443 

9591 

9739 

I 88 

9184 

0333 

0483 

0633 

0783 

0933 

1084 

1234 

1386 

I 89 

1537 

1689 

1841 

1994 

2147 

2299 

2453 

2607 

2761 

2915 

I 90 

3069 

3224 

3379 

3535 

3690 

3846 

4003 

4159 

4316 


1.91 

4631 

6223 

4789 

4947 

5105 

5264 

5423 

5582 

5742 

5902 

I 92 

6383 

6544 

6706 

6867 

7029 

7192 

lUt 

75*7 

768c 

193 

7844 

8007 

8171 

8336 

8500 

8665 

8830 

9161 

9327 

194 

9494 

9660 

9827 

9995 

0162 

0330 

0498 

0666 

083s 

1004 


9991173 

1343 

1512 

1683 

*853 

2024 

2195 

2366 

*537 

2709 

1 96 

2881 

3054 

3227 

3399 

3573 

3746 

3920 

4094 

4269 

6029 

4443 

620c 

197 

J6l» 

4794 

4969 

6740 

5145 

5321 

5498 

5674 

5851 

1 98 


6562 

6919 

7098 

7277 

7457 

7637 

7817 

7997 

199 

8339 

8540 

8722 

8903 

9085 

9268 

9450 

9633 

9816 


ITO 
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Examples 


dx 

0 y/ a — x 


Am 


2 lif(x) = /(a + x) for all values of a?, prove that 

f im ra 

f{x)dx = n I f{x)dx^ 

0 Jo 


vhere n is an integer 
fa dx 


! 


0 ax - 
8 dx 


V 

J I X\/x^ - I 

I Bjn-'^xdx. 

0 

^ 

I4.2ir--a:8 


» /-*• 
4V2 


i; 




a + 2bx + 
8 Prove that 

dx 


„ 00-52 being positive „ - y - • = 

‘ Y an — (r 


L l^k’ * = »(>/«'+ »)• 

r _ 

Jo I 


Am 


0 I + cos 0 cos X 
dx 

+ cos e cos X 
dx 


ir 

sintf 


P- 

Jo I 


I j ^5 

0 sin* a: + 5*008*/ 


B 

8m9 

IT 

2ab* 


12 . 


1 


3 dm 

0 (o^Bin^ai+i^coss*)* 


*(«* + V\ 

* 
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Befimte Integrak, 


13 


14 


*5 


16 


at 


f+^ dx 

— a> 

J -1 (a - bx) \/ I - x"^ 

f3 dr 

^ (x - a) {fi — x\ 

(y 2 ^ b^)ydy 

J - 


^ TT^a^ rt® 

Ans — ;r* + — 
lo 4 


y/ ^2 _ ^2 


(y2 4 
Sin ax cos bx 


17 Sho’w ttat f 
Jo 

D a s= i tli< 

pi dx 

— 2ax + d^)(j — 2bX'^ 


^ rfr = -J or o, according as a > or < i , and 


that w hen b tho value of the integral is - 

4 


18 


19 


a^<i Ans 


:log 


I + 


•/ab\ 


tan^ X dx 


ab \i — -v/ abj 

„ J(‘06*-5) 


35 

4 sina;^^ 

0 I + COS^ X 


- f tan-i —jz 
4 V^2 


2 1 If every infinitesimal element of the side c of any triangle be divided 
by its distance from the opposite angle C, and tiie sum taken, show that its 
value 18 


log ^ cot— cot— ^ 


22 Being given the base of a tnangle , if the sum of everv element of the 
base multiplied by the square of the distance from the vertex be constant, show 
that the locus of the vertex is a circle 


n (' “ 

Jo I 


cos^ B smO dB 


24 


+ e- cos B 

0 smOdB 


fa cos' 
Jo */i 


v/ 1 + e* cos^B 


J I tan“*e 

Am 

02 03 

\/TT7 


4. y/" I 4. 


7(^ 
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25 Deduce the expansions for sma: and 00s a from Bernoulli s senes 

26 Show that the integral 

can he immediately evaluated by the method of Art in, N^hen m is an integer 


27 


tan”^ {ax) dx 

(1 + «*r 


r® tan-^ 

Jo x{i 


Am - log (i + a) 


28 Find the value of 


j^log(T - raeoex + a^)dx^ 


diBt.Tn g mshTn g between the oases where « is > or < * 

Ana a < i, its value is 0 
„ > I, its value is 2irlog a 

29 If / {x) can be expanded in a senes of the form 

rto + «i cos« + a2COS2iC + + an cos na?+ » 

aW that my coefflcieBt after «„ cau be exhibited m the form of a definite 
integral 


JO Fmd the analogoua theorem when/W 
sines of multiples of x , and apply the method p 


= a ^1 


sm xx sin 3'^ 

sm iP + ; 

2 3 


Am »n = - ("/(») cosnuifi: 

TT Jo 

pan 
j th 

). 


when X lies between ± tr 
31, Prove the relation 


77 

fa de [2 / 

\ ... '.n : X I v Bin 0 d$ * n 

Jov^em# 

32 Express the definite integral 

77 

de 

] Oy^ 1 _ K^sm }9 

m the form of a senes, k bemg < i 
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Definite Integrals 


33 - 


35 


f 


2 log (r + cos acos oc) dx 


34 I hxdx^ where a> o 

Jo 


r® tan"^ aa; tan-'iSa? 


dx 


36 p log (a*" cos^ e sin^ 9) d9 

n 

rl, /ai-dBmd\ de 

38 (‘ _-ii_ 

Jo (1 — afiy 


39 


40 


1; 


dx 


r- 

Jo I - 


I - 

cos rxdx 


2a cos x-ha^ 

41 Find the sum of the senes 


^ ^ 2? 

► + TIT T - . ' o + ■ 


-44 wn 


(7-) 


a* - 


” (a^ + iy 


„ ^log{ 

» IT log 


CL + 0 


a+^ 






+ l2 + 22 ^^2 4 32 • ^ 291 ^ 

when n is mcreased mdeflnitely 

This IS eyidently represented by the definite integral 


dx TT 


42 Find the hmit of the sum 

I I 


%/n^ - V^«2 _ ja v/„a _ _ i)a’ 


when « =r 00 


TT 

2 
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43 


Prove that 


^ m{m - I) 
cos"*® cos nx ax = '^2 _ 


It 

* COS»*”® ® cos , 
0 


and hence, deduce the values of the integrals 


* 00 S»>»» 00 S( 2 «+ l'\xdx, and |%08W»» C08 2«*d*, 


when fn and it are integers 


44 

r log(l - 2« 008 9 + a’) coe nS d6, wlen «* < I 

Jo 

ira”‘ 

Am 

ti 

45 

r® IT®* 

cos — 

j -CD 2 

i> * 

46 

(‘ 10 g(l 4 *)^ 

Jo I + »* 

^ 1 

.. jjlOg 2 

47 

Prove the following equation 



^ (i - la cosa + 

Jo (I - 2a cos a a*)« (i ~ J 0 

4 S Prove the more general equation 


rir sm"‘a^fa _ ^ r — , 

Jo(i->2aco«'aT'i^'(i (i ~ 2a cos a -f 


m which m + I IS poaitivi®. 
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CHAPTER 7 II 


AREiS OF PLANE CURVES 

126 Areas of Curves. — The simplest method of regarding 
the area of a curve is to suppose it referred to rectangular 
axes of co-ordinates, then, the area included between the 
curve, the axis of and the two ordinates corresponding to the 
values ij?o and Xx of a?, is represented by the definite integral 



Eor, let the area in question be represented by the space 
ABVT^ and suppose BV divided into n equal intervals, and 
the corresponding ordinates drawn, 
as in the accompanying figure L PTfr 

Then the area of the portion (2;^ 

PMNQ IS less than the rectangle - 

pMN Q, and greater than PMNq 

Hence the entire area AJB VI'm a 
less than the sum of the rectangles 
represented \ypMNQ, and greater 
than the sum of the rectangles 

PMNg , but the diflterence be- m n v x 

tween these latter sums is the sum ^ 


of the rectangles Pp Qq^ or (since the rectangles have equal 
^ses) the rectangle under BIN and the difference between 
Now, by supposing the number n increased 
mdeiinitely , MN can be made indefinitely small, and hence 
^e rectangle MN {TV - AB) also becomes infinitely small 
Consequently the difference between the area ABVT and 
the sum of the rectangles PMNq becomes evanescent at the 
same tune 
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If the oo-ordinateB of P be denoted hy and and MN 

by Aw, it follows that the area AJB VT is the limiting value* 
of Ax) when the inorement Ax becomes infinitely small , 


or area AB VT = 



where a?i = 0 F, ojo = OB 


It should he observed that this result requires that y 
continue finite, and ot the same sign, between the limits 
of mtegiation 

If y change its sign between the limits, i e if the curve 
cut the axis o± the preceding definite integral represents 
the diffeience of the areas at opposite sides of the axis of x 
in such oases it is preferable to consider each area sepa- 
rately, by dividing the integral into two parts, separated by 
the value of x for which y vanishes 

The preceding mode of proof obviously apphes also to 
the case where the co-ordinate axes are oblique , m which 
case the area is represented by 


sin ui f y dccy 

J ‘To 

where (u represents the angle between the axes 

in applying these lormulae the value of y is found in 
terms of x by means oi the equation of the curve : thus, 
it y - f{x) be tins equation, the area is represented by 


taken between suitable limits 

(Jonversely, the value of any definite integial, such as 

may be represented geometrically by the area of a definite 
portion ot the curve represented by the equation 

y =/(p) 


* This demoiistratioii is substantially that given by l^ewton (see Pr%netpiaf 
Lib I , Sect I , Lemma 2) , and is the geometrical representation of the result 

estabhsbed in Art 90 - „ j j 

Tbe modification in tbe proof when the elements of J F axe considered 
mxeq^ual, but each, mfimtely small, is easily seen It may be remarked that the 
result here given is but a particular case of the general principle laid down in 
Axts 38, 39, -Dt/* Calc 
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On account of this property the process of integration was 
ailed, by Newton and the early writers on the Caloulus, 
he method oj quadratures 

^ Again, It IS plain that the area between the curve, tbe 
.xis of and two ordinates to that axis, is represented by 

xdy, 

aken between the proper limits the co-ordinate axes being 
upposed rectangular 

We proceed to illustrate this method of determining 
^reas by a few applications, commencing with tbe simplest 
examples 

127 The Circle. — Taking tbe equation of a circle in 
be form 

+ if ^ we get y = -v/a* - a?*, 
ind tbe aiea is represented by 

a* - a^dx^ 

aken between proper limits 

Tor instance, to find tbe area of 
be portion represented by APJDE 
n the accompanying figure Let 
p = a cos 9 y then tbe area m ques- 
tion plainly is represented by 

aM 0 sm^6<a?6 = — (a - sm a cos a) , where o = /. DC A* 

This result is also evident from geometry ; for tbe area 
LPAE IS tbe difference between DP AC and DOE^ or is 

ci^a a® sin a cos a 

2 2 * ♦ 
The area of the quadrant ACB is got by making a * “ j 

md aocordmgly is ^ hence tbe entire area of tbe circle 
- 4 

LS Tra* 
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128 ®l»e Ellipse — ^From tlie equation of tlie ellipse 

6 

-+!,= I, wegety= -ya* _ 

and tlie element of area is 

b 

“ V a* - x^dx^ 

but this 18 - tunes the area of the corresponding element of 

(Z 

the circle whose radms is (z . consequently the area of any 
h 

portion of the ellipse is - times that of the corresponding part 

of the circle This is also evident from geometry 
The aiea of the entire ellipse is rrah 
Again, if the equation of an ellipse he given m the form 

Ax^ + By^ = 0, its area is evidently 

As an application of ohlique axes, let it he proposed 
to find the (zied of the hegment 
of (zn ellipse cut off by czny chovd 

Djy 

Draw the diameter A A , con- 
jugate to the chord, and BB 
parallel to it Then, C heing 
the centre, let 



CA'^d, Cff = h\ACB-io, 
and the equation of the ellipse ^ ^ ^ * hence the area 

DA'jy is represented hy 

= dd sin (a - sm a cosa), 

d J OE 


CE 


Where “ (JA"' 

Again, d V sm a, = ab, by an elementary property of the 

ellinse. a and h being the semiaxes _ 

^Henoe the area of the segment in question is 

ab{a - sin a 00s a). 

[iSa] 
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oirelfl W ¥ deduced immediately from the 

74 - ^ method of orthogonal, projection 

sector of an eUiptio 

Sdanatr"?'®*^ "3 or to a point whose co- 

ordinates are a, y, hy S, we may write 


008 = cos a, 


28 

sin — = sin a. 
ab 


'' \A/V 

129 Vlie l*0.i*a<l>ola. — Taking’ tho 
equation of the parabola m the form 

t = px, we get y = ^ / 

Hence the area of the portion APN is ( / 
if 2 , 

/»* Adx,or-p\xi,\Q-xy \ 

rv,. "0^ of the seg- ^ 

^ chord perpen- 

wlereTif^Sro’ “* «»»« b« y - o*", 

H«. 

„ «“rr’ ” di- 

oblioiie ai«. Tl. 5“ ^ oomsponding re.njt bolds for 

tbsXdS ■*■■«»-. -'bon „ „ oegativs, ., l,lt to 

Example 


Am 
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The Sypeybola 
fin The Ilyperhola. — The simplest form of the 

c’ biu a> j or c’ sin <o log 

where and are the absciss® of the limiting points 
S the cnr/e he referred to its axes, its equation is 

a* V 

and the element of area yda> becomes 
a 

Hence the area is represented by 

taken between proper limits 

r r x^dx . 

Ag«n, 

Also, integrating by parts, we have 

I yx‘ - cddx = (rya!*-a*-j 

Adding, and dividing by 2, we get 

_ 



a?* - or 


x^dx 
-v/a?® ~ a* 
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Accordingly, if we suppose the area counted from the 
summit A, we hare 


2a 2 ® V a 


Again, since the tnangle CPN = ^xy, it follows that 

sector AGP = — log 

2 ^ \a bj 

For a geometrical method of flndmg the area oi a hyper- 
boiiG sector, see Salmon^s Contes^ Art 395 

130(a) HyperboUc Sine and Cosine.— If 8 repre- 

1 1. ACP^ the final equation of the preceding 

Article beoonaes re 


ab . 

7 % 

which may also he written 




(>) 


X y 
a b 




mtroduomg a single letter v to denote the quantity 
Hence, by the equation of the hyperbola, we get 

X u 

- - ^ = e-'’. 
a b 

Thus, in analogy with the last result of Art 128, calling the 
0 owing fimctions the hyperhohc cosine and hyperbolic 
sme of V, and for brevity writing them cosh v, and sinh v, 

c® + «^ = 2oosh», e® - «^ = 2 sinh«7, (2) 

the oo-ordmates of any pomt on the curve are 


= cosh® = oosh^, f = sinh » = sinh — 
ab b ab 
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"We miglit haye treated the matter differently hy intro- 
ducing the angle (j) defined by the equation a; = a sec and 
therefore y = 6 tan (J) (for the geometno meamng of this 
transformation, see Salmon’s Conics, Art 232) , whence (i) 
may be written* 

— = ® = log tan (“ + “V 
ab ^ \4 zj 

and we see that the hyperbolic cosine of a real quantity is the 
secant, and the hyperbolic sine the tangent of the same real 
angle Also, since 

■I , 1 oosh. V 

“ ^h^’ "" coS^’ ^ 8inh ? ^ “ smh ? 

we can obmously extend the names of the other tngono^cal 
iunotions likewise Again, putting m (2) for ®, «-/ - i, or 
iM, they become, by Art 8, 

cos M = cosh tM, I sm M = smh tu 
izi The Catenary.— If an inelastic stang of u^om 

density be allowed to hang 

curve which it assumes is called the Catenary 

its equation can be easily axrivea \ y /g 

at from elementary mechanics, as tol- a.\ / 

^^'^liet Fbe the lowest point on the \ iy 4 

curve; then any portioii FP of the Wjf 

string must be m equdibnum _^der 1 /f 1 

the action of the tensions at 1^ ex- / t 

tremities, and its own weight, W Fig 6 

Let A be the tension at F, 1 that p R>af = a. 

at P, which acts ft^/we hfv^ ^ 

Then, by the property of the triangle 

jjr A = PAf PAf ; 

IF = A tan 


. Win ♦ « 
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of the^stnng whose^weieft^s”!^^^’ ^ tfie portion 

uniform, ^ the string is 

W=Ai; 

a 

•*. 8 - a tan (p, 

oA" *!““»“ O' ‘lo (D,* 

Its equation in Cartesian co- 
ordinates can be easily arrived at. .\ 

, , on the vertical through F 

t^ake FO = a, and draw OX in the 
honzontal (hrection, and assume 
OX and OF as axes of oo-ordi- 
aates Let 


then 


ox=.^. 


da 



= tan <py 


Fig 7. 


% ^ 


sin 




= cos (p 


. dy ds sin d) 

37-77 =« 




Hence 


d<l> ds d(j> “cos*^’ cos^ 

y = a sec a; = a log (sec <p + tan 0 ) 


( 3 ) 


W V r r/ 

« - *0 “‘og'-J. «»»,.». .nd 

From the latter equation we get 

X 

sec (p + tan p = e^; 


sec p - tan p = 


sec p 4- tan p ^ 

Hence, we have 

2 sec 0 = ^ g % 2 tan ^ - ^"a 
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Ooaseq^uently, 


2/ + ^ 7 (4) 

a f - -i\ 

Also » = 2 ^ 

In the notation of last Article these equations may te 
written 

- = cosh - and - = sinh-. 
a a a a 

Again, if NL be drawn perpendicular to the tangent at 
P, we have 

NL = PN cos f , NL = a ( 6 ) 

Also PL = NLtm^, * PL = & = PV. (7) 

The area of any portion VPNO is 

- j"" dx= ^ (^e® - “'j = « (S) 

Accordmgly, the area VPNO is double that of the triangle 
PNL 

Examples 

I To find the area of the oval of the parabola of the third degree with a 
double point , 

cy^ ^{x-a){!c- by / 

The area in (luestion is represented hy ^ V ^ 


— {b - x) X - ad 
^ 0 ] a 


^ 8 (»-«)* 

Let a: - » = c*. and we easily find the area* to he -yy^- 

1 Find the whole area of the curve y‘‘ = {la - x) Ans va’ 

3 Find the whole area between the ciasoid = u\a - x) and its asymptote . 

z\/ * 

• Tlie student will find little difficulty m proving that this area is -j- 
times th.e rectangle which eiroumscnhes the oval, having its sides parallel to the 
CO ordinate axes 
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Since a: — a = o IS the equation of the asymptote the area in question la re- 
presented by 

Adx 
0 x)^ 

Let x = a sm’ 0, and this becomes 


hence the area in question is ^ ira* 

4 Find the area of the loop of the curve 
= + x) 

This curve has been considered m Art 262, Diff 
Calc Its form is exhibited in the annexed figure , and 
the area of the loop is plainly 


2 j-o _ 


Let b ^ a? = a*, and it is easily seen that the area 
in question is represented by 


3 5 7 

5 Fmd the area between the witch of Agnesi 
xff = 4a* ( 2 a - x) 

and its asymptote 



Fig 9 

An& 47ra® 


132 In finding tlie whole area of a closed curve, such as 
that represented m the figure, we 
suppose lines, Pif, QiV^, &o , drawn 
parallel to the axis of y , then, as- 
suming each of these lines to meet 
the curve m but two pomts, and 
mating PM = ^2, P'il = 2/1, the 
elementary area PQQ'P' is repre- 
sented by (^2 - yCj da;, and the en- 
tire* area by 

OR 

{y% - yi) dx ; Fig to 

OB 

in which OP, OP' are the limiting values of x 

* This form still holds when the axis of x intersects the curve, for the ordi- 
nates below that axis have a negative sign, and (y* — yi) dx will still represent 
the element of the area between two parallel ordinates 
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Eor example, let it be proposed to find the whole area of 
an ellipse given by the general equation 

ax^ + 2 hxy + hy^ ^ igx ify c ^ o 
Here, solving for y, we easily find 

y. - = r -/ (A* - al) ^ + 2 (A/- Ig) x +/” 

0 

Also, the limiting values of x are the roots of the quadratic 
expression under the radical sign 

Accordingly, denoting these roots by a and [3, and observ- 
ing that h^ - ab is negative for an ellipse, the entire area is 
represented by 

0 J a 

To find this, assume » - a = 0 - a) ein^O , 

then j3 - iP = (j3 “" <») 

and we get 


y(tv - a)Q5 - = aO - a)» 8m*0 cos^e^l 

= |0-a)* 

A V . (hf-bgy + ir-hc){ab-/^ 

Agaifl, (fi-ay = 4 

4b(af + bg' + ch^ - 2fgh - abe) 


Henoe tlie area of the ellipse is represented by 
7r(«/* + Jy' + ch^ - 2fgh - aho) 

l^h - A*)» 


This result can be verified without difficulty, by deter- 
mining the value of the rectangle under the semiaies of an 
ellipse, in terms of the 'coefficients of its general equation 
It is worthy of ol>servation that if we suppose a closed 
curve to be described oy the motion of a point 
tire perimeter, the whole inclosed urea is represented by ] y f 
taken fur every point around the entire curve 
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Thus, m the preceding figure, if we proceed from A to A' 
along the upper portion of the curve, the corresponding pait 
of the integral \ ydx represents the area APABB Again, 
m returning from A to A along the lower part of the curve, 
the increment dx is negative, and the corresponding part 
of J tjdxisalso negative (assuming that the curve does not 
intersect the axis of x), and represents the area A'P'ABB, 
taken with a negative sign Consequently, the whole area of 
the closed curve is represented by the integral J ydx^ taken 
for all points on the curve 

The student will find no difficulty in showing that this 
proof IS general, whatever he the form of the curve, and 
whatever the number of points in which it is met by the 
parallel ordinates 

To avoid ambiguity, the preceding result may be stated as 
follows — The area of any closed curve is represented by 


taken through the entire perimeter of the curve, the element of tht 
curve being regarded as positive throughout 

The preceding is on the hypothesis that the curve has no 
double point If the curve out itself, so as to form two loops, 
r dx 

it IS easily seen that j y^^ds, when taken round the entire 

perimeter, represents the difference between the areas of the 
two loops The corresponding result m the case of three oi 
more loops can be readily determined 

133 In many oases, instead of determining y in terms oi 
X, we can express them both in terms of a single variable, 
and thus determine the area by expressing its element m 
terms of that variable 

For instance, in the ellipse, if we make x = a sin <t>, we 
get y = b QOS (p, and ydx becomes ab cos* (p d(p, the integial of 
which gives the same result as before 

In like manner, to find the area of the curve 



Let X a &m^(p, then y ^ b oo 8 ^<p, and ydx becomes 
3056 8in^0 008 *^ 0^0 
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hence the entire area of the curve is represented by 

TT 

i2ah cos^ I 

Jo o 

Exampies 


r Fmd the whole area of the evolute of the ellipse 


— 1 - ~ =• I 
aa 52 


2 I ind the whole area of the curve 


© 


2 

2r»+l 


inn 

i 


Ans 


37r(aa ~ Py 
Sab 


Ans 


135 (im + 1 ) I 3 5 ( 2 « -I- 1 ) 


246 


2 (w+W+ 1) 


irab 


134 The Cycloid. — In the cycloid, we have (Diff 
Calc., Art 272), 

^ = a (0 ~ sin 0), y = a ( I - cos 0) , 


ydx = a* 


' r 0 

(i - cos OydO = 4a* sm^ - ( 


Taking 0 between o and tt, we get 37ra^ for the entire 
area between the cycloid and its base 

The area of the cycloid admits also of an elementary 
geometrical deduction, as follows — 



It 18 obviously sufficient to find the area between the 
semicircle BPJD and the semi-oycloid BpA To determine 
this, let points P and P' be taken on the semicircle such that 
arc PP = arc DF draw MPp and if'P>' perpendicula: to 
BD Take MN' and M'N' of equal length, and draw JSq 
and N'q', also perpendicular to BD then, by the fundam^- 
tal property of the cycloid, the line Pp = arc BP, and Pp 
« arc PP' . . Pjo + P'i?' = semicircle = rra 
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Now, if the interval MW be regarded as indefinitely small, 
the sum of the elementary areas FpqQ and Wp'q'Q' is equal 
to the rectangle under MW and the sum of Fp and P'p\ or to 

Again, if the entire figure be supposed divided m like 
manner, it is obvious that the whole area between the semi- 
circle and the cycloid is equal to ira multiplied by the sum of 
the dements ifJV, taken from B to the centre (7, i e equal to 
befo whole area of the cycloid is as 


The area of a prolate or curtate cycloid can be obtained 
in like manner. 

Polar Co-ordinates. — Suppose the 
curve^P^ to be referred to polar co-ordinates, 0 being the 
pole, and let OP, OQ, OP represent consecutive radii veotores, 
and FLy QM, arcs of circles described with 0 as centre Then 
the area OFQ = OPZ + PiQ; but 
FLQ becomes evanescent in com- 
parison with OFL when P and Q 
are infinitely near points, conse- 
quently, m the limit the elemen- 

tary area OPQ = area OPZ = — 

2 ’ 

r and d being the polar co-ordi- 
nates of P. 

Hence the sectorial area A OB ^ 
is represented by 




where o and /3 are the values of 0 corresponding to the limit- 
ing points A and B 

136 Area of Pedals of Clllipse and Myperliola. — 

^ proposed to find the area of the locus 

01 the loot of the perpendicular from the centre on a tangent 
to an ellipse ® 


Writing the equation of the elhpse in the form— ^ ^ = 

the equation of the locus in question is obviously 
r* == 
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Hence its area is 


^ f 008=0(^0 + ^ j sm>0c?0 = "“-”0 + ^ S1I10CO8 0 


The entire area of the locus is 


^ (a= + 6’) 

2 

The equation of the corresponding loons for the hyperbola 
r’ = a’ 008*0 - V sin*0 

In finding its area, since r must be real, we must have 
a*oos*0 - 6* 8m*0 positive . acoordmgly, the limits tor O are o 

and tan"”^^ 

Integrating between these limits, and multiplying by 4) 
we get for the entire area 

ab + (a* - V) tan"' -y, 

In this case, if we had at once integrated between 0 = o 

and 0 = 27 r, we should have found for the area (a* - 6*) - 

This anomaly would arise from our having integrated 
through an mterval for which r* is negative, and for which, 
therefore, the corresponding part of the curve is , 

The expression for the area of the pedal of an ellipse mth 
respect to any ongin will be given m a subsequent Article 

Examples 

I. Sliow tHat the entire area of the Lemniscate 

cos 2 $ 

18 a® 

2 In the hyperholio spiral 

re = 

prove that the area bounded by any two radu veotores u proportional to the 
difference between then lengths 

-1 Find the area of a loop of the curve 

7-3 « ©2 COS n9* 
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4 Find the area of the loop of the Folium of Descartes, whose equation 10 

- %aicy 

Transforming to polar co-ordinates, we haye 

3^? cos g sin 

^ “ sm^y+^cos^ 

Again, the linuting values of d are o and - , 


Area 


9a^ f2 sm.^0 cos^di^d 


=?i 


(sin^d + cos^d)' 




Let tan d = m, and this expression becomes 

9^2 u^du _ 3^2 

"TJo * 

5 To find the area of the Lima^on 

r — a cos 6 + ^ 

Here we must distinguish between two cases 

(i). Let b> a In this case the curve consists of one loop, and its area is 


(« cosd + 


When J = «, the curve becomes a Cardioid, and the area 

(2) let h <a The curve m this case 
has two loops, as m the figure (see Diff 
Calc-, Art 269), the outer loop correspond- 
ing to 

r = cos d + i, 

the inner to 

r = 17 cos d — 5 

To find the area of the inner loop, we 
take 9 between the limits o and a, where 




entire area is 

[ (fl cosd ~ ^)*tfd 
J 0 

= f {a^ CO8*0 lab cos 6 -f dB 
•1 0 

= ( — ■+ * 1 “ + - Bin a cos a - zab sm a 
= + 008-1 
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It IS easily seen that the sum of the areas of the two loops is obtained by in- 
egratmg between the hmits o and 2?r, and accordingly is 



IS in the former case 

137 Area of a Closed Carve by Polar Co-ordi- 
«ates.— In finding the whole area of a closed cutto by 
polar co-ordinates we distinguish between two cases. When 
ihe oiigin 0 is outside, we sup- 
pose tangents OT, OT', drawn 
from 0, and vectors OP, OQ, &c , 
drawn to out the curve , then, if 
these hnes intersect it in but two 
points each, the element of area 
PpqQ IS the difference between 
the areas POQ and pOq , or, in 
the hmit, is ^ {r^^ - r^) dB, where 
OP = n, Op = r^ 

Hence, the expression 

Fig 14 

taken between the limits corresponding to the tangents OT 
and 0T\ repiesents the entire included area 

If the ongm he inside the curve, its whole area is in ge- 
neral represented hy ^ ■+ r 2 )dB^ taken between the limits 

0 = 0 , and 0 = TT i. XI. 

We shall illustrate these results by applying them to the 

circle 

r* - 2rc cos 9 * 

If the origin be outside, we have oa^ and r 1 + r2 — 20 cos 0, 
and fin --a\ n - n = 2 ^a ^ - 

Hence {r\ — r^) dO ~ 4 c cos 0 sin^ 0 dB , and the 

a 

hmiting values of 0 are ± sm“^-. 

Heuce the whole area is 




cos 0 - c* sin^ 0 dB. 

[ 13 ] 
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Let c sm 0 = a sin <3f>, and this integral transforms into 


2a'' j * ooB^ipd^ = ira^. 

“2 

A.gam, if the origin he inside, we have c < and 
- (fi^ + r/) == + 0^ cos 26 , 

(rf + r2^) dd =- (a* + cos 20) <^0 = ira^ 

0 Jo 

The method given above may be applied to find the area 
included between two branches of the same spiral curve As 
an example, let us consider the spiral of Archimedes 

138 TIae Spiral of ilLrcliimedes — The equation of 
this curve is - a0, 
and its form, for 
positive* values of 0, 

IS represented in 
the accompanying 
figure, in which 0 
IS the pole and OA 
the hne from which 
0 18 measured Let 
any line drawn 
through 0 meet the 
different branches 
of the spiral in 
pomtsP, Q, i 2 ,&c 
then, if OP=r, and 
^POA= 0 ,wehave, 
from the equation 
of the curve, Fig. 15 

OP = ae, OQ = a {6+ 2 ^), Oli ^ a {0 + 4w), Ao 

* It sliould be noted that wben negatiye values of 9 are taken, we get for 
t^e remaimng half of the spiral a curve symmetrically situated with respect to 
the pnme vector OA 
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Hence PQ = Qi2 = &c , = lair = c (suppose) , i e the 
intercepts between any two consecutive branches of the spiral 
are of constant length 

Again, let OQ = ri, OP = rj = r, + and the area between 
the two corresponding branches is 


n r 2 r 

- lr% - dO - 0 ri<i0 + ~ dd 

2j J 2j 


Now, suppose IfiV" and mn represent the limiting lines, 
and let j3 and a be the corresponding values of d , then the 
aiea nNMm will be equal to 


c a^dQ + — = - (/3 - a) (aa + a/3 + c) 

Ja 2 Ja 2 


^t{^-a){OM+On) ( 9 ) 


If /3 - a = TT, this gives for the area of the portion 
between two consecutive blanches QE'Q' and RF'R' , inter- 
cepted by any right line RR drawn through the pole, 

-iJQ QR, 1 e half the area of the elhpse whose semi-axes 
2 

are RQ and R'Q 

139 Another JExpression for Area. — The formula 
in Article 137 still holds, obviously, when AB and ah repre- 
sent portions of different curves 

It IS also easily seen, as in Art 132, that if a point be 
supposed to move round any closed boundary, the included 

area is m all cases represented by taken roilnd the 

entire boundary, whatever be its form , the elementary angle 
dO being taken with its proper sign throughout 

Again, if we transform to rectangular axes by the rela- 
tions a? = r cos (/, y ^ r sin 0, we get 


tan0 = -; 

X 


dd xdy ~ ydx 
cos 


r^dO = xdy - ydx , 


Hence 
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and the area swept out by the radius vector is represented by 
the integral 


1 

2 


- t/dic), 


tahen between suitable limits , a result which can also be 
easily arrived at geometrically 

140 Area of Elliptic §ector. liambert’s Tlieo- 
rem. — It is of importance in 
Astronomy to be able to express 
the area AFP swept out by the 
focal radius vector of an ellipse 
This can be arrived at by inte- 
gration from the polar equation 
of the curve, it is, however, a 
more easily obtained sreometri- 
cally 

!For, if the ordinate be produced to meet the auxiliary 
circle in Q, we have 



area AFP = ^ x area AFQ = -{ACQ- OFQ) 


*= — {u - e smt^), (10) 

where u i ACQ 

By aid of this result, the area of any elliptic sector can be 
expressed m terms of the focal distances of its extremities, 
and of the chord joining them 
For (Fig 17), let QFP re- 
present the sector, and let 
= = then, 

denoting by u and u' the eccen- 
tno angles corresponding to 
P and Qy the area of the sector 
QFP , by ( I o) , 18 represented by 


u - u' - e (sm w - sin w') 
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We proceed to show that this result can be written m 
the form 

~ - {sm<j> - sin^')} (ii) 

where ^ and are given by the equations 

(h I I/O + -I- S I Ip + p' -- S 

sin ^ , sin^ = - f- 

2 2 \ a 2 2 \ a 

For, assume that <ji) and (j)' aie determined by the equations 

u - Ilf = ^ e (sin u - sin w') = sm ^ - sin {a) 

The latter gives 

. U v! U v! (h --- (h <j/ 

esin cos = sin^^ — cos-^^ — 

2 2 2 2 

u + u' 

or by the former, e cos — - — = cos — 

Again, since the co-ordinates of P and Q are a cos w, 
b sin u, and a cos w', b sin w', respectively, we have 

8* = (cos u ~ cos w')® + 6® (sin u - sin uy 


= 4 sm* 


> 4^® sin® 


- u 


u - til 


4 TO oW + W 

^2 oos® 


- g® OOS® ^ ^ 


(*) 


2 2^'”0 

«= 4a® Bin® ^ sin® ^ ; 

2 2 

CN 0 — 0^ 0 0^ / / \ 

/. 8 = 2a sm - ^ sin - = a (cos 0 - oos 0) 

Again, from the ellipse, we have 

p = a (i - e oos w), p' = a (i - ^ cos w'), 

, , ,v w + w - « 

p + p = 2a - ae (oos + cos « 2a - 2ae oos oos 


0+0^ 0 — 

2a - 2a oos ^ 008 — 
2 2 


2 2 

2a - a (oos 0 + oos 0'). (a) 



98 


Areas of Plane Curves 


Hence, adding and subtracting {h) and (c), we get 

P + + S ^ 

= 2 ( I - cos ^) = 4 sin^ 


P + p - S d; 

^ 2(1 - cos ^ ) =4 sin^ — , 

a 2 

^hioh proves the theorem in question 

Consequently, the area* of any focal sector of an ellipse can 
e expi essed in tei ms of the focal distances of its extremities^ of 
he chord which joins them^ and of the axes of the curve 

141 We next proceed to an elementary piinciple which 
j sometimes useful in determining areas, viz — 

The area of any portion oj the curve represented by the 
quation 



) ah times the area of the corresponding portion of the curve 


F{x, y) 

This result is obvious, for the former equation is trans- 
Kmed mto the latter, by the assumption ^ f ; and 
enoe ydx becomes ahy'dx ' ; 

I ydx = ab^y'dafy 

b.e integrals^ being taken through oonesponding limits — a 
esult which is also easily shown by projection 

Thus, for example, the area of the ellipse -- + = i 

of’ b^ 


This remarkable resiilt is an extension, by Lambert (in bis treatise entitled 

published in 1761), of the correspond- 
ig formula for a parabola given by Euler in Mtscell Berohn, 174? It 

^8 0? describing any arc of a planet’s orbit, in 

rTnf <ii8tances of its extremities from tbe sun, and tlie major 

)Sr sys^V ^ ^ ’ neglecung tbe disturbing action of the other bodies of the 
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"reduces to that of the circle , and the area of the hyperbola 

^ "" " 

to that of the equilateral hyperbola o? - = \ 

Again, let it be proposed to find the area of the curve 

i- ^Y= - yL 

V 6V ni 

The transformed equation is 


(;»’ + y’)* = 


aV 


4 


* 


or, in polai oo-ordmates, 


^ ;;; + 






But the whole area of this (Art 136) is 

2 nv 

Conseq^uently the whole area of the proposed curve is 


a* 

•; o 


-ah 


m* 


It may be remarked that the equations 


represent similar curves, and their corresponding linear 
dimensions are as <3! i. Consequently the areas of similar 
curves are as the squares of their dimensions, as is also 
obvious from geometry 

142 Area off a A*edal Cttrve.™If from any point 
perpendiculars be drawn to the tangents to any curve, the 
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locus of their feet is a new curve, called the pedal of the 
original (Diff Oalc , Art 187) ^ 

If jp and CD he the polar co- 
ordinates of the foot of the 
perpendicular from the origin 0, 
then the polar element of area of 
the locus descnhed hy N is plainly 

and the sectorial area of any 
2 

portion is accordinglyrepresentedhy 





taken between proper limits 

There is another expression for the area of a closed pedal 
curve which is sometimes useful 

Let 81 denote the whole area of the pedal, and 8 that of 
the original curve , then the area included between the two 
curves is ultimately equal to the sum of the elements repre- 
sented hy NTN' in the figure 

Hence /Si = S + 'INTN' = /S + ijpJV'Vw. (12) 
Agam, hy the preceding. 


Si = ij ON^do> 


Aocordmgly, hy addition, 


= + (13) 

It is easily seen that equation (12) admits of being stated 
in the following form : — 

The whole area of the pedal of any closed curve ts equal to 
the mm of the areas of the curve and of the pedal of %U evolute 
both pedals having the same origin 

For, PN 18 equal m length to the perpendicular from 0 

on the normal at P ' and hence ^PN^du) represents the ele- 
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ment of area of the locus descnhed by the foot of this perpen- 
dicular, 1 e of the pedal of the evolute of the original curve 
For example, it follows fiom Art 136 that the area oj/ 

the pedal of the evolute of an ellipse ^ ~ (a - i)®, the centre 

being origin 

143. Area of Pedal of X]llipg»e for any Ori^o, — 
Suppose 0 to be the pedal 
origin, and OJ/, Olf' perpen- 
diculars on two paiallel tan- 
gents to the ellipse ; draw ON 
the perpendicular from the 
centre 0 , let OM = OJ/' 

= QN^p, OG^c, lOOA 
- a, lACN = w ; then 

Fig 19. 

Pi = MD - OD = jp - c cos (w - a), 

Pi + coos (oj - a) 

Again, the whole area of the pedal is 



1 

2 


W rir 

{!P-L + Pi) d<o = ( j)* + c‘ cos" (w - «) ) c?w 

0 Jo 

p'^diM) + C* [ cos* (<«> “ a) ~ (a* + J’* + C*) 
0 jo 2 


(h) 


That is, the area of the pedal with respect to 0 as origin 
exceeds the area of its pedal with respect to 0 by half the 
area of the circle whose radius is 00 

If the origin 0 lie outside the ellipse, the pedal 0 insists 
of two loops intersecting at 0 and lying one inside the other; 
and in that case the expiession m (14) represents the um of 
the areas of the two loops, as can be easily seen 

The result established above is a particular case of a 
general theorem of Steiner, which we next proceed to 
consider 

144 §teiiier’» Ttieorem on Areas of Pedal Curves. 
Suppose A to be the whole area of the pedal of any closed 
curve with respect to any internal origin 0, and A' the area 
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of its pedal with respect to another origin (7 , then, i 
f be the lengths of the peipendionlars from 0 and i 
tangent to the curve, we have 


A = 


2 




0 



Also, adopting the notation of the last article, 


/ « p - coos(w ~ o) - ii^oosco - ^ smcu; 

where ir, y represent the co-ordinates of O' with 
rectangular axes diawn through 0 Hence we get 


/ I 

i' ^ A ^ {ccoosw + y&mwYdiM) 

2 Jo 

nir nrr 

- x\ poostjjdu) - yl psiRwdaf, 


But 


'iir 


cos’* (x)dh)-Wy 

sm® 01 dii) = TT, 

V 0 

Jo 


sin w oos ttj 


Also, for a given curve, 

constants when 0 is given 
A, we have 


riv 

p costu dw and p sin<«i» 
0 Jo 

Denoting their values hy 


A'- A ^ ~ (A - (jx -hy 


This equation shows that if 0 be fixed, the loeum 
ortgin (f , for which the area of the pedal of a closed e 
constant^ is a circle* The centre of this circle is th© 
whatever be the given area, and all the circles got by 
the pedal area are concentric 


’* It can be seen, 'witbout difficulty, from tb© demonstration giv#i^ 
that when the curve is not closed, the locus of the origin for pedals of iMi 
18 a come a theorem due to Prof Eaahe, of Zurich See CreU0'^ , 
vo1 Ip 193 

Xhe student will find a discussion of these theorems by Prof Him 
Transactwm of the Moyal Society ^ m which he has investigated “tto 

aponding relations connectmg the volumes of the pedals of surfaces 
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If the origin 0 be supposed taken at the centre of this 
circle, the constants g and h will disappear , and, m this case 
the pedal area is a minimum, and the difference between the 
areas of the pedals ts equal to half the area of the circle whose 
radius is the distance between the pedal ongms 

For example, if we take the origin at the centre, the 
pedal of a circle, whoso ladms is is the circle itself For 
any other origin the pedal is a limacon, hence the whole 

area of a limacon is + —j, as found m Art 136, Ex 5 

145 Areas of Houlettes on MectlliiBeai Bases. 
The connexion between the areas of roulettes and of pedals 
IS contained in a very elegant theorem,* also due to Steiner 
which may be stated as follows . — ’ 

When a closed curve rolls on a right hnCy the area between 
the nght line and the roulette generated tn a complete revolution 
hy any point invariably connected with the rolling curve ts double 
the area of the pedal of the rolling curve ^ this pedal being taken 
with respect to the generating point as origin 


To prove this, suppose 0 to be the describing point m any 



position of tho rolling curve, and P the corresponding point 
of contact Let (/ represent an infinitely near position of the 
describing point, Q' the corresponding point of contact, and Q 


* See CrelU*a Journal, vol xn The oorrespondmg theorem of Steiner 
oonneoting the lengths of roulettes and pedals will be given m the next Chapter 
By the area of a roulette we understand the area between the roulette, the 
base, and the normals drawn at the extremities of on© segment of the roulette, 
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a point OB tte ouive such, tkat PQ = P€t ; then Q is the point 
which coincides with Q' in the new position of the rolling 
oirrvG , and, denoting the angle between the tangents at P 
and Q (the angle of contingenee) by dw, we hare OPO'^diit^ 
since we may regard the cnrve as turning round P at the in- 
stant (DitE Calc , Art 275) ^ ^ 

Moreover, QQ' ultimately is infinitely small in comparison 
with QP, and conseq[nently the elementary area OPQ'O' is 
ultimately the sum of the areas POO and QO'P, neglecting 
an area which is infinitely small m comparison with either of 
these areas 

3 t 

Again, if OP ^ Ty we have POO = and area QOP 
=: QOP in the limit 

Also the sum of the elements QOP in an entire revolu- 
tion is equal to the area (/S) of the rolling curve Conse- 
quently the entire area of the roulette described by 0 is 

/S + i/Prfoi 

But we have already seen (13) that this is double the area of 
the pedal of the curve with respect to the point 0 ; which 
establishes our proposition 

Again, from Art 144, it follows that there is one point in 
any closed curve for which the entire area of the correspond- 
ing roulette is a minmum Also, the area of the roulette 
described by any other jpoint exceeds that of the minimum 
roulette by the area of the circle whohe radius is the distance 
between the points. 

For instance, if a circle roll on a right line, its centre de- 
scribes a parallel line, and the area between these lines after 
a complete revolution is equal to the rectangle under the 
radius of the circle and its circumference , i e is zwa ^ ; denot- 
ing the radius by a 

Consequently, for a point on the oiroumferenoe, the area 
generated is 4- wa^^ or 37ra’ , which agrees with the area 
found already for the cycloid 

In Kke manner, by Steiner’s theorem, the area of the or- 
dinary cycloid is the same as that of the oardioid : and the 
area of a prolate or curtate cycloid the same as that of a 
lima9oii. 
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Again, if an ellipse roll on a right hne, the area of the 
path described by any point can be immediately obtained 
For example, the pedal of an ellipse with respect to a foons 
IS the circle described on its axis major Hence, tfan ellipse 
roll upon a right linCy the ai ea of the roulette described by its 
focus m a complete revolution is double the area of the auxiliary 
circle Also, the area of the roulette described by the centre 
of the ellipse is equal to the sum of the circles described on 
the axes of the ellipse as diameters, and is less than the area 
of the roulette described by any other point 

146 Cfeneral Case of Area of Roulette. — If the 
curve, instead of rolling on a right line, roll on another 
curve, it is easily seen that the method of proof given in the 
last article still holds ; provided we take, instead of dijd^ the 
sum of the angles of contingence of the two curves at the 
point P 

Hence the element of area OP O' is m this case 

\vhere p and p' are the radii of curvature at P of the rolling 
and fixed curves, respectively 

Hence it follows that the area between the roulette, the 
fixed curve, and the two extreme normals, after a complete 
revolution, is represented by 

If a closed curve roll on a curve identical with itself, 
having corresponding points always in contact, the formula 
for the area generated becomes 

In this case the area generated is four times that of the 
corresponding pedal , a result which appears at once geome- 
trically by drawing a figure 
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Examples 

1 If ^ "be the area of a loop of the curye == «”* cos md, and Ai the area 
of its pedal with respect to the polar ongm, prove that 

It IS easily seen, as m Difl Calc , Art 1 90, that the angle be^tween the radius 
vector and the perpendicular on the tangent is md » and - (w + i)S 

Hence, by Art 142, 

2Ai = A + — = («» + 2)-d 

2 

2 If a circle of radius b roll on a circle of radius a, and if A denote the 
area, after a complete revolution, between the fixed circle, the roulette dost nbed 
by any point, and the extreme normals , and if A^ be the area of the pedal 01 
the circle with respect to the generating pomt, prove that 

Aa + JBb = 2(a + h)Ak» 

where JB is the area of the rollmg circle. 

3. Apply this result to find the area included hetw'een the fixed circle and the 
arc of an epicycloid extendmg from one cusp to the next 


147 Molditcb’s Theorem If a lino (7(7' of a given 
length move with its extre- 
mifaes on tw'o fixed closed 
curves, to find, m terms of 
the areas of the two fixed 
curves, an expression for the 
whole area of the curve gene- 
rated, in a complete revolu- 
tion, hy any given point P 
situated on the moving line 

Let CP = c, PC' = c\ and suppose (a?i, {oc, ^), and 
{ah, to he the co-ordinates of the points (7, P, and 0\ re- 
spectively, with reference to any rectangular axes 






* This simple and elegant theorem appeared, m a modihed lorrn, as the 
Prize Question, by Mr Holditoh, under the name of “ Petrarch, in the Lady’s 
and Gentleman’s Diary for the year 1858 The first proof given above is due to 
Mr Woolhouse, and contama his extension of Mr Holditoh’ s theorem 
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Then, if 0 be the angle made by GC with the axis of 
we have evidently 

oji = 0 ? - c sin 6, yi^y - c cos 0, 


aja == ijj + c' sin 0, y%=^y ^ d cos 0 

Hence we have 

yidxi =■ ydx - c cos 0 {dx + yc?0) + c^oos^OdO , 

= ydx + o' cos 0(efaj 4 ydd) + c'* gob^ ddB 

Multiplying the former equation by c\ and the latter by 
and adding, we get 

dyidxi + cy2dx2 = (c + d)ydx-v(c + <!)cd ooB^OdO , 
o' fyidxi + c jy2dx2 - {c + c') J ydx + ((j + d)cc \ coB^ddO 


If we suppose the rod to make a complete revolution, so 
as to return to its original position, and if we denote by ((?), 
((?'), (P), the areas of the curves described by the points 
(7, C\ and P, respectively, we shall have (since in this case 
the angle 0 revolves through ztt) 

o'(0) -h c(C") = (c + c')(P) + IT ((? + d)cc\ 


or 


d{C) + o{C') 
c ^ d 


= (P) + 'Kcd 


{i6) 


This determines the area (P) in terms of the areas (0), 
(O') and of the segments c, d 

w hen the extremities 0, O' move on the same identical 
curve we have(O) = (O'), and hence (0) - (P) iced 

Consequently, if a elm d of given length move imide any 
clomd cwve, having a tracing point P at the distances c and 
d from its ends, the area comprised between the two cu) ves is 
equal to wed 

More generally, if the extremities O, 0' move on curves 
of equal area, we have, as before, 

{0)-{F)-7rod ( 17 ) 

Should the extremities, instead of revolving, oscillate 
back to their former positions, then (0) = o, (O') = o, and 
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• (P) = - TCc' The negative sign implies that the area is 
desonhed m a direction contrary to that m which the rod re- 
volves 

Agam, if the rod returns to its original position after 
n revolutions, the limits for 0 become o and imr, and equa- 
tion (i 6) becomes 

d{C) + c{G') , 

- -' j — - = (P) + nwcf. (i8) 


C ■¥ C 


If (C) = (( 7 '), this gives 

{C)-^{P) =n 7 rcc' (19) 

If the Ime oscillate back to its former position, without 
making a revolution, we have n = o, and (19) becomes 

{C) = (-P) 

Hence, in this case, if two points describe curves of equal 
area, then any point on the hne joining these points describes 
a curve of the same area 

The theorem in (16) can also be proved simply in another 
manner, as follows — 

Let 0 denote the point of intersection of the moving hne 
O'O' with its infinitely near position , that is to say, the point 
of contact with its envelope ; and let OP = r Adopting the 
same notation as before, let (0) represent the area of the en- 
velope, and it is easily seen that 

f2n- p2jr 

(0)-(0)=i {c-rydQ, 

Jo Jo 


r2ir r^TT 

{O') - (0) = i J = (c' + rydO, 

(P) = 

hence 

r27r 

c'{C) + [c\c^rY+c[f+rf-^{c+f)r^]dd 


5 = cc' {c •+• c') TT, 


as before 
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^ remarkable extension of Holditoli’s theorem ■was given 
by Mr E B Elliott, in the Messenger of Mathematics 
Februaiy, 1878 ^ j 

Mr Elliott supposed the length of the moving hne O'C to 
va^, but that it is in all positions divided in the constant 
ratio m w in a point P 

if G travel round the perimeter of any closed area 
(C), and C' move simultaneously round another area (C"), the 
two motions being quite independent and sub]ect to no re- 
strictions whatever, except that both are continuous, having 
no abrupt passage from one position to another finitely differ- 
ing from it, then P will travel simultaneously round the 
perimeter of another closed area (P) 

Adopting the same notation as before, we have 

{m + n)x = miBi + nxz, {m+n)g = + ng^ i 

{m+nfydx = {myi + ny^j{mdxx + ndx^ 


= m^yxdxx + rdy^dXi + mn {y^dx^ + Vidx^ 

'=(«! + n){myxdxx + mysc ?*,) -mn [yi-y^d[x^ -Xi) 

Integrating for a complete circmt, and dividing by (m + n). 
we have o ^ \ 

(m + n) (P) =m(C)+n(C')- ^ j (y, - y,)d(x, - x,) ( 20 ) 

This result is stated as follows by Mr Elliott 

Through any fixed pomt m the plane of a closed area S 
let radii vectores he drawn to all pomts in its perimeter, and let 
chords AJ5, parallel and equal to the radu vectores, be placed 
with one extremity A m each case m the perimeter of a closed 
area (A), and the other P on that of another (P) , then, if 
the points A, P, travel respectively all round the perimeters, 
and do not in either case return to their first positions from 
the same sides as that towards which they left them , and if 

[14] 
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((7) represent the area describedby a point always dividing/?^ 
in tlie constant ratio m : n, then the areas {A)^ (J?), (( 7 ), (S) 
are connected by the following relation • 


m (A) + n (B) 


{m + ny 


This follows immediately from (20) by altering the nota- 
tion 

Areas described in opposite directions of rotation must be 
taken With opposite signs 

For particular modifications in this result, as also for its 
extension to surfaces, the student is referred to Mr J^lliott^s 
paper , as also to Mr Leudesdorf’s papers m the ^lame 
Journal 

147 {a) Mempe’s Tlieorein — We next proceed to the 
consideration of a singularly elegant theorem^ discovered by 
Mr Kempe, and which may be stated as follows — 

If one plane sliding upon another start from any position, 
move m any manner, and leturn to its original position after 
making one or more complete revolutions ; then every point 
m the moving area describes a closed curve, and the lociis^ %n 
the momng plane^ of points which deunhe equal ai eas is a circle ; 
and by miying the area we get a eyhtern of concent nc CDclee for 
loci 

This result can be readily de- 
duced from Holditch’s theorem, for 
if we suppose A, J?, ( 7 , to he three 
pomts which generate equal areas , it 
can easily be seen that any fourth 
point, D, which generates the same 
area, hes on the circle oiroum- 
scnhing ABC 

Let AB and OB intersect in P, 
then, let (P) represent the area 
described by the point P, as before , ** 

and n the number of revolutions^ made before AB returns 
to its original position then we have, by (19), denoting by 



* Messenger of Mathemattos July, 1878 
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area described by eaob of the points 

/i, C, X/, 

(C) - (P) = nrrAF PB, 
and, by same theorem, 

, (C) - (P) = riir CP PB , 

hence 

AP PB = OP PB, 

consequently A, B, 0 , B, he on the circumference of the 
same circle 

Again, let 0 be the centre of this circle, and join OP and 
OA, then the preceding equation gives 

( 0 ) - (P) = nir{OA^ ~ OP^). 

Hence all points which describe an area equal to that of 
(P) lie on a circle, having 0 for centre, and OP for radius, 
which establishes the second part of the theorem 

For the effect of two or more loops in the area described 
by a moving point see Art 132 

148 Areas toy Approxlmatloni. — In many cases it is 
necessary to approximate to the value of the area included 
within a closed contour The usual method is by drawing a 
convenient number of parallel ordinates at equal intervals , 
then, when a rough approximation is sufficient, we may 
regard the area of the curve as that of the polygon got by 
joining the points of intersection of the parallel ordinates 
"v^th the curve Hence, if A be the common distance between 
the ordinates, and if 


Po, Pi, &o , yn, 

repiesent the system of parallel ordinates, the area of the 
polygon, since it consists of a number of trapeziums of equal 
bieadth, is plainly represented by 

4 + 2^2 + &c + yn-i| 

ri4a] 


2 
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Hence the rnle add together the halves of the extreme 
ordinates, and the whole of the mte'i mediate ordmafes, and 
multiply the result by the common into val 

When a nearer approximation is required, tlie method 
next in simphcity supposes the curve to consist of a number 
of parabolic arcs , each parabola having its axis parallel to 
the eqiudistant ordinates, and being determined hy three of 
those ordinates 

To find the area of the parabola passing through the 
points whose ordinates are Pq, yi, ijz, let 2/ = a + /3-r + be 
the equation of the parabola, and, for simplicity, assume the 
origin at the foot of the intermediate ordinate then we 
have 

^0 - a - + jh\ y^-- a + fih yh^ 

Agam, the area between the fiist and third ordinate is 

/ h^\ 

(a + /3a; + 7a;*) dx = 2 h + 7 ~ J 
But 2/0 + 2^2 = 2yi + 27A* hence the area in question is 


3 ^ 


l/o + 4^1 + yz^ 


Now, if we suppose the number of intervals n to be even, 
and add the different parabohc areas, we get, as an approxi- 
mation to the area, the expression 

“ {yo + yn + 4(yi + y8 + &o +^«.i) + 2(y3 + y4 + &o + 


Hence the rule • add together the first and last ordinates, 
twice every second intermediate ordinate, and four times each 
remaining ordinate , and multiply hy one-dhiid of the common 
intervaL 


We get a closer approximation by supposing the number 
01 equal intervals a multiple of 3, and regarding' the curve 
^ a series of paraholse of the third degree, each beino; 
determmed by four equidistant ordinates To find tlie area 
^rresponding to one of these parabolic curves, let pa, Vi, y^, ih 
be four equidistant ordinates, and for convenience assume 
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the origin midway between yi and , then if the equation 
of the parabolic curve be 

y = a + 4 - 

and the common interval on the axis of x be denoted by 2^, 
we have 

^0 =■ a “ 3 / 3 ^ + 97/i^ - 
2/1 == a ~ ] 3 /^ + yh^ ~ 

^2 = « + jSA + yh^ + 

1/8 = a + 3 / 3 A + 97A* + 27SA® 

Hence yo + 2/3 = 2 (a + 97A*), 2/1 + 2^2 = 2 (a + -yA’). 

Again, the parabolic area between 2/0 and 7/3 is 

{a + jSir + yx^ + ^Qi^)dx = 3^(20 + 67 A®) 

J - 3 A 

Substituting in this the values of a and 7 obtained from 
the two preceding equations, the expression for the area 
becomes 

^ {yo + y> + 3 (yi + 2'!))- 

4 

If the corresponding expressions be added together, we 
easily arrive at the following rule * — Add together the first 
and last ordinates, twice every third intermediate ordinate, and 
thrice each remaining ordinate , and multiply by |ths of the 
common mteival 

It IS readily seen that these rules also apply to the ap- 
proximation to any closed area, by drawing a system of Imes, 
parallel and equidistant, and adopting the intercepts made by 
the curve instead of the ordinates, in each rule 

Since every definite integral may be represented by a 

* This and the preceding are commonly called “ Simpson’s rules ” for cal- 
culating areas , they were however previously noticed by Newton (see Opuscula 
Method Diff Prop 6, scholium) as a particular apphcation of the method of 
mterpolation By taking seven equidistant ordinates, Mr Weddle {Camb and 
JDub Math Jour , 1 8 54), obtained the following simple and important rule for 
finding the area — To Jive tmes the sum of the even ordinates add the middle ordi^ 
nate and all the odd ordinates^ multiply the sum by three^tenths of the common 
interval^ and the product will be the required area, approximately The proof, 
which IS too long for insertion here, will be found in Mr Weddle’s memoir 
and also, with applications, m Boole’s Calculm of Finite Lifferences The student 
IS referred to Beitrand’s Calc Ini , I i, ch xii , for more general and accurate 
methods of approximation by Cotes and Gauss 
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curvilinear area, the methods given above are applio^ole to 
the approximate deterimiiation of my such integral 

In practice the acouxaoy of these methods is increased hy 
inoreasmg the number of intervals 

149 Flaiiisiieteis. — Several mechanioal contrivances 
have been introduced for the purpose of praotioally estimating 
the area inclosed within any curved boundary Such instru- 
ments are called Planimeters The simplest and most elegant 
IS that of Professor Amsler of Schaffhausen It consists of 
two arms jointed together so as to move in perfect freedom m 
one plane A point at the extiemity of one arm is made a 
fixed centre round which the instrument turns , and a wheel 
IS fixed toj and turns on the other arm as an axis, and reooids 
by its revolution the area of the figure traced out by a point 
on this arm From its construction it is plain that the re- 
volving wheel registers only the motion which is perpendi- 
cular to the moving arm on which it revolves. 

In the praotioal application of the instrument it is neces- 
sary that the two arms, CA and AB^ should return to their 
original position after the tracing point £ has been moved 
round the entire boundary of the required aiea 

We shall commence by showing that the length regibtore(i 
by the wheel while B has moved round the entire closed area 
is independent of the wheeFs position on the moving arm , 
te. 18 the same as if the wheel be supposed placed at the joint 
To prove this, suppose P to represent the point on thi? 
arm at which the centre of the 
revolving wheel is situated. Let 
A'P represent a new position of 
AB very near to AP, and P' the 
corresponding position of the 
pomt P. Draw Pjy perpendicular 
to A''B' ; then PN represents the 
length registered by the wheel 
while the arm moves from AB to 
the infinitely near position A'R. 

Next, draw A Wpei pendioular, 
and AI parallel, to A' 5 ' 

IetPi\r=*; AiV'-^l?s,AP = c, 

PAL = 4 , then PL 4- AW', 

OT (k' = ds -h 0 



Mg 33, 
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Now, if we suppose AB after a complete circuit of the 
euive to return to its oiigmal position, we haye obviously 
S {d^) = o , and therefoie S {ds) = S (c^6) , i e the whole length 
legistered by the revolving wheel at P is the same as if it 
were placed at A 

Next, let X and y be the co-ordinates of B with respect to 
rectangular axes diawn through (7, and let -4(7= a, AB = 

L ACX “= 0 , and suppose (p the angle which BA produced 
mates with the axis of x , then we shall have 

X = a OQs 6 b Gos (py y ^ a Bind + b sin (p 
Hence xdy - ydx -=• a^dO h - h^^dp + ab cos {0 - p) d {0 + p) 
A-lso ds = AN' = A A' sin AA'N - add cos {6 - p) 

But 9 ^ p = 2 O - {6 - p) , 

.* ab cos {d ~ p) d [9 + p) 

= 2 ah 008 (ff - p)d 9 - ab co8(0 - p) d{d - p) 

= 2bds - ab 008 {d - p) d {9 ~ p) 

Consequently 

xdy -ydx-a^dd + b^dp + 2bds - ab oos(0 - p) d{d - p) 

But, by Art 139, the area traced out by P in a complete 
revolution is represented \ \^{xdy - ydx) taken around the 
entire curve 

Also, since AG and AB return to their original positions, 
the integrals of the terms a^dd, i* dp and ab 008{d - (j^ d{d - p) 
disappear , and hence the area in question is equal to bS^ where 
8 denotes the entire length registered by the revolving wheel 
On account of the importance of the principle of this in- 
strument, the following proof, for b 
which I am indebted to Prof Ball, 
based on elementary geometrical 
principles, is also added 

Let (7, A, Prepresent, as before, 
the positions of the fixed centre, the 
joint, and the tracing point, respec- 
tively , and suppose P to represent 
the position of the roller, or revolv- 
ing wheel , then draw CJP and liS 
perpendicular to AB 
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Let AC = a, AB = AB = /, BO = r. 

Now, if tlie instrument he rotated about C through an 
angle 6 without altering the angle CAB, it is easily seen 
that the circumference of the roller is rotated through an arc 
represented by 


PE 0^ 


2b 


0 


Again, if the instrument be rotated about 8 through a 
small angle the roller does not revolve 
Hence a curve can be drawn through 
such that, if the tracing point B be 
moved along it, the roller will not 
revolve 

Now, let Xfi, X'jf be the two adjacent 
circles described with C as centre, and 
suppose aa and /d/3' two adjacent non- 
rolling curves, such as just stated and ^ 
suppose the tracing pomt B to move 
round the indefinitely small af-ea aa fifi then the arc through 
winch the roller has turned is represented by 



rSrSe .aa'fi'fi 

0 h ’ 

siiice a/S = r BO, and Sr = aa' sin /3 

^Now suppose tie instrument works correctly for the area 
XX'a'a, then it will work correctly for the area XX'B'B for 
start from o to X, A , a , then the area aXXa' must be regis- 
tered, since the roller does not turn m moving from a' to a • 
proceed then from a' to /3, a, then, hy what has been lust 
proved, the area «'/3'/3a wdl he added Hence the instrument 
will work correctly for the stnp XX'f/fi 

Agam, suppose the instrument works correctly for the 
area X^p then it will work correctly for X'fi'p , for suppose 
we start from Xto p, p, and back to X then start from A to 
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/u, iul\ y and X , the two journeys irom X to /x and /u to X 
will neutralize each othei., and it follows that if the instrument 
works correctly for the area it will work correctly for 
the area Xjuip hence, if the msti ament works correctly for 
any portion of the area, however small, it works correctly for 
the entire area 

The student will find a description of Amsler’s Planimeter, 
with another mode of demonstiation, in a communication hy 
Mr F J Bramwell, 0 E , to the British Association — See 
Eeport, 1S72, pp 401-412 
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1 Find tlie whole area between the curve 

a;2y2 + _ ^2^3 

Had its as3rm.ptote8 

2 Find the whole area of the curve 

(^2 _ 

3 Find the whole area of the curve 


Am 2wab 


©■* (!)'■ 


• rrab 


4 Find the whole area included between the foUum of Descartes 
^ t- y® — =« o 


and its asymptote 


An, 5^. 
2 


d Find the area of a loop of the curve 


>* = a cos nd 

1 ^d the area of a loop of the curve 


Ans 


r a cos nd + 5 sin n$ ^ j 3 \ Z 

^ I# 

The equation of the ourre may be wntten m the form 
f = a/ a’ + P cos {ne + a), 

^ ^ and consequenay its area can be found from the preceding 

* ^<HieareaofaloopofthecurTe 


r* Ct cos ft0 


Ans 





Erampks 


219 


9 Find tlie area of the tractnx 

The charactensiic propeity of the tractnx is that the intercept on a 
to the carve betA^eon its point ot contact and a fixed right line is constant. , . * 
Denoting the constant by a, and taking the origin 0 at the point tot "v 
the tangent OA is perpendicular 
to the axis, we have, J? being 
any point on tbe curve 



^ - tdu i’TiV'=r _ — JL=r ; 

da? y/ ^2 „ y2 

ydx = — -v/«2 _ y2^y 

Hence the element of the area of 
the tractnx is eq^nal to that of Fig 26. 

a circle of radius a , , ^ ^ i. 

It follows immediately that the whole area hetvieen the four infinite 
of the tractnx is equal to ara^ This example furnishes an instance ^ 

able to determine the area of a curve from a geometneal property or tn e > 

without a previous determination of its equation . 

If the ec^uation of the traolnx be required, it can be denved from its aiiror- 
ential equation 


dx : 


- y" dy 


from which we get 


X t --y^zs^a log 


a 4- rt* — y^ 



That the 
Nesv^ton See 

behove, the first example — * 

integration , or, what at the time was called the inverse method of tang encs* 

10 If each focal radius vector of an ellipse he produced a constant length 

show that the area between the curve so formed and the ellipse is 4 

b being the semi -axis minor of the elhpse 

1 1 Find the area of a loop of the curve r" = «" cos nB 


Am 


^ IT 


liii) 

’^ii) 


12 If a right line carrying three tracing points A^ P, (7, move m any majM®r 
in a plane, returning to its original position ^ter malang a complete revolutoon , 
and H (A), (P), {C) represent the entire areas of the closed curves deacxxhed by 
the points yf, P, C, respectively, prove that 

BG X {A) ^ CA X (B) 4 X (C) 4 IT AJB BG CA ^ o, 

m which the lines AB, BG, See , are taken with their proper signs , i e,, 
AB=^- BA, &o 
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13 A, B, G, D, are four points rigidly connected together, and inovino- m 
anyway in a plans, if they describe closed curves, of aieas (A), (B) f/h 
respectively , and if a;, y, z, be the areolar coordinates of i) referred to 
tnangle ABC, prove that ® 

{JD) = X {A) -f y (B) 4 - z(G) 4 

vhere ^ is the length of the tangent from B to the circle circumscnhed to the 
tnangle if (7 Mr Leudesdoidi Messenyer 0/ Mat hematics j 1878 

This foUow s immediately for let P be the point of intersection of the lines 
AB and GJ), then, by {18), we get a relation between (A)^ (B), and (B) anH 
alM between (^), (B), and (P) If P be emninated betw con these equations we 
get the required result ^ we 

14 Show that a corresponding equation connects the areas of the nodala ot 

eyve with respect to four points A, B, C, P, taken respectively 
as pedal ongin Mr Leitdesdorf 

15 If a curve be referred to its radius vector 7 and the perpendicular « on 

the tangent, prove that its area is represented by ^ 


If 


prdr 


constant length («) moves about within a paiahola, and 

and^the Crf 

Ant ~ 

descrfiJ^J^tHfnTi^t “ tangent is drawn to a semicircle 

l<^^th?pTmTXnt^tt® ““ of ‘>^0 






and that the whole area of the locus is 

TT (Bb 


«* ^pplv the three methods of approximation of Art <4$ to the calculation 

to e. demmal places of the definite mtegial J ' adopting JL as the common 

“^i^^utTf the mtel^I 0). «93»4 

of d«Bmml places ^ S g 2, or 693 147^ to the same numher 

hy two focal vectors , snd r of a 

»li«e e U the chord of the arc, and o the semiparameter of the parabola 
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Show that the whole area of the mveiae of the elhpse -g + 


represented hy 


/ a*^ («2 Ifi ^2/ I* 

V*~ ? ~i2y 


vheie a, $, are the co-ordmiitcs of tie ongm of mversion, and I is tie radius of 
the circle of in-veibion 

'll A given arc of a plane curve turns through a gnen angle round a fixed 
point in its plane , what is the area described ? 

2Z Given the base of a triangle, prove that the polar eq[uation of the locus 
of its vertex, when the vertical angle is double one of its base angles is 


a (2 cos 20 + r) 

r = — i :: 

2 cos 6 

Hence show that the entire area of the loop of the curve is 

4 

23 0 IS a point V ithin a closed oval curve, JP any point on the curve, QPQ 
a straight line drawn in a given direction such that TQ — PO , prove that 
as P moves round the curve, Q, Q\ trace out two closed loops the sum of whose 
areas is twice the area of the original curve Camb Trip Exam , 1874 

24 Prove that the area of the pedal of the cardioid r = ^5(1 - cos 0) taken 
with respect to an mtomal point at the distance c from the pole is 


— (5«^ — 2ao + 2C^) ) 1870 ) 

5 

25 The co-orduiates of a pomt are expressed as follows 

30 30 " 

^ 03 + £» ^ “ 03 I » 

find tno eq^uation of the curve desonhed bv the point, and the area of the portion 
of the plane inclosed thoreh> 
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lengths op curves 

of <»-oim.l« at itXS a ‘ri!!*? ‘O'oofn^razes 

K S-) «.d {.+ &,y + 2 « “'* P™*" 




dx 


dx, 


(I) 


taken tetween suitable limits 

The value of | m terms of if is to be got from the equa- 

Xtl''oriS:XV ^ ^ 

called its leiigth of an arc of a curve is 

we JiauTavr^ independent variable 


-u 


fdx 


dy 


“■* ’ "* «‘™“ »f * -gl* ™- 

|)'o-(|J|\. 
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The curves whose lengths can be obtained m finite terms 
(compare Ait 2) are very limited in number We proceed to 
consider some of the simplest oases 

I Cl TThe Parabola. — W^iiting the ecjuation of the 
^ dx y 

parabola in the form f = 2»m, we get ^ = - 


Hence 


■-Wy^ 




The value of this integral can be obtained from that of 
the area of a hyperbola (Art 130), by substituting y for 

and ni^ for - 
Thus we have 


v\/'y 


_L yyf f)fi 

— + - log 
2m 2 




m 


(2) 



j - j 

If 8 he measured from the vertex Vy we have 

the o^enary is the evolute of the traotrix (see Ex 9. P 2 19) 
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153 Seml-cuMcal Parabola.— The equation of this 
curve IS of the form ay^ ^ ^ 


hence 






B = 


I + 



(x\i 

ds 1 

dx 2 

W’ 



8a j 

~ 

I + z_ 

W 


^ 4^. 


W' 


If the arc be measured from the vertex, we get 
8 ^ 


% = 


27 


gx 

I + — ~ I 

4^ 


The semi-cuhical parabola is the first curve whose lensth 
was determined This result was discovered by ‘Wilham 
JNeil, in 1660 ^ 

11. of Evolutes— It may he noted 

that the rectification of the semi-cuhical parabola is an 
immediate con^quence of its being the evolute of the ordinary 
parabola (see Diff Calc., Art 239) In hie manner the 
length of any curve can be foxmd if it be the evolute of a 
knoTO curve, from the property that any portion of the arc 
ol the evolute is the difference between the two eorrespondmff 
radn of curvatme of the curve of which it is the evolute 

1 get by this means the lengths of the 

cycloid, the epicycloid and the hypooycloid 

Agam, since the equation of the evolute of an elhpse is 
{ax)\ + {by)l = (a» - 6»)1, 

the kngth of any arc of this curve can be at once found 

ott™, for, wntmg the 

and making x = a we get y = )3 cos’^, and 

ds = {do? + dy^)i = 3 sin ^ cos0(a* sin^ + /3“ C08*^)itf^ 

_3(a* + j3^eos“(^)i , 

2(a* - j3^) eos’^) 
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Hence 

(a® 8m®<A + oos®^)^ , 

.--y 

If the arc be measured from the point sr = o, y = / 3 , we 
get the constant 

- , (a® sin’* + B’ cos’^)* - / 3 ’ 

- ;rrp-- ‘ ■ 

If a = j 3 , the expression for ds becomes 3 a sm (p co& <l>d<p , 
hence we get = | a sin®^, the arc being measured from the 
same point as above. 


Examples 


f Fmd the length of the loganthmic curve y ^ caP 

, , , dx h . , 1 

Here log y = a; log a + log <? , t” = -» ^here 0 - 

ay y 


log a 


Hence 




+ y’l 

y 


' _ f ydy f V-iy 




= (M + y^-f + h log ' Y 

2 Find the length of the tractnx 

Here, hy definition (see fig 26), we have PT= a , 

#/ , ds 

. . sm TTN = hence — = - 
a dy 


= - a logy 


+ const 


If the arc he measured from the vertex we get 
arc AF = a log 

3 Fmd in what cases the curves represented by are rectifiable 

Here we have 


. - , . 2»t> , 

[i»] 
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Substituting h for 


(m + 

3m * 


Sm 

and making i + this becomes 





This expression is immediately mtegrable when — is a positive integer 


Hence, if — = r, we see that curves of the form ai© rectifiabli 

Again, if — be a negative mteger, the expression under tho integral sig 
2 *» 

becomes rational, and can accordmgly be integrated This leads to tli© fonc 
Accordmgly, all curves comprised m the equation me 

rectifiable, m bemg any integer (Compare Art 62) 


155. Tlie Ellipse. — The simplest expression for the ar« 
of an ellipse is obtained by taking x - a sm (p, wlienoe 

p =b cos <p, and ds = (a^ oos^cp + sm®0)i d<p , 

« = I (a^ cos*^ + Bm^p)^d<p 
It is often more convenient to write this in the form 




e^ am} dip f 


(3) 


e being the eccentricity of the ellipse 

It may be observed that (p is the complement of the eeem^ 
trie angle belonging to the pomt {x, y) 

The length of an elhptio quadrant is represented by the 
denmte integral 



- ^ sm}(p)hdp 


We postpone the further consideration of elliptic aros to 
a subsequent part of the Chapter 

156 Rectfflcatioa In Polar Co-ordinates.— If the 

co-ordinates we plainly have (Diff. 
Calc , Art i8o) , V 0 ’- , henoe we got 


'=}( 


+ — S- I 

d^) 


dd. 


or s 


-I(‘" 


dr^ J 


dr. 


(4) 
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For example, the length of the spiral of Archimedes, r = afl 
18 given by the equation ’ 




Comparing this with the formula (2) for the parabola, it 
foUows tha,t the length of any arc of the spiral, measured 
trom Its pole, is equal to that of a parabola measured from its 
vertex 


I Cardioid, 
dr 


Examples 

r = «(i + COS0) 


Here — = - « sm 0, and hence 

• = »/ {(I +cos 9 P-f sm 2 «}M 9 = 2 <i/cog^rf 9 = 4asin- + constant 

2 2 

The constant becomes zero if -we measure s from the pomt for which 9 = o 
2 Loganthmio spiral, r = «« 

Here, if ^ = — i~ we get 
log ^ 


rdQ 

dr 


i, »=(“(• = + 

** **0 


Accordingly, the length of any arc is proportional to the difference between 
the vectors of its extremities , a result which also follows immediately from the 
property that the curve cuts its radius vector at a constant angle 

3 r*» — a”* cos m$ 

Taking the loganthmic differentials, we get = - tan 

rde * 

ds 


rd 6 


Hence 

Or, writing ^ for w*d, 


= sec m$ 


f ^-1 

= « 1 (cos de 

(6 f 

= ~J (oostp) dtp 


This 18 readily integrated when ~ is an mteger (see Art 56) 
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"WlateTer le the value of m, -we can express the complete length of a loop of 

the ouire m Gamma Fimetioiis For if -we integrate between o and ^ we oh- 

Yiously get tlie lengtli of half the loop. 

Hence the length of the loop (Art 122) is 



157 ff'ormiila, of Ihegeiidre on 

Attotlier formxila'* of coasideralDle utility in lectificatioii fol- 
lows immediately from the result obtained in Art 192, Dill* 
Calc For, if this result be written in the form 

^ = jtj, we get s - t - { pd(o (5) 


Conseq[uently, the total increment of t9 - between any two 
points on a curve is equal to jpd(o taken between tbo same 
two points 

For example, in the parabola we have p =* — and 
^ ^ COS(*» 


hence 


8 



d(if 

00s tM} 


- a log tan 



I- oonst- 


If we measure the arc from the vertex of the curve, and 
observe that t = tliis gives 

dij) ^ 


d sinw 

COS*<o 


+ a log tan 



The student can without diiEculty identify this result with 
that given in Art 151. 


tomeii^p hegendxe See Thmt^ dei FoncHmi 
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It should be observed that when the curve is closed, its 
whole length is, in general, represented by 

'2tt 

pdiM). 

J 0 

Equation (5) furnishes a simple method of expressing the 
intrinsic equation of a curve, when we are given its equation 
in terms of p and w 

For, if jp =/(w) we have 

« = ^ + I p r/w =/'(w) + I /(w) (6) 


taken between suitable limits 


158 Application to X^llipse. Fagnanrs Theorem 


In the ellipse we have 

p^ = cos^oi + i* sin*o>. 

Hence, measuring the arc 
from the vertex - 4 , and observ- 
ing that in this case PN is to be 
taken with a negative sign, we 
have 



Fig 28. 


arc AP + PN =| (a* oos*<o + J* sm*w)i c/w, 


where a - L AON 

But, in Art 155, we have found that if ^ be measured 
from the vertex JS, the arc is represented by 


I (a* cos®0 + ¥ sin*0)M^ 

Consequently, if we make L BCQ = a = l AON, and draw 
QM perpendicular to the axis major meeting the curve mP', 
we shall have 

arc BP' = arc AP + PA, 
or, taking away the common arc PP', 

BP -AP'^ PN 


( 7 ) 
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This remarkahle result is knowa as IFaguaui's Tlieort*m*^ 
and shows that we can m an indefinite number of ways find 
two arcs of an ellipse whose difference is expressible bj a right 
line 

We add a few properties connecting the points F anti 
m this construction 


Examples 


I If [xy y) and (a;', y') be the co-ordinates of F and P% roapootivaly , prcife 
the following — 

(I) {2) (3) CJT CM’^.CA on. 


{ 4 .) op^ 4 CN'^ =cj?+ cj)‘ = op'^ 4 cm 


2 Divide an elliptic quadrant into two parts whose difference shall he enual 
to the difference of the semiaxes 

This tahes place when -Pand P' coincide , m which case CW m and 

JUV* a — b 

We shall designate the point so determined on. the elhptuj quadrant m Fac* 
nani’s point ^ 

k jA ^ tangent be drawn at Fagn.im’s pcmt, the 

between its pointy of contact and its points of intorsootioa with t!io aif‘i nn 
respectively equal in length to the semi-axes of the ellipse. 

4 If the Imes Pi^and F'Jf' be produced to meet, show that they mk^rsect 
on the co^ocal h^^erbola which passes through the points of mUmmUon t>f 
tangents to the ellipse at its vertices Show also that this hypcThola tnita the 
ellipse IE Fagnani’s point 


* Fagi^, Gtornale de' letteratt d* Italia^ 1716, ropnntod in his Ffodm$mt 
It may be noted that if we integrate tho ocpiation of Art 


f a j 

^ - kiem^bdi 

f 0 ein’ «(?« f (in » sin 4 Bin e, 

““1 *> eonnButsd by 


COS <? — cos a COB b - sin « sin b mn^'c 

Sr '»» '•■kw. 
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The equation of FN is 

ir Sind + ^ coad — '[Z sm*^ + cos^fi, 
and that of F*N* is 

a? cos 0 y am d 

+ = I. 

a 0 

If we elmunate 0, we get 

a:2 

a -b, 

a 0 

which represents the hyperbola m question 

159 TThie Hyperbola. — In the hyperbola we have 
cos^ w - sin® w 

Hence, measuring the arc from the vertex A of the curve, 
we find, since w is measured below the axis, 


PN-AP^ 


[ {a^ cos® (o - 6in“ cd) ^ dto^ 


( 8 ) 


JO 

where a = Z ACN 

As we proceed along the hyperbola 
the perpendicular p diminishes, and 
vanishes when the tangent becomes 
the asymptote 

Moreover, as the limit of to in this 


case becomes tan" 




it follows that the 


difference between the asymptote and 
the infinite hyperbolic arc, measured 
from the vertex, is represented by the 
definite integral 



0 


6®sin®c«i)^e3?o») 


Examples. 

1 If > ft, prove that 

/(a + ft cos 

IS represented by an elliptic arc, and that the semiaxes of the elhpse are the 
greatest and least values of (a + ft cos 

2 If a < ft, prove that 

/ (a + ft cos <pY d<p 

18 represented by the difference between a right line and a hyperbohc arc 
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i6o JLandieii’s Theorem on a, llyperSiolle Are — 
We next proceed to establish an important theorem, due to 
Landen f namely, that ang me of a hgperhola can be ejcpressed 
m terms of the arcs of two ellipses 

This can be easily seen as follows — In any triangle, 
adopting the usual notation, we have 

e = acosB + boos A. 


Now, representing by G the external angle at the vertex 
Oj we have C = A + £, and hence 

cdC = {a cos JS + b cos A) dA + {a cosB + h cos A) dB. 

Consequently, supposing the sides a and h constant, and 
the remainmg parts variable, we have 

cdG = J acosBdA + J boosAdB + + const , 


\v^~a^+bU 2 aboosCdO = \\/ a? -b^siia^ A dA- 




+ 2a! sin5 + const 


Now, if -we suppose a>b, j'v'a!*- S* dA represents 
(Art. 155) the arc of an ellipse, of axis major 2 a and eooen- 
trjcity - Also Jy/** - «* sin’^aiB represents (Art 159) the 
difference between a nght line and the arc of a hyperbola, 
whose axis major is h and eccentncity 

Again, + 2ab cos 0=J(a - &)’Bin*-+ (a + 6)»oo8’- 

^ 2 ' ' 2 ^ 

Transaction., 1775, also, MatUmatioal Mcnmr,, 
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and conse(juently the integral 

j* + iF + 2ah cos CdC 

represents an arc of the ellipse whose semiaxes are a + J and 
a - b 

Hence, Landen’s theorem follows immediately 
It should he noted that the limiting values of B and 
G are connected by the relations 

a sin JS = b sm-^l , and G - A ■¥ B 


Again, if we suppose the angled to inciease from o to tt, 
the external angle G will increase at the same time from 
o to TT, while B will commence by increasing from o to^ a, 

and afterwards diminish from a to o ^where « = sin"^- j 

Moreover, in the latter stage bcosA is negative, and dB also 
negative, consequently the term b cos A dB is positive through- 
out the entire integration , and the total value of 


- c^Bw^BdB IS represented by 2 - 0^ sin^ J? dB 


C 


Hence, substituting (j) for — , and integrating between the 
limits indicated, we get, after dividing by 2, 


TT 

1: 


((o + + (a - 6)* cos’ 


IT 

= j sm*jB)4 dB (lo) 

Aooordmgly, the difference between the length of the asymp- 
tote and of the mfimte are of a hyperbola is equal to the differ- 
ence between two elliptic quadrants This result is also due to 
Landen 

"We next proceed to two important theorems, which may 
be regarded as extensions of Fagnani’s theorem 
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i 6 i Theorem* of Mr. Graves — It from any point 
P on the exterior of two confocal ellipses, tangents PP and 
PP' be drawn to the in- 
terior, then the difference 
(PP+PP'-PPO between 
the sum of the tangents 
and the arc between their 
pomts of contact is con- 
stant 

For, draw the tangents 
and from a point 
Q, regarded as infinitely 
near to P, and drop the 
perpendiculars PiV^ and Fig 30 

QJV" , then, since the conics are confocal, we have 

z PQN=i QPN', PN' = QN 

Also, PT^ TR + RN ^ TR + RS + 8N ^ T8 ^ SN 

^ T8^ 8Q- QN 

In hke manner 

PT' = PN' + 8'Q - P'5', 

/. PP + PT' ^ Q8+ QS' + P5 - P'S', 

or PP + PT' - PP' = Q5 + Q8' - 8S\ 

Hence, PT + PT' - PP' does not change in passing to 
the consecutive pomt Q , which proves that PT + PT' - TT 
has a constant value. 



elegant theorem was arrived at by Dr Graves, now Bishop of Limenok 
If two case of spbencal conics, from the reciprocal tbeLem, yiz — 

from the outer a segment of constant area (See Graves’ transla- 

on Cones and Spherual Contes,^ 77. Dublin 

“5cl±; dra rs: 

gemnetnmn of’ th^e’ theorems beautiful applications by that great 
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This value can be readily expressed by taking the point 
at B\ one of the extremities 
of the minor axis of the 
exterior ellipse Let D be 
the point of contact of the 
tangent drawn from B\ and 
drop DM^ and DN perpen- 
dicular to CA and CBy 
respectively 

Let CA = tty CB = by 
CA'-fy CB'-b\ e the eccen- 
tricity of interior ellipse 
Then, by Art 155, the length of arc 

BD = « J (i - 

DM CN CB h 



where 


cos a = 


Again, 


CB CB CB' r 


B'D^ = + DN^ = (6' - 6 cos a)* + sm^a 




^\2 
h' 


+ a* I - 




hence 


0 


• sin* 


Consequently we have 

B'D - BD = a' sm a - a| (i - ( 
Hence, m general, 

PT + PT - TT' = za' sin a - 2a j (i - e* 




where 


O = C 08 “‘ 


I) 
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Fig 3a 


The analogous theorem, due to Professor Mao Oullagh, 
may be stated as follows — 

162 Theorem.— If tangents PT, PT' be drawn to an 
elhpse from any point on a con- \ / 

focal hyperbola, then the differ- \ / 

enee of the tangents is equal to \ 

the difference of the arcs TKm.A T \ 

/ "A • 

The proof is left to the student, / jp 1 / f ' ' Y 

and IS nearly identical with that a( — r — — 7 A' 

given for the previous theorem / 1 y 

This result still holds when "-'Y 

the tangents are drawn from a / \ 

point on an ellipse to a eonfocal / \ 

hyperbola, provided that the tan- / \ 

gents both touch the same branch ' \ 

of the hyperbola , as can be seen ^ 

without difficulty 

As an application* we shall prove anotLer theorem of 
Landen ; viz , that the difference between the length of the 
asymptote and of the infinite branch of 'y// 

a hyperbola can be expressed %n terms 7 / 

of an arc of the hyperbola // 

For, let the tangent at A meet // 

the asymptote in P, and suppose a / / 

oonfoeal elhpse drawn through J) / 

Then, regarding PP as a tangent to / y K 

the hyperbola, it follows, by the / \ 

theorem just established, that the / \ 

difference between PP and KT is / ^ f \ 

equal to the difference between DA "c A ^ 

and AK J 

Consequently the difference be- / 

tween the asymptote CT and the 
hyperbohc branch AT is equal to 
DA + DC - 2KA Consequently the ^ 

required difference is expressible in 
terms of given hnes and of the hyperbolic arc AE. 


S'lg 33 


* I am mdebted to Dr Ingram for tins application of Professor M^OuUagFs 
theorem 
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We next proceed to consider two important curves whose 
rectification depends on that of the ellipse 

1 63 Tlte — Prom the equation of the lima9on, 


dr 


wr « 

r = a COS 0 4- 6, we get ^ - a sm t/, 


and hence 


dd 

ds = (a’ + 6* + 2ab cos 6 )^dd ; 

.e . ... J)i 


s = j|(a + by oos^l + {a - by 

Accordingly, the rectification of the hmafon depends on 
that of the ellipse whose senuaxes are a + 5 and a - b 

164 The EpWrochold and Hypotrochold. — The 
epitrochoid is represented hy the equations (see DifE Calc , 
Art 284) 

(35 + 6 A 

CO [a + b) GOBU - C COB — — u, 


h 

a h 


y = 4" 5) sin 0 0 sm ^ 


e 


Hence 


V ( /I ^ ^ ^ a) 

.[a + b) sin 0 - j sin — ^ 0 U 


^={a+b) jcos 0 - ^ cos ej. 


dx 

M" 


Squaring and adding we get 

\d0, 

a + b 


1 ! 


+ C® - 2bc cos - 
aO 


s = 


+ c* - 2bc cos dO 


Hence, substituting^ for 0 , we get 
a 

2 til I ((J + cf 8m> + (6 - cy cos^f]id<p 


s - 


a 
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Ooiwequently the length of an are of the epitroohoni is equa 
to that of an ellipse 

The corresponding form for the hypotroohoid is ohtainec 
by changing the sign of b 
16“; Steiner’s f 



165 Steiner’s Tlieorem on tteetilleation oi 
Ronlettes.— If any curve roll on a right line, the lengtl 
ot the aro of the roulette described by auy point ii( equal 
to that of the corresponding aro of the pedal, taken with 
respect to the generating point as origin 

Quadrdateral NN'TO is insori- 
bable in a circle, and eonsequentlv 
NN' ^pTsinmN' Sut, m 
the hmit, NN' becomes the ele- 
m^t of the pedal, and Orbeoomes 
^■P-heace the element of pedal 
IS 6>Pdw ; consequently the ele- 
ment of the pedal is equal to the 
corresponding element of the 
roulette , , &o 

described by either focus is eoiinl roulette 

the auioha^ cirX ^ ^ corresponding arc of 

curve roll on’anotherfthe efements S 

shows ttL^^tihe^l^ronpmSrd^ elation 

proportion^ to the arcs of oidioids Ind fP^^ochoids are 

«^es with the results establish hma9on8, which 


% 34 
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1 66 ©¥al of Bescartes. — We next proceed to tlie 
rectification of the Ovals of Descartes, some pr^erties ot 
which curves we have given in chapter xx , Dm Oalo 
The curve is de- 
fined as the locus of 
a point whose dis- 
tances,? and/,from 
two fixed points are 
connected by the 
equation 

mr + Ir' = 

where /, d are 
constants 

For convenience 
we shall write the 
equation in the form 

mr + lr'-nCy (12) 

where c is the dis- 
tance between the 
fixed points 



Fig 35 


The polar equation of the curve is easily got For, let I 
and Fx be the fixed points, and L F,FP = 6 , then we have 
/* = r* + c® ~ 2 rc cos 6 , 

also from (12), 

p/2 ^ 

hence the polax equation of the loons is readily seen to he 


mn - P cos $ . n* 

r* ~ 2rC r + 0^ 


= o 


(13) 


- P nP - P 
For simplicity we shall wnte this in the form 

- 2rQ + C? = o. (14) 

Solving this equation for r, we get 

/ =Q±y^^, orflPi = Q + ya^-C, IP=a-yQ.^- C 

It can be seen without difdoulty that, so long as /, m, n are 
real and unequal, the curve consists of two ovals, one lying 
inside the other, as in the figure 
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Again we get from (14), by differentiation 

{r - Q) dr ^ rOfdO, where O' = ^ ; 

dr £2' O' , ds 

. — ^ — — ; hence — rv = — — 

rd 0 r - a _ Q rdO ^ 0 

Or ds = ^ cie ± a'^- dm, (15) 

v/q* -g 

the upper sign corresponding to the outer oval, and the lower 
to the inner 

Hence the difference between the two corresponding 
elementary arcs is equal to 

2^/ £2*+ O'® - Cd 0 ^ or, 2 + 2db cos 6 + - ( 7 rf 6 , 

(writing O in the form a + 5 cos 0 ) , this plainly represents 
the element of an ellipse Consequently, the difference 
between two corresponding arcs of the ovals can be repre- 
sented by the arc of an ellipse. This remarkable theorem is 
due to Mr W Eoberts (Liouville, 1847, p 195) Some years 
after its pubhcation it was shown by Erofessor G^enoochi 
(Tortohni, 1864, p 97), that the arc* of a Cartesian is ex- 
pressible m terms of three elliptic arcs 

In order to establish this result we commence by proving 
one or two elementary properties of the curve 

Suppose a circle deserxbed tWgli F, F^, and P , and let 
-r Q be the normal at P to the oval, meetmsr the circle m Q 
and jom PQ and PQ , then let z PPQ = oxfand FPQ = a/ • 
dr dr^ ^ 

and since ^ ^ = o, we have I sin a.' = /w sm w ; 


FQi FiQ ^ lim 


p._, proof of this theorem given in the text 1 am mdehted to 'Hi' 

tt th^”end of demonstration by Mr Bussell miU be found m a Koto 



The Cartesian Oval 2 

Also, since no , and Cby Ptolemy^s theorem) 

FT FQ -f F^P FQ - FF, PQ, 


we have 


m FiQ PQ 

I m n 


Hence, denoting the common value of these fractions by 
Ky we have 

FQ - In, F^Q = mu, FQ = nu 

Again 

(jlr O' _ C! _ 

^ ’ \/0® + 0'^-C 

Hence the first term m the expression for ds in (15) la 
equal to 

Q,d 9 c mn - P cob 0 
cos <U 1Y^ — V' COS ft) 

Again, let L FPFi = l FF^G = 

and ve have the two following relations between the angles 

^ = 04 i//, Zsin0 + OTSin^ = M Bini// fiO) 

Hence 

d^- d 6 = /oos6de + OTC 08 ^(^^ = « oosi^-d)/'1 
(mn - G cos 6 )d 9 = w (n + /cos^)«?^ - » (w + ? cos i/))#, 
or 

(■)) 

COB ft) CO®" 

Again, from the triangle FPQ, we have 

f 00s 0) = JPQ + -FQ oos<j, = {n + l oos^)«; 

. ^ CO® ^ ■!-»’+ 2;n cos 

* * w 

[ 16 ] 


COS (t) 
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In the same manner it can be shown that 


m'i- I cos c 


cos Ca) U 


-f m’® + zlm cos t/(. 


Hence we have 


'QidO me f y-; ; 

= “i — n V ^ 4- zln cos <b dd) 

cos (M) - P\ ^ ^ 


^ ^ _ p j + zlm cos \pdxp. (i8) 

Lach of these latter integrals is represented bj the arc of an 
ellipse, and, accordingly, the arc of a Cartesian Oval is 
expressible in the required manner 

It should be noted that the limiting values of 0, and^ 
are connected by the relations given in (i6) 

Again, it can be shown without diflSculty that the axes oj 
the ellipses are the kneh {AB, CJD), {AC, BD), and{A.D, BO), 
respectively a result also given by Signor Genocchi First, 
with respect to the elhpse whose element is - C49, 

it IS plain that its axes a re the greatest and leas t values of 
2 y/Q, -f j2 C, or o f Z'f H- + zah cos 6 — C , but these 

m Zy^{a + 6)* - (7 and z (a - b)^ - C, which are plainly 
the same as the greatest and least values of PI\ , and, con- 
sequently, are AB and CD , vix 

Again, from the equation mr + Ir^ = nc, we get 

mFB + 1{FB + c) = wc; . . FB ^ (n-l)o ^ 

Urn * 

In like manner, 

FC — 0 ^ 

/ H- m 

chaB^g we haT*' 


FA stills 


m-l ’ 


{n-l)c 
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and, consequently, 


AD^ 


zne 
m - /’ 


BC= 


znc 
I + fifi 


zme {n + 1) 
m‘- V 


BD<= 


zmc{n- 1) 


> 


but these aie readily seen to be the values for the axes of the 
ellipses in ( 1 8) 

It should be noted that if we substitute in (15) the values 
for a and the expression for the element becomes of the 
following symmetiical form . 


yp^n^+2lnco&<i><I<^ — P- ./¥TtrFT^eo&id4, 


± 



+ n* ~ 2mn cos 


(*9) 


We shall conclude the Chapter with a brief account of 
the rectification of curves of double cuivatuxe 

167. »ectilioatioii of Curves of Bouble Curvature. 
If the points in a curve be not situated in the same plane, the 
curve is said to be one of double curvature. The expiession 
for its length is obtained in an analogous manner to that 
adopted for plane curves , for, if we refer the curve to a 
system of rectangular axes in space, and denote the co-ordi- 
nates of two consecutive points by (x, y,z)y{x■\■dx^y^ dy^z-^ as), 
we got foi the element of length, di>j the value 

da - ^/do^ + ciJy’ + 

The curve is commonly supposed to be determined by the 
intersection of two cylmdric^ surfaces, whose equations are 
of the form 

/(aJ,3/)=o, <i,{x,z)=o. 


From those equations, if | and J be determined, the formula 


of rectification is 



(20) 
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When % IS taken as the independent variable, this formula 
becomes 



the limits being in each case determined by the conditions of 
the question 

The simplest example is that of the helix, or the curve 
formed by the thread of a screw From its mode of generation 
it is easily seen that the helix is represented by two equations 
of the form 


Hence 



y - a sin 



dx 

d% 



dz 


a 

7 COS 
0 



9 


or s = 

the arc being measured from the point in which the helix 
meets the plane of ary 

This result can also be readily established geometrically 


Exajcpies 


I B^d the length of the curve whose equations are 



z = 


6fl2 


Here *= [(i + J + <fe = ® + g = a! + «; 

the arc bmig measured from the ongm 

This 18 a case dE a system of curves which are readily rectified , for, it> ge- 
nial, whenever 

fdf/\ 2 dz 

w 

i ^ - (' + ^)> 

+ iz, OT « = ®+ a + oonat. 


tsd ther^(^ 
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Tliua, if y —f{x) be one of the equations of a curve, we get — =/'{«), and 

dx 


hence, if a second equation be determined from the equation 


dz 

dx 


the length of the curve is represented by r + 2 + const , the value of the con- 
stant being determined by the conditions of the problem 
For instance, if y = sm a?, we get f*{x) = a cos a;, and 

dz a* / 

~ — COS'* a? , . 2 = — (a; + cos a; sin x) 
dx 2 ^ 4 ^ ’ 

Hence the length of the curve of intersection of the cylindncal surfaces 


y ~ asm Xy 2 = — (a: + cos a; sm x) 
4 


la 2 + a; , the length being measured from the origin 

/— 2 \a^ 

2 y = 2 Y ax ^ x^ z^x — 

3 ^ ^ 


Ans « = a? + y - 2 


X* v* — «■- 

3 — '^ = 1 ^ ss - + e"**), the length bemg measured from the pomt 

a* 0* 2 

of intersection of the curve with the plane of xy 


Ans 9 


a 


(»* — a*)* 
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Examples 

T F*md the length of any arc of the catenaiy 

-®\ 

y 5= - I tfa + (3 « I , 

and diow that the area between the curve, the axis of and the ordinates at 
two iKjmts on the curve, is equal to a times the length of the aic terminated by 
those points 

2 In any curve prove that s = f — ^ , and hence find the length of a 

J V r* ~p^ 


parabolic arc 

Show that the integral |- 


xdx 


may be represented by an arc of 


r 


■ dXf 


, ^ ^ hx^ — 

a circle, and find the hmitmg values of x for its possibility 

4 Show that the length of an elliptic arc is represented by | ^ ^ 
whaB fl 18 the senuaxis major, and e the eccentricity 
of ife of an elhptic quadrant in a senes of ascending powers 

d Prove that the mtegral of 


V {x^ - j8»)(a^ - a;*) 

can be reprasaitod by an arc of the ellipse whose semiaies are o and 3 

of m e^T reotifieation of the smusoid y = i sin a; is the same as that 

with the/«« negahve pedal of an ellipse, taien 

cireumferenceof the cnrele desLhed on 

fos^ *° rectangular co-ordinates, we 

r = pZ rde = dx, then L 

•low that weS'^TOre^^^mthCTinfl moninferenoe of an ellipse, 
«e»nee between sha^be Sj to 1 ^ 
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13 If a circle be described touobing two tangents to an ellipse and ^^lso 
toiiclung the ellipse, proye that the point of contact with the ellipse di'^ idea the 
elliptic arc between the points of contact of the tangents into ivi 0 paits, whose 
diherence is equal to the diileronce of the lengths ot the t^ingonte (Uhasles, 
0 <<mptes Mmdmy 184 ^) 

14 I’rove that the entire length of any cUiwmI riirvo is loprcaoiited by 
taken round the entire curve , f> being the radius of curvature at any 

point, and p the length of the perpendicular tioiii any tlxod point on the t^vngent 

ajj) 4. I ,, , , 


15 If ev = 


I ho the equation of a curve, prove that 


hence reetdy the curve 

16 Calculate approximately, by the tables of Art iij, tbo wliolu length of 
4 t 4 

a loop af the curve r =s cos -6 

Here, by Ex 3, Art 156, the required length is 


^ ^-/tT -“-fi 2«v/ IT 


Hence, taJang logarithms, and observing that » i 625, and i I 2 S> we 

get as the required approximation « x 3 29488 I’he figure of this curve is 
exhibited in Art 268, I)iff Calc 

17 In a Cartesian Oval whose two internal foci coincide, prove that the 
difference of the two arcs, intercoptod by any two tiansveisals fiom the exter- 
nal focus, IS equal to a straight line which may be found LThe above cmve 
18 the inverse of an ellipse from a focus -rrofessor Croiton, Mur 
June, 1874 , 

I'rom («3) Art 166, it follows, making n « /a, tliat th(» equation of tl'e 
Umaqon, m this case, is 

ri 4 2 rc r-“ t* -w 0, 

I* - 

which 18 of the form 

t- 2 r (a coi 0-/8) f (a - »» o 

Hence, by (15), the difference between two corresponding elementary ares is 
4 a/ a/8 cos ^ d$* 

Consequently, if 0 i and 0* be the values of 0 for die two transvorsids k 
question, we get the diJfferonce of the corresponding arcs 


- 8v/«^ ^8 


Also, it can he readily seen that the dhstanoe between the vertioes of the 
Imiaijon is 4 v^a^ » &o 
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r 8 Show that tho lengft of an arc of the eUrpae J + g = , .e repreaented 


by the integral 


a^h'i 


Is 


dB 


{a^coB^e + hi sm2fl)§ 


This result is easily seen, for we have ds = pde, and p = ~ , &c 
19 Show, m like manner, that the length of a hyperhohc arc is represented 

dd 




i (a^cos^e-h^ sin®fi 
20 Hence prove that the integral 

dx 




(a - hx‘i)^{a* 

(Jh’ elliptic arc when ay > ha% and by a liyperholic arc when 

therltio^r^i &tnom^®to&eoydwd ““ “ 

y^a + btOBUy X ^ au b Bmuy 

^ 4- nhY + ^nah sin® -du 

parallel to It ^fi^The sum o/aU th^JlA^ ellipse is divided by the diameter 
elhpse ^ elementary quotients extended to the entire 

^3 In the figure of Art 158, if a = z ACN\ and ;8 = z BGN, plve "that 
tan g ^ tan^S 
a b~ 

24 Find the lengtfl, measured from the ongm, of the curve 


a® = a^(i - J«) 


Ans # = « log X 


by Mb eq^afaons ^ = re^presented 

X = {2a - b) Bm<f> ^ {a ^ h) sm®^, 
y s= (25 - «) cos ^ ~ (^ — a) cos®^ 

Am ^ i (« + ^) <^ + |(« - J) am cos ^ 
comf mscnbedm a 

expend ^uramf “ if^ptfarj the — — 
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28 The tangents at the extreinities of two arcs of a conic, whose difference 
IS rectifiable, foini 1 qiiadnlateral, whose sides are tangents to the same circle — 
Uid 

29 In an equilateral hyperbola prove that 

ids = |rt^i^(tan20), 

and hence show that J » taken between any two points on the curve is equal to 
the rectangle under the chord joining the pomts and the hne connecting the 
middle point of the chord \\ ith the centre of the hypeihola Mr W S M‘Cay 

30 If 

1^2^ if m. 24 


be any point on a curve, show that the arc is the mtegral of 


« 2 


dz 


\/i + « 


(M Serret 


What curve do the equations represent ? 

31 Through any point in a plane two comes of a confocal system can be 
drawn If the distance between the foci he 2c, and the transverse semi-axes of 
these comes be /x, y, prove the following expression for any arc of a curve 



dy^ I 
— 1/2) 


32 Prove that the following relation is satisfied by the /x and y of any point 
on a tangent to the ellipse for which /u has the value ju.i 

dfjL ^ ^ ^ 

33 The arc of the envelope of the right line r sin a - y cos a =/(a) is the 

mtegral of (/(o) + f" (a)) da (Hermte, Gours Analyse ) 

34 The arc of the curve m which r* - zax = o and 2* Ar ^hx — 0 

mtersect, if a- = i + is 

f >/7.{a-b)dx 

J x{2 - ax){2~hx) 

Show that the arc of the curve — + f- = i depends on an integral of 
the form 


\^dz\/a^{i ^ «)* + - 2)*, ’where A « - 2 

36 Show that rectification may, m general, be reduced to quadratures as 
follows — 

Produce each ordmate of the emwe to he rectified until the whole length ism 
a constant ratio to the corresponding normal divided by the old ordinate, then 
the locus of the extremity of the ordinate so produced is a curve whose area is in 
a constant ratio to the length of the ^ven curve 

By this theorem Van Huraet rectified the seim-cuhical parabola nearly simul- 
taneously with Wm Ned 
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VOLXJMES AND SURFACES OF SOLIDS. 

1 68 Solids.— The Prism and Cylinder.— The most 
smple solid IS the cube, which is accordingly the measure of 
^ soli(b, as the square is that of all areas Hence the 
lindmg the Tolume of a sohd is called its cubature Before 
proceeding to the apphcation of the Integral Calculus to 
todmg the volumes and surfaces of sohds we propose to show 
how, in certam eases, such volumes and surfaces can be found 
from geometrical considerations In the first place, the 
volime of a rectangular paraUelepiped is measured by the 
contmued product of the three adjacent edges; and that of 
any parallelepiped by the area of a face multiplied by its 
distanoe from the opposite face 

Again the volume of a right pnsm is measured by the 
product of its altitude into the area of its 

base. For example, the volume of the right n' e' 

pnsm represented m the figure is mea- 
sured by the area of the polygon ABCB E 
multiphed by the altitude AA! Again 
smce each lateral face, AB BA' for ex- 
ample, IS a rectangle, it follows that the 
sum of the areas of aU the faces (exclusive 

of the two bases), i e the area of the sur- bI b 

face of the pnsm, is equal to the rectangle . 

imder the altitude and the perimeter of ^ 
the polygon which forms its base 

This and the preceding result still hold 

^ polygon, IS a closed 
-B^hioh case the surface generated is 
^ed a cylm^ Hence, if V denote the volume of the por- 

^a^te ^ e<lge8, h its height, and A the area of its base, we 
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Again, if S denote the superficial area of a cylinder, 
bounded as before, and 8 the length of the curve which forms 
its base, we have 8 h 

169 Tlie S^yraimld and Cone. — If the angular points 
of a polygon be joined to any external point, the solid so 
formed is called ^pyramid Any section of a pyramid by a 
plane parallel to its base is a polygon similar to that 
which forms the base, and the ratio of their homologous 
sides 18 the same as that of the distances of the planes from 
the veitex of the pyramid Hence it follows that pyramids 
standing on the same base, and whose vertices lie in a plane 
parallel to the base, are equal in volume For, the sections 
made by any plane parallel to the base are equal in every 
respect , and, consequently, if we suppose the pyramids 
divided into an indefinite number of slices by planes parallel 
to the base, the volumes of the corresponding slices will be 
the same for all the pyramids , and hence the entire volumes 
are equal 

Also, if two pyramids have equal altitudes, but stand on 
different polygonal bases, the volumes of the pyramids will 
be to each other in the same proportion as the areas of the 
polygonal bases For, this proportion holds between the 
areas of the sections made by any plane parallel to the base ; 
and consequently between the slices made by two infinitely 
near planes 

Again, the pyramid whose base is one of the faces of a 
cube, and whose vertex is at the centre of the cube, is 
the one-sixth part of the cube ; for the entire cube can be 
divided into six equal pyramids, one for each face. Hence, 
denoting the side of a cube by a^ the volume of the pyramid 

(P 

m question is represented by , 1 e by the product of the 

area of its base into one-third of its height 

Now, if we vary the base, without altering the height, 
from what has been established above it follows that the 
volume of any pyramid is the aiea of its base multiplied by 
one-third of its height * 

* Tins domonstration la taken from Claixaut’s JEltfnem de Qiomitru 
student is supposed fanulitar with the more ancient proof, from the property that 
a triangular pnsm can he divided into three pyramids of equal volume 
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so Wd pyramid be any closed curve, the solid 

“ 7 f ^ ^ ® “fer that the volume of a 

mil ZlL «f‘hop'od,^l of a, ore, ofu, boo. 

If the base of a pyramid be a regular polveon and the 
veitex be equidistant from the angular points off he’ polygon 
the pyramid is oaUed a 7 ight pyramid Porjgon, 

case each face of the pyramid is an isosceles triangle 

^^1 ^ suppose the number of sidee of the Teenier 

trfygon to beoome udimto, the pyramid beeomS a SS 
cone , and we infer that the entire surface of a ri^ht oone^ is 
Muid to the reoteugle under the ..m-emonmSoe rf .S 

“.“J »* “ 

nil ’ A 8®^i-angle of the cone, I the length of 

M edge, and r the radius of its base, wo have r = / sin f and 
the srface of the cone is represented by ttP sin a ’ 

Xt a right cone he divided by two nlanes ATiO T)T?TP 
perpendicular to its axis, asm figLX^ ’ 

part mteroepted by the planes is called a 
truncated cone 

The surface of a truncated cone is 
easily expressed, for if OA == I, OD = I' 
the required surface is w sm a (/* - r^l’ 
or,r(/-0(/+y)8ma ^ 

Now, if the ouroular section LMN he 

7 nT between 

oironmferenoe of the 
circle LMJV is ,r (/ + /') sin a Hence the 
s^aoe of the truncated cone is equal to 
me rectangle under the edge AB and the 
oiroumference of BITJV its mean section 

170. Surface and Volume of a Sphere.- 



Fig 37 


supeifeial amroral^hirr^^^^^^^^^ 

scnhed m a semicircle, and let ^e figure rfvoNe^Sfnd Se 
diameter AB , then each side of the Sou To Sr 
example will descnhe a truncated cone ^ ^ 
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Now, from tlie centre 0 draw OD perpendicular to jPQ, 
and construct, as in figure , then, by the preceding Article, 
the surface generated byPQ is 
equal to 27 r PQ DI 

Again, by similar triangles, 
we have DC . DI = PQ MNx 
. PQ DI^DO MN 
Accordingly, since the per- 
pendicular CD 18 of same length 
for each side of the polygon, the 
surface generated by the entire 
polygon in a complete revo- 



Fig 38 


lution IS equal to 2 it CD AP = cos — , where n repre- 
sents the number of sides of the polygon, and P the radius of 
the circle 

If we suppose n to become infinite, the eohd generated 
by the polygon becomes a sphere , and we get qjrP’* for the 
entire surface of the sphere Hence, the surface of a sphere 
18 equal to four times the area of one of its great circles 
Again, it IS easy to find the surface generated by any 
number of sides of the polygon. Thus, for example, that 
generated by all the sides lying between the points A and Q 
18 plainly equal to 27 r CD AN 

Hence, in the hmit, the surface generated m a complete 
revolution by the are A Q IS equal to 2 TT AC AN Such a 
portion of a sphere is called a spherical cap 

Again, suppose the points A and Q connected ; then, since 
A(p = AB AN, it fo llows that the arep, of the spherical cap 
generated by the arc AQ is equal to the area of the circle 
whose radius is the chord AQ 

The volume of a sphere is readily found from its surface , 
for we may regard the volume as consistmg of an infinitely 
great number of pyramids, having their common vertex at 
the centre, and whose bases form the entire surface But the 
volume of each pyramid is represented by the product of one- 
third of its height (1 e the radius) by its base Hence the 
entire volume of the sphere is one-third of its radius multi- 

phed by its surface, 1 e. — JS‘. 
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Exa^mples 


its circumsonbing cylinder be cut by planes porpendi- 
cylinder, prove that the intercepted portions of the 

snrtaces are equal in area 


3 

in the 
tion 


Prove that the volume of a sphere is to that of its circumsonbing cylinder 
proportion of 2 to 3 and that their surfaces also are m the same proper- 
inese results were discovered by Archimedes 


171 Surfaces of Revolution. — In the pieoedmg we 
nave regarded a sphere as generated by the revolution of a 
oixcie around a diameter In general, if any plane be sup- 
pos^ to revolve around a fixed hne situated m it, every point 
in the plane will describe a circle, and any curve lying in the 
plane will generate a surface 

Such a surface is called a surface of revolution ; and the 
fixed hne, round which the revolution takes place, is called 
tfie cum of revolution. 

-if that the section of a surface of revolution 

made by any plane drawn perpendicular to its axis is a 
circle. 


If we suppose any solid of revolution to be out by a senes 
01 planes p^pendio^ilar to its axis, the volume of the solid 
in eroepted between any two such sections may be regarded 
as the l]mt of the sum of an indefinite number of thin cyhm 
dnoal plates 

Now, if we suppose the generating curve to be referred to 
rectangmar axes, the axis of revolution being that of Xy the 
area ot the oncle pnerated by a point {xy y) is plainly equal 
Try , and the cylindrical plate standinff on it, "whose thick- 
ness IS dx, IS represented hy vy^dai 

Hence, the element of volume of the surface of revolution 
w Tty dx, and the entire volume comprised between two seo- 

abscissae a and /3, is obviously 
represented by the defimte integral 


IT 


a 


V^dXy 


tje value of y m terms of a: is to be got from the 
equation of the generatmg curve 
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In like manner, tte volume of the surface generated by 
the revolution of a curve around the axis of y is represented 
by Tr\x^dy^ taken between suitable limits 

Again, we may legard the surface generated by any 
element de of the curve as being ultimately a portion of the 
surface of a truncated cone, as in Art 1 70 , and hence the 
surface generated by in a complete revolution round the 
axis of X IS represented by 2Ttyd ^ , and accordingly the entire 
surface generated is represented by 


taken between proper limits 

We proceed to apply these formulae to a few elementary 
examples 

172. The Sphere. — ^Let a;* + = a’* be the equation of 


the fire; 


generating circle , then, substituting for we get 

the volume 


F" = TT (a* ~ = TT 


+ const 


If we take o and a as limits, we get for the volume of 

3 

the hemisphere , the entire volume of the sphere is , 
as in Art 1 70 

To find the volume of a spherical cap, let h be the length 
of the portion of the diameter cut ofi! by the bounding plane, 
and we get for the ooiresponding volume 


TT I (a* - x^) dx = ttA* (a - 


Again, to find the superficial area, we have 


dx ( I + ‘~~T ] dx 

\ y ) 


dXy . yds = adx 


Hence, the surface of the zone contained between two 
parallel planes corresponding to the abscissse Xi and is 

'^1 

ITT adx ^ 27 ra{Xi,-- ^ 
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that 18 the product of the circumference of a great circle by 
the breadth of the zone This agrees with Art 1 70 

173 Mlglit Cone« — ^If a denote, as before, the angle 
which the right line which generates a cone makes with its 
axis of revolution, we get y - x tan a, taking the vertex of the 
cone as origin, and the axis of revolution as that of x , accord- 
ingly, the element of volume is tt tan® a x^dx 

Hence, if h denote the height of the cone, we get its 
volume equal to 

7rtan*af = — tan*a ; 

^ Jo 3 

/* 

1 e — X area of its base, as in Art 1 69 
o 

Again, to find its surface, we have ds = sec adx ; 


2?r / yds = 27r tan a see a 


xdx = TT^® tan a sec a , 


which agrees with the result already obtained 


Examples 

rohieof "ea is equal to the surface of a 

the sum of the vnlimea that tte volume of the oyhnder is equal to 

rf of radu 9 ft and i6 "ft , find theVight 

^ Ans 64J ft 

0 fwhiiS¥io“XdZ*^*®^V£?'“®v®^ radius, hy a cone the angle 
-wliK^ m 1 20 , find the radius of the sphere whose sohd contents are equal to 
tliose of the sector . 3 /- 

Am 2 

tudlo/me common base, the radius of which is 12 ft , the alti- 

whose entire s^ace is cqX“ totsu^S 

Am 2 y/ 21 ft 

y«*®bolold of Revolution — Wnting the equa- 
tion of a p^ahola in the form ^ = 2 mx, we eet for the 
^me^of the sohd generated by its revolution round the 


2jr»» / xdx = vmx* 4 const. -= j y** 4 const. 
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Hence, the volume of the surface generated by the revo- 
lution of the part of a parabola between its vertex and the 

point (^1, y,) IS represented by ^ i e is equal to half the 

volume of the circumsoribing cylinder 

Again, to find the surface of the paraboloid, we have 

yds = y(^i + ^ (f + m‘)iydy. 

Hence, the surface of the paraboloid, between the same 
limits as above, is represented by 

^ ^i^ydy = J { (yi’ + «»’)* - m»j . 

175 Slpheroids of* Revolution. — If we suppose an 
ellipse to revolve round its axis major, the surface generated 
by the revolving curve is called prolate spheroid If it re- 
volve round the axis minor the surface is called an oblate 
spheroid 

^2 The volume of a spheroid is easily obtained ; for, taking 
^ ^ ~ ^ the equation of the curve, we get, on substitut- 



+ const 


Hence the entire volume is In like manner, the vo- 

3 

lume of an oblate spheroid is obviously — ha^ 

176 Surface of Spberoid.— In the case of a prolate 
spheroid we have r ^ 
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Hence, if CJT = ocu CM = a?o, we get for 8 , the mone gene- 
rated in a complete revo- 
lution by the arc PQ, 


- P 1 dx 



Q 

8 = 27r- 
a 


Now, if we take GD ~ - 

and construct an ellip^^e 
whose semiaxea are CD 
and ( 7 P, it is easily seen 
(Art 129) that the elementary area between two consecutive 

befa^ Ai 


I’lg 39 


ordinates of this ellipse ^ Hence it follows 

that the area of the zone generated by the arc PQ is r times 
the area of the portion P1Q1Q2P2 of this ellipse 

Again, if AJEi he the tangent at the vertex of the original 
ellipse, we see that the entire surface of the spheroid is 47r 
X the area BOAEi , but this is seen, without diflficulty, to be 


J2 1 

2ir/r +- 27r — Sin"^^. 
e 


(*) 

In hke manner, we get for the surface 8 generated by the 
revolution of an ellipse round its minor axis 


8 = 27r J cede = 27r y' 

■"tJi 


i 


* ** 

y -'-—t 
(ve 


dy 

dy. 


If this be integrated, as m Art 1 5 1 , we get, after some 
obvious reductions, 

If this be taken between the limits o and 6, and doubled, we 
get foj the entire surface of the ellipsoid 


2 

tra: 4 - tt ~ log 


I + 

I ~ e 


(2) 
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It is readily seen, as in the former case, that the surface 
of any zone of this ellipsoid is tt times the area of a corre- 
sponding portion of the hyperbola 

fl* “ “F" " * 

bounded by lines drawn parallel to the axis of x. 

The area of the surface generated by the revolution of a 
hyperbola round either axis admits of a similar investigation 


Examples 


I Find the volume of the surface generated by the revolution of a cycloid 
round its base 



for the entire volume F, we get 

V - 2 Tra^ f (i -I- cos <p)^d(ft == l6va^ [ cos** —dd 
Jo J 0 ^ 


IT 

= 32 gra 3 [ * oos®«i?^, making -= 0 
Jo i 

Hence ^=5^*0® 

2 Find the whole surface generated m the same case 

Here S — 2v di ^ | ^ 2 * 


hence the entire surface is 
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of tie remote ^^8^® 

(1) Here we have 

y^dx^-{a^-.y^)iy^ ^ 

hence the volume generated hv 
the portion is ^ 

irf {a^-y'^)\ydy=.-{a^^y%y 

The volume generated by the 
entire tractnx is ~ ^ ^ 

the voW of the sphere whose Fiv ai 

radius IS ( 9 ^ 

(2) The surface generated by AFis 

27 rjyds = 27 raj^dy (see Ex 2, Art 154) 



A 

\p 


1 

^ 0 




(jL 


“ 2ra (a - y) 

S'^mOA^ ^ sirface of the sphere 

by tie revolution of the 



(2) Again, smee 


Fig 4a, 
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Coasequentily the siirface generated hy PF m a complete revolution is - 
X the volume generated , i ^ ^ ax) ^ 

theixis^Or surface generated by its revolution round 


Here 


Again 


^ = iTT j* xds = tt I dx + xe^dx 


f ® 2 5 re ® SB X 

xe^dx^ axe<*~- a\ e<^ dx - a(x^ - ae^-^ a) 
0 Jo * 

Also the value of 

( ® -5 

xe“ac 

0 


adx 


18 obtained by changing the sign of a in the last result 
Hence 


f a _a 

xe ^dx =: 

0 


— axe ® 


S = T^ la^ 4- ax ~ _ <,2 ^ | 

= ITT (d^ + xs ay). 


177 Annular Solids.— If a y 

closed curve, which is symmetrical 
with respect to a right line, be made 
to revolve round a parallel line, then 
the superficial area generated m a 
complete revolution is equal to the 
product of the length of the moving 
curve into the circumference of the 
circle whose radius is the distance L 
between the parallel lines 

This IS easily proved for let 
AF BP' be any curve, symmetrical with respect to AB, and 
suppose OX to be the axis of revolution , and draw PJV", QM 
two indefinitely near lines perpendicular to the axis It is evi- 

dent that PQ = P'Q' Again, let PN = P'N = /, PQ, = P'Q' 
j- dsy PN = 5 , then the sum of the elementary zones described 
by PQ and P'Q' m a complete revolution is represented by 

27 r(y + y')ds » ^irhds 



NM JC 
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Oonseqaently the surface generated by the entire ourre is 
2^bS, Where S denotes the whole length of the curve 

theorem holds for the volume of the solid ge- 
of the « equal to the product 

For the volume of this sohd is plainly represented by 

or by 2r^i3l-f){y+'!/)dx^2iih^{y-^dx. 

But the area of the curve is represented by 
\{y-l/)da: 


1 < 


denoting this area by A, and the volume by V, 
V = 2wb X A. 

to iSeJeT ^’^oliition 18 Supposed not 

ienmSits thi e^P^ession 2,rJ x A 

ffSSd £■ fS? ®r® 'volumes of the surfaces 

of tlie mnaXf poitions of the curve lying at opposite sides 
of the axisof revolution , as is readily seen A Hirmlnr. alte- 
ration mmt he made m the former theorem in this case 

olano round any external axis situated m its 

T. ’ j ’^feoe generated is called a sphenoal ring From 

18 47r aJ , whera a is the radius of the circle, and h the dis- 
tanw of its centre from the axis of revolution 
In like mmer the volume of the rmg is 2,r>a’J 

theoreiM^’^*^ apphoations of these 

the established m 

me preceding Article are but particular oases of two general 

• tnum .peourum quanhlatu 

W of deme^ry^.'^r ka a&^a? » 

eminent failure See Montimla ^ demonstration was an 

•hown, tom a p ^ Zt a , tom a p 34 Montaola has 

trioaloon«deraU,L!;xZStS^^ W 
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Theorems, hut originaJly 
emmciated by Pappus (see Walton’s Mechamcal Frohlmm, 
p 42, thmd Edition) They may he stated as follows 

sitoit;^ 7 . ! external axis, 

thj> (>'‘>‘ea of the surface generated ts equal 

lenaATi ^ 

““ 

the same oiroumstanoes, the volume of the solid 
9 ^<^ted IS equal to the product of the area of the generating 

vo^ngtrea^ hy the centre of gravity of the re- 

m,,. prove the former, let s denote the whole length of the 
nf+I ’ K’ ^ ®®-®rdinates of one of its points, x, y, those 


• 27ry« = 27r / yds, 

1 e the s^faoe generated hy revolution round the axis of a: is 
equal tothe product of S, the length of the generating curve, 
mto 2n-y, the path desonhed by the centre of gravity 

To prove the second proposition , let A denote the area 
ot the generating curve, and dA the element of area oorre- 
spending to any point 2;, y Also let i, y he the co-ordinates 
ot the centre of gravity of the area, then 


_ ^ydA _ llydxdy 


(substituting (de dy for dA) , 


.• 2 TryA = 2irffyda;dy = irjy‘dx; 

where ^e integral is supposed taken for every point round the 
penmeter of the curve* hut, from Art. 171, the integral at 
the ngM-hand side represents the volume of the sohd gene- 
rated ; hence the proposition in question follows. 

For example, the volume of the rmg generated hy the 
revolution of an ellipse aroqnd any extenor line situated in 
its plane is at once 2jr*aic, where a and b are the semiaxes 
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of the ellipse, and c is the distance of its centre from the axis 
of reTolntion 

It may he noted that these results still hold if we suppose 
the curve, instead of making a complete revolution, to turn 
roimd the axis through any angle For, let 6 he the ciroular 
measure of the angle of rotation, and in the former case we 
have 

6^s = 0 J pds 


But 0y is the length of the path described hy the centre 
of gravity, and 6 f ^ds is the area of the surface generated hy 
the curve ; . &c 

In like maimer the second proposition can be shown to 
hold. 

Again, Ghildin’s theorems are still true if we suppose the 
rotation to take place around a number of different axes in 
succ^sion , m which case the centre of gravity, instead of 
lescnbing a single circle, would describe a number of arcs of 
circles consecutively ; and the whole area of the surface ge- 
imrated will still be measured by the product of the length of 
the generating curve mto the path of its centre of gravity f 
for this result holds for the part of the surface corresponding 
to each axis of revolution separately, and therefore holds for 
tne sum 


Ag^, m the limit, when we suppose each separate rota- 
tion indefinitely small, we deduce the following theorem If 
any plane cu^e move so that the path of its centre of gravity 
K ^ ^ mstant perpendicular to the moving plane, then the 
generated by the curve is equal to the length of the 
ourye mto the path described by its centre of gravity 

179. Bxpremion for Tolame of any Solid.— The 

W^^iK.rr^l the volume bounded 

Kt^Sd ®^tended to a solid 



Volume of Elliptic Paraboloid. 266 


of a miinber of infinitely thin cylindrical plates Thus, if we 
^ system of rectangular co-ordinate axes taken, and 
the cutting planes drawn parallel to that of xy , then, if Az 
represent the area of the section made by a plane drawn at 
the distance z from the origm, the entire volume is denoted 

V 

/ AzdZy 

taken between proper limits 

The area Az is to be determmed in each case as a function 
of z from the conditions of the bounding surface 

For example, to find the volume of the portion of a cone 
out off by any plane, we take the origin at the vertex, and 
the axis of z perpendicular to the cutting plane , then, if J3 
denote the area of the base, and h the height of the cone, it 
IS easily seen that we have 

Az or At = ~~ , 

hr 




= -* jB X A , as in Art i 6 q 
3 ^ 


If the cutting planes be parallel to that of yz^ the volume 
IS denoted by JAa^dx, where A^ denotes the area of the sec- 
tion at the distance x from the origin 

i8o Volume of Elliptic Paraboloid. — Let it be 

proposed to find the volume of the portion of the elhptic 
paraboloid 

- + - = 22, 

p q 

out oflE by a plane drawn perpendicular to the axis of the sur- 
face Here, considering z as constant, the area of the ellipse 


x^ 14 

“ + ~ = 22, by Art 


128, 18 2 wz ^ s/m 


Hence, denoting by c the distance of the bounding plane 
from the vertex of the surface, we have 


V = 2T^*s/pq Zdz = TTC* 

J o 
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This result admits of leing exhibited m another form ; for if 
B be the area of the elliptio section made by the bounding 
plane, we have 


B = 2 Trc»y^, 

Hence F= | oircumsoribmg cylinder, as in paraboloid of re- 
volution. 

i8i Tbe Ellipsoid. — Next, to find the volume of the 
elhpsoid 

L ^ 4 . _ _a I 

..*1 ' 7 J ' o » 


The section of the surface at the distance % from the origin 
is the ellipse 

— + -- = 1 — _• 

c? V c*' 
the area of this ellipse is 


= TT^i 

Hence, denoting the entire volume by F, we have 


F = ZTcah 


r(- 


^ \ ^ 4 


182. C^e of ObUque Axes. — ^It is sometimes more 
MiiTOment to refer the surface to a system of obhque axes 

to +W ■we take the outtmg planes parallel 

to th^ of ay, aaid if be the angle the axis of s maker^th 
the plane of ay, the expression for the volume becomes 

sin ftj / A^d%, 

- of 

of til. portwa of as 
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Suppose DEI/ JS' to represent the section made by the 
plane, and ABA'B^ the parallel central section* Take OA, 
OBy the axes of this section as axes of b 

w and p respectively ; and the oonju- V/f 

gate diameter 00 m axis of % f 

Then the etjuation of the surface f JVy p/'-A ] 

c'^ ’ A - 

where OA -= d, OB - b', 00 - d. 

It will now be convenient to transfer the ongin to the 
point O', without altering the directions of the axes, when the 
equation of the surface heoomes 

A ^ .(/* 2Z 


The area A, of the section, by Art 1 28 , is 


wa bp - 


hence, denoting O'JV by A, the volume cut off by the plane 
DEI/ is represented by 


Tra'd' Binw 


c 3c 


But, by a well-known theorem,^ we have 
a'AV sin (o » ado, 

where a, b, o, are the principal semiaxes of the surface. 

Ileno© the expression for the volume V in question be- 
comes 

(4) 


• SaLmon^s < 3 ‘$ometr^ af Thru Art 96, 
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or, denoting ~ hy k. 


r= Trahc¥(i-^ 


( 5 ) 


This result shows that the volume cut off is constant for all 
m^ona for which k has the same value Again, since 

QQ' - ^ ~ k, the locus of i\r is a similar ellipsoid , and we infer 

that if a plane cut a constant volume from an ellipsoid, the locus 
of the centre of the section m a similar and similarly situated 
ellipsoid. 

t Paraboloid. — The corresponding results 

for the emptie paraboloid can ho deduced from the preceding 

by adoptmg the usual method of such derivation viz . bv 
taking ’ 

= pc, V = qc, 

and afterwards making c infinite; observing that in this case 
the ratio ^ hecomes unity. 

Making these substitutions m (4), it becomes 


r= X ^qhf(x - or nh- yfq, since << = 00 
of * consent length be measured on any diameter 

by th. 

Again, the area of an elhptio section by (3) is 


\d d^)’ 


or 


Ttahc fih 
<j'sm 01 \ 7 




“ referred to a memoir On 
**74» hj ^Kdeesot AUmaii. ^ Quarterly Journal 0 / Mathematus, June, 
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On making the same substitutions, this becomes for the 
paraboloid 

Sin 

Now, if we suppose a cylinder to stand on this section, 

. the volume of the portion out off by the parallel tangent 
plane to the paraboloid is obtained by multiplying the area 
of the section by ^ sm w , and, consequently, is 

27r 

1 e is double the corresponding volume of the paraboloid 
This IS an extension of the theorem of Art i8o 


Exampies ' 

A V volume of tlie segment cut from a para'boloid by any plane 

IS f tns of that of the circumscribing cone standing on the section made by the 
plane as base 

2 A cylinder intersects the plane of in an ellipse of semiaxes 0-4 = 

OB = and the plane of xz in an ellipse of semiaxes OA = OC ~ c ^ the 
edges of the cylinder bemg parallel to -50 , find the volume of the portion of the 
cylinder bounded by the three co-ordinate planes Am J abc 

3 The axes of t’wo equal right cylinders intersect at right angles , find the 
volume common to both Ans ^ where a is the radius of either cylinder 
This surface is called a Grow 

184 Tolume by Double Integration. — In the ap- 
plication of the preceding method of finding volumes the 
area represented by Ax, instead of being immediately known, 
requires in general a previous integration ; so that the deter- 
mination of the volume of a surface involves two successive 
integrations, and consequently V is expressed by a double 
integral 

Thus, as the area lies in a plane parallel to that of ys, 
its value, as in Art 126, may generally be represented by 
J zdy, taken between proper limits Hence Y may be repre- 
sented by 

\\_\zdy'\dx\ 

or, adopting the usual notation, by 

Wzdydoi, 

taken between limits determined by the data of the question 
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The value of z is supposed given by a relation z = f(£C^ y), 
by means of the equation of the bounding surface , hence 

\zdy^if{x, y)dy 

In the determination of this integral we regard z as 
constant (since all the points in the area have the same 
value of a?), and integrate with respect to y between its proper 
hmits 

Thus, if and denote the limiting values of the 
definite integral 

f^x 

/(^5 y) dy 

JVo 

becomes a function of x this function, when integrated 
with respect to x between the proper limits, determines the 
volume m question 

If Xi and Xq denote the hmits of a?, V may be represented 
by the double mtegral 


J *! yi 

f{x,y)dydx 

We shall exemphfy this by a figure, in which we suppose 
the volume bounded by the plane of xy^ by a cylinder 
perpendicular to that plane, and , 

also by any surface * Let ^ 

RFK Q represent the section of / 

the cylmder by the plane ^ixy, f /m [Jf 

and suppose PMNQ to be the K hMA 

seohon of the volume by a plane I ^ 
parallel to yz at the distance x I 

from the origm. Let PL = k Uk—JL- 

QL^y^ then the area PMJVQ / 

IS represented by the mtegral / u/ 


F.g.4S 

any form u TUtuaHy contained in thu 
{daiJe J XV ® cylmder perpendicular to tire 

tylmdeta, b^dedbv the uTOMir^ hecome the Merence between two 
B^nd, O* %(} ^7^ ^ ' portions of the surface, respeotiyely 
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The values* of and yo in terms of x are obtained from 
the equation of the curve RPKQ 

Again, suppose P'WN'Q to represent the parallel section 
at the infinitesimal distance dx from IMNQ^ then the 
elementary volume between PMNQ and is repre- 

sented by 


dx 


zdy. 


Now, if jRT and jR'jT' be tangents to the bounding curve, 
drawn perpendicular to the axis of a?, and if OT = OT-Xq^ 
the entire volume is represented by 


r-cx px 

zdydx 

J J Hq 

It should be observed that zdyd^ represents the volume 
of the parallelepiped whose height is 2, and whose base is the 
infinitesimal rectangle having dx and dy as sides ; and conse- 
quently the volume may be regarded as the sum of all such 
parallelepipeds corresponding to every point within the area 
RPKQ 

It IS also plain that we shall arrive at the same result 
whether we integrate first with respect to a:, and afterwards 
with respect to y, or mce-versd, , i e whether we conceive the 
volume divided into slices parallel to the plane of xzy or to 
that of yz 

We shall illustrate the preceding by an example f 

Suppose RPKQ to be the circle 


{x - ay + (y ~ by = R^y 


and the bounding surface the hyperbolic paraboloid 

xy-=^cz\ 


* In our investigation we have assumed that the parallels mtersect the 
curve in but two points each , the general case is omitted, as tbe solution m 
such cases can he rarely obtained, and also as the investigation is unsuited for 
an elementary treatise . 

t This and the next example are taken from CaucHy s Apphcatums 
Indues du Calcul Infin\Ui\maly p 1 09 
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then we have 

Vo = b - - {x - a)\ y, = J + (x-ay, 

and 

’Vy . i|'- ± , y.., . 

Again, Xi = a + R, Xo = a — R‘ 

~ V -[x-af xdx. 

Now let X — a R sm B, and we get 

TT 

' — co8*6(« + R sin B)dB 


aos^BdB = cos^B sin BdB = o, 


r= 


surface which has for its 

base the circle we substitute a system of four planes * = 

* = X, y = y„, y = F, we get ^ 

- (Z - a^) (F- yo) g^y° + ^«>^+ Ayo + Xr 

40 

- (X- a^) (F - y„) 
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in which ssi, Z2, 231 axe the ordinates of the four comer 
points of the portion of the surface in question 

Again, from the well-known properties of the surface, in 
order to construct the hyperbolic paraboloid it is sufficient 
to trace the gauche quadrilateral whose summits are the 
extremities of the ordinates jSi, 22, Zs, 24; then a right line 
moving on a pair of opposite sides of this quadrilateral, and 
comprised in a plane parallel to the other pair, wiU generate 
the paraboloid in question. 

Hence we arrive at the following proposition — 

Having traced a gauche quadrilateral on the four lateral 
faces of a right prism standing on a rectangular base, if a 
right line move on two opposite sides of this quadrilateral 
and be parallel to the planes of the faces which contain the 
other two sides, then the volume cut from the prism by the 
surface so generated is equal to the product of the area of 
the rectangular base of the prism by one-fourth of the sum 
of the edges of the prism between the vertices of the 
rectangle and those of the quadrilateral 

185 ® ouble Intesration* — From the precedmg Artiole 
it IS readily seen that the double integral 

jj/K y)dt/dx 

can be represented geometrically by a volume , and the^ deter- 
mination of the double integral, when the hmits are given, is 
the same as the finding the volume of a solid with correspond- 
ing limits 

For instance, the example in the precedmg page is equi- 
valent to finding the value of the double integral 

J xydxdy 

taken for all values of x and y subject to the condition 

{x - ay + {y - by - S? < o\ 

and similarly m other oases 

When the limits of x and y are constants, as in 



f{xy y)dydx, 

[ 18 ] 
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the double integral represents the volume out hy the surface 

2 =/(^5 y ) 

from the parallelepiped whose base is the rectangle formed 
by the lines 

a; = «, a? = a', y = 6, y = J'. 

It is plain that m this case the order of integration is in- 
different, as already seen in Art 115. 

186. It IS sometimes more convenient to refer the curve 
iJPJS'Q to polar co-ordinates, m which case we conceive the 
area divided into infinitesimal rectangles of the type rdrdB 
The corresponding parallelepiped is lepresented by 
%rd/rdB^ and the expression for V becomes 


F = 




zrdrddy 


taken between proper limits 

For mstance, if the bounding surface be a sphere, whoso 
centre is the origin, we have 


s = 

and the equation becomes 

r 




but 


= J - r® r {/r , 

I ~ r* r (fr = - ^ (a* - r*)8 


d V denote the volume included between the 
sphere and the exterior surface of the cylinder, we shall have 


F- 1 
^ 


{a!^ - r^)^d9^ 


sphere to out the 

cylinder m but one point 

m bo the pedal of 

ooimiiea with a diamete? of the 

r* = a’ 008=0 + 6* 8in’0, 

f sm’0 cif0 
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H this be integrated between the limits o and - we get 
the ^th of the entne volume , hence the entire volume 

Y ^ 'A 


Examples 

1 A spliere is cut by a right cylmder, the radius of whose base is half that 
of the sphere, and one of whose edges passes through the centre of the sphere , 
find the volume common to both surfaces 

Ana , a hemg the radius of the sphere 

3 9 

2 If the base of the cylinder be the complete curve represented by Ae 
equation > = a cos where n is any mteger, find the volume of the sohd be- 
tween the surface of the sphere and ^e external surface of the cylinder 

187. It IS readily seen, as in Art 141? that the volume i/i- 
eluded Within the surface represented hy the equation 



IS ahe X the volume of the surface 

y, 2) = o 

For, let - = /, 1 = 2^, - = s', and we sball have 
ahe 

zdxdy - abcii da! dy\ 

and J l%dxdy = abc Wz'dx'df ; 

which proves the theorem 

Hence, for example, the determination of the volume of 
an elhpsoid is reduced to that of a sphere 

Again, if the point (a?, y, z) move along a plane, the cor- 
responding point (0!, y\ /) will describe another plane From 
this property the expression for the volume of an eUipsoidal 
cap (Art. 182) can be immediately deduced from that of a 
sphenoal cap (Art 170). 

[18 al 
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In like manner the volume included between a cone en- 
veloping an ellipsoid and the surface of the ellipsoid %s reducible to 
the corresponding volume for a sphere 

1 88. itnadrature on ilie li^pliere — We next propose 
to give a brief discussion of quadrature on a sphere, and 
commence with the results on the subject usually given in 
treatises on Spherical Trigonometry In the first place, 
since the area of a lune is to that of the entire sphere as the 
angle of the lune to four right angles, the area of a luno of 
angle A is represented by zR^A , where R is the radius ol 
the sphere, and A is expressed in circular measure 

Again, the area of a spherical triangle ABC is expressed 
by R^ {A + B G - tt) ^ for, the sum of the three lunes 
exceeds the hemisphere by twice the area of the triangle, ai? 
is easily seen from a figure 

Hence, it readily follows that the area S of a spherical 
polygon of n sides is represented by 


S = + jB+(7+&c -^{n-2)w]\ 

A, B^ Cy &G , being the angles of the polygon 

This result admits of being expressed in terms of the 
sides of the polar polygon ; for, representing these sides by 
h\ c\ &c , we have 


A ~ TT - a', jB — IT ~ &o , 
and consequently 

S = iE* { 27r - (a' + + c' + &o ) ) 

Or, denoting the perimeter of the polar figure by S, 

S + RS — zttR^ 

This proof IS perfectly general, and holds in the limit, 
when the polygon becomes any curve , and, accordingly, the 
Mea hounded hy any closed spherical curve is connected with 
the penmeter of its polar curve hy the relation (6) 
rArr^< spherical area hounded hy a lesser circle 

itiio ^ ^ expression If p denote the 

ra^ar radius of the circle, qx the are from its pole to its 
rarcumference, the area in question is represented % 

it’ ( I - 008 (u) ; 
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(see fig Art 170) we have 

AN^AG- (7iV= JS(i -cos^) 

This result also follows immediately as a simple case of 
q.xiation (6) 

Again, the area bounded by the lesser circle and by two 
X"<3s drawn to its pole is plainly represented by 

R^a{i - cos p), 

^jhere a is the circular measure of the angle between the arcs 

We can now find an expression for the area bounded by 
rxy closed curve on a sphere; for 
hie position of any pomt P on the 
ixrface can be expressed by means 
f the arc OP ^awn to a fixed 
>oint, and of the angle POX ^ 

►etween this arc and a fixed arc 
tiTough 0 These are called the 
)olar co-ordinates of the point, and 
X'e analogous to ordinary polar 
o- ordinates on a plane 

Now, let OP = p, and POX = w , 
huen any curve on the sphere may be supposed to be expressed 

a relation between p and w 

Again, suppose OQ to represent an infinitely near vector, 
iind draw PR perpendicular to OP, then, neglecting m 
hte limit the area PQR, the elementary area OPQ by the 
)xreceding is represented by 

- cos p)du) 

Hence the area bounded by two vectors from 0 is 
^pressed by the integral (i - cos p)c?w, taken between 
luitable limits 

If the curve be closed, the entire superficial area becomes 

r2ir 

iJ* ( I ~ cos p) dm, 

J 0 

The value of cos p in terms of w is to be determined in 
3®iOh case by means of the equation of the boundmg curve 
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The integral B? 


’^ir 

003 p dw obviously represents tte area 


included between tke closed curve and tie great circle wMoh 
has 0 for its pole 

The length of the curve can also be represented by a 
definite integral; for, regarding FJIQ as ultimately a ri^^ht- 
angled triangle, we have in the limit. 


= PP* + BQ^ also PJR = siU/otz^ai 


Hence = dr^ + sinV 


” a / 

*- 1 “'" a / 

Again, it is manifest from (6) that the determination of 
the length of any spherical curve is reducible to finding the 
area of its polar curve, and mce versd 


Exampies. 


/ 4 t^ie ^ea of the poxtioii of the suiface of a sphere ■which is inter- 
ested by a nght cylinder, one of whose edges passes through the centre of the 
sphwe, and the radius of whose base is half that of the sphere 

Here, the eq[uation of Ihe base may he written in the form r *= JB smew, 
cixchS ^e^^^ sphere, and a being measured from the tangent to the 

Agam, the sphere we haTe r = i? sin p , p = « is the equation of 
quest^L ^ sphere and the cylinder , hence the area in 


f z 

(l — cos a)iio3 = aij* 


ThisW^allei gives ^eirhole intercepted area = - ±£> 

enigma, proposed by Vmoent Viviani aa a 

eaauei^ to tbe Mathematioians of his tme, m tbe folloima form " Intei' 

olim Graciae monumenta eitat adhuc, peipetuo qmdeiTduratur^ 
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ut bis detractis, superstes curva Testudims superficies, pretioso opere musiyo 
omata, Tetragomsmiveregeometncisitoapax ’’ — Leipsic, 1692 
[See Montucla, Ststoire des Mathdmatxques, tome n , p 94 ] 

^ In general, if r = /(«) be tbe equation of the base of a cylmder, it is easily 
seen that tbe equation of tbe curve of its intersection with tbe sphere may be 
written m tbe form JS sm p =/(«) 

For example, let tbe diameter of tbe ngbt cybnder be less than half that 
of tbe sphere , then writing tbe equation of tbe base in tbe form r = a sm 
where a is tbe diameter of tbe section, we get jR sm p == a sm w, or sm p = k sm « 
(where k is < i), as tbe equation of the curve of mtersection of tbe sphere and 
the cylinder 

Hence tbe intercepted area is denoted by 

ir IT 

ijR^ Iq (I - 1 - - 2jR2 >v/i - k* sm^wrfw 


Hence tbe area m question depends on tbe rectification of an elbpse 

2 Find tbe area of tbe portion of tbe surface of tbe cybnder mtercepted by 
flie ^bere, in tbe preceding 

Here the area m question is easily seen to be represented by 2 J where 
ds denotes tbe element of tbe curve which forms tbe base, corresponding to tbe 

edge z i! -u V 

Now (i), when the diameter of tbe base is equal to tbe radius of tbe sphere, 

we have 

z = jR cos w, and ds = Eden , 


area in question = f cos a dea — 4-®* > 1 ® the square of tbe diameter of 
J 0 

the sphere 

2 When the diameter is less than tbe radius of tbe sphere, 


2 j zds “ j ”■ sm^eadea = zaE j I — A.*sm*» dec , &c 

189 €iiiadrature of Surfaces. — ^In seeking the area 
of a portion of any surface we regard it as the^ limit of a 
number of infinitely small elements, each of which is con- 
sidered as a portion of a plane which is ultimately a tangent 
plane to the surface Now let dS denote such an element of 
the superficial area, and da its projection on a fixed pl^e 
which makes the angle 0 with the plane of the element, then, 
from elementary geometry, we shall have 

da = cos 9d8, or dS = seo0fi?(T. 


Hence 



sec 9 daj 


taken between suitable hmits. 
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Tie applications of tins formula usually involve double 
integration, and are generally very complicated ; there is, 
however, one mode by which the determmation of the area of 
a portion of a surface can be reduced to a smgle integration, 
and by whose aid its value can in some cases be found , viz., 
by supposing the surface divided into zones by a system* of 
curves along each of which the angle d between the tangent 
plane and a fixed plane is constant , then, if dS denote the 
superficial area of the zone between the two infinitely near 
^es corresponding to the angles 6 md 6 + d0 , and, if dA 
be the projection of this area on the fixed plane, we fib ^p 
have dS = sec ddA 

If we suppose the surface referred to a rectangular 
system of axes, the fixed plane being that of ay ; and 
adoptmg the usual notation, if we take A, fi, v as the direction 
Mg]^ of the normal at any point on the surface, we get 
for dS, the area of the zone between the curves corresponding 
to »> and V ■* dv, the eq^uation 


dS = sec V dA, 

where ^ denotes the area of the projection on the plane of 
ay of the closed curve defined by the equation v = constant. 

Now whenever we can express the area A in terms of v 
md ^nstents, then the area of a portion of the surface, 

to ‘‘‘ 

The most important applications of this method are 
furni^ed by surfaces of the second degree, to Xoh we 
proceed to apply it, commencing with the paraboloid 

190 . aniulratiire of the Paraboloid— Writing the 
equation of the surface m the form vv ruing tne 

7 "? 


M. bv *0™ t-y 

Jotmial, vd. i , 88 also bT otier 

pm-allel eurvalyU Lebesene employed are called 

NbrmaUn, by Dr Soblomilcb ’ ’ ^ ^^2, and Ourven %tokhner 
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the equation of the tangent plane at the point (a?, y, z) is 
xX yT 


+ — = js + -Zi 
P <l 


where X, Y, Z are the co-ordmates of any point on the plane 
Comparing this with the equation 

Z cos X 4- F cos /i 4- X cos r = P, 


^ ^ y 

cos X = — cos V. cos a = - cos V : 
P Q 


we get 

substituting m the identical equation 

oos*X 4 cos^jti 4 cos®!/ == I, 


we get 


4 tan®v 
P" 


(7) 


Consequently the curve along which the tangent plane 
makes the angle v with the tangent plane at the vertex is 
projected on that plane into the ellipse 

-- 4 ^ = tan®v 

f f 

The area A of this ellipse is 7 r^^tan*v , accordingly, we 
have 

dA = Ti:'pqd (tan® v) ; 

/ d8 = TTjog' sec vc?(tan*v) = sec vd (seo*v) , 

hence the area of the paraboloidal cap bounded by the curve 


a is 


TTjPg' 


sec 1 / G? (sec* v) = ^ 7 Tpq{seo^a - i) 


Also the area of the belt* between the curves 
V = a and v = a' is ^Trpq{&ec^a - sec® a) 


( 8 ) 


* This form for the quadrature of a paraboloid is, I believe, due to Mr Jellett 
see Camb and Bub Math Journal, vol i p 65 The proof given above is m 
a great measure tfllrfln from Mr Altm an’s paper in the Q^rt&rl^ Journal, already 
referred to 
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1 91 Q,iiadra4iire of the £lllpsolcl. — Proceeding in 
like manner to the ellipsoid 

a?* ^ 

— j_ ^ 4. f 

«’ - ’ 

the equation of the tangent plane at the point {x, y, %) is 

Yy Zz 

Hence, comparing with the equation 

Z. cos A + JF" 008 u + Z cos v = 

we get 

■V on qj 

C08A = ~ - COS l/, COS 11 = — ^ COS 

a' z ’ ^ If z 

Hence, we have 


C08*i/- 




fx^ 




1)= 

008 ® A H 


-e’fori’ 

a* 

S’ 

C®’ 

cos’v 

/ 

(b'* Sin’ 


= 8in*v, 


-Agam the area A of this elhpse is 

- 

(o’ sin*v + co8®v)i(J» sin® V + c® cos®w)4’ 

»•«* J’ I sin®v \ 

represen elementary ellipsoidal zone as is 
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Now, if 8 denote the superficial area* between two 
curves corresponding to v = a and v = a', after one or two 
reductions, it is easily seen that 

8^wa^¥c^{I^r), (9) 

, r f“ Sin V dv 

^ Ja sin*v 4- c* cos^ v)^ sin*v + c’^cos^v)^’ 

sin V dv 

^ {a^ sin’ll; + cos* i/)^ (J* sin* v + c® cos*i;)i 

It is easily shown that the former of these integrals is 
represented by an arc of an ellipse, and the latter by an arc 
of a hyperbola ; it being assumed that a > b > c 

For, assuming a^e^, and ^ b^e\ and 

making cos v ^ Xy we get 

■cos a ^ 

eo.. 





'cos a 

cos a 


dx 

(i - e^x^)^{i - 


Again, let ex = sm 0 m the former integral, and = sin 6 
in the latter, and we get 


r d9 

~~ ab^ J {e^ - e'^ sin®fl)®’ 


^ a^b\ {e'^ - e^ &m^6)^ 

Now, since e > e\ the former integral represents an 
arc of an eUipse, and the latter an arc of a hyperbola. (See 
Ex. 19, p 249) 


♦ This form for tlie quadrature of au eUipsoid is giTeu by ^ 
the memoir already referred to He has also shown that the ellipse and tne 
hyperbola m question are the focal conics of the reciprocal ellipsoid, a result 
wMch can be easily arrived at from the forms of / and I given 

For application to the hyperboloid, and further development of these results, 
the student is referred to Mr JeHett’s memoir 
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192. Inte^ratioii over a Closed l§iiFCaee — We shall 
conclude this Chapter with the consideration of some general 
fonmilse in double integration relative to any closed surface 
We commence by adopting the same notation as in Art 189, 
where A, v are taken as the angles which the exterior 
normal at the element dS makes with the positive directions 
of the axes of ip, y, z, respectively 

Again, let each element of the surface be projected on 
the plane of ay, and suppose* for simplicity that each z ordi- 
nate meets the surface in but two points then, if the mdefi- 
mtely small cylinder standing on any element dA m the 
plane of iey intersects the surface in the two elementary por- 
tions dSi and dS2 (where dSi is the tipper, and dSz the lower 
element), and if ui and vz be the corresponding values of v, it 
IS plam that vi is an acute, and Vi an obtuse angle, and we 
have 

dA = cos vidSi = - 008 VidSz. 

Hence, if we take into account all the elements of the surface, 
attending to the sign of cos 1;, we shall have 


// cos vdS - o 
In like manner we get 

// cosXdf/S = o, and [j cos fidS - o; 

the Integrals erteading in each case orer the whole of the 
closea cnrve 

These formulae are compnsed m the equation 

J/ (a cos A. + ^ cos/u + y oos v)dS = o (lo) 

*1 and ^ be the ralues of z corresponding to the 

have S intercepted by the surface, we plainly 

dV = (zi - *j) dA = zidSi cos i», + oos y,. 


perfectly 

of joantj, iHiioh may 1)6 oonsiaerea m paore surface m an even number 
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and the sum of all such elements, that is, the whole volume, 
IB evidently represented by 

11% cos vdS 

Hence, denoting the whole volume by F, we have 

F= JJa; cos \d8 = jjg cos fxdS = JJ zoosvdS ; 

the integrals, as before, being extended over the entire 
surface 

Again, it IS easily seen that we have 

JJ ic cos vdS = o, fS g cos vdS = o, JJ a? cos /udS = o, 

JJ y oo^XdS = o, JJ a cos \d8 = o, JJ a cos fxdS = o 

For, as in the first case, it readily appears that the elements 
are equal and opposite in pairs in each of these integrals 
These results are comprised m the equation 

J J [ax + I3y + yz) [a COS A + cos jix + y' cos v) dS 

= (aa + J3i3' + yy') F (ii) 

For a like reason, we have 

jjxy cos V dS = o, J J sa? cos jj^dS = o, J J cos A dS - o. 

Also JJ x^ cos vdS = o, JJ a?* oo^juLdS = o, &o. 

Next, let us consider the integral 
JJira cos vdS 

This integral is equivalent to jjxdVi consequently, if 
^5 y, a, be the co-ordinates of the centre of 
enclosed volume F, we get JJ xz cos vdS - ffxd F = a; F; in 
like manner ff xz gob XdS = aF. 

Again, the integral 

JJ a* cos vdS 

consists of elements of the form (ai* - aj*) dA ; but 
(ai* - a2^) dA = (zi + Sz) (^i — 

- (ai 4- z^dV. 
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But the z ordinate of tiie centre of gravity of is 
plainly ^ and consequently 

jjs’cosvdS=2j|^^^VF= zzV. 

In liie manner it can be shown that 


QOsXdS == 2xVy // foos /udS = 2y F. 
Accordingly we have 

F5 = if Joj* ooBXdS -\\xy cos \xdS = Jf cos vdS^ 
Vy = f/^iroos AJ/S = i/f2/''oos;ui//S=//ysoo8j/^?>8, 
Fi = JJsjr oosAJ/S = f Jsy oos^<i/S = iJ/js^oos vdS, 


193 ESrpression for Tolume of a Closed §turfaee. 

—Next, if we suppose a cone described with its vertesc 
at the origin 0, and standing on the elementary base dS, 
its volume is represented (Art. 169) by ^pdS, where jt? is the 
length of the perpendionlar drawn from 0 to the tangent 
plane at the point 

^so, if r be the distance of 0 from the point, and y the 
angle which r makes with the internal normal, we have 
p = r cos 7. 

, Hen^ the elementary volume is equal to cosy^^S, and 
it 18 ^^y seen that if we integrate over the entire surface, 
tae enclosed volume is represented by 


if/r eosyf^^S 

4.U if "wre suppose a sphere of unit radius desoribed 

mth 0 as centre, and if do) represent the superficial portion 
af th^ sphere mtercepted by the elementary cone standing on 
then it is easily seen that cos ydS^r^dw] ^ 

dw - 

Kfi closed surface, and the integral 

surface, it is plain tliat / J dm 
being the surface of the sphere of radius unity ; 

. ff cos yds 
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Again, if 0 be outside the surface, the cone will out the 
surface in an even number of elements, for which the values 
of cos 7 will be alternately positive and negative, and, the 
corresponding elements of the integral being equal but mth 
opposite signs, their sum is equal to zero, and we shall have 




cos 7 dS 


= o 


If 0 be situated on the surface, it follows m like manner 
that 


j • 


cos 7 


dS = ztt 


Hence, we conclude that 


II = 47r, or 0, (12) 

according as the origin is inside, on, or outside the surface 
The multiple integrals introduced into this and the two 
preceding Articles are principally due to Gauss 

The student will find some important applications of 
this method in Bertrand’s Calc Intf §§ 437, 455> 456> 
476, &o. 



288 


Examples, 


Examples 


1 A sphere of 15 feet radius is cut "by two parallel planes at distances 0 
3 and 7 feet from its centre , find the superficial area of the portion of the sur 
face included between the planes approximately Ana 376 9908 sq[ feet 

2 Bemg giYen the slant height of a right cone, find the cosine of half ifi 

Tertical angle when its yolume is a maximum ^ i 

Ana ■— 

V3 

3 Prove that the volume of a truncated cone of height h is represented by 




4* + r*), 


where A and r are the radii of its two bases 

4 A cone is circumscribed to a sphere of radius jff, the vertex of the cone 
bemg at the distance JD from the centre , find the ratio of the supei-ficial area of 
the cone to that of the sphere ^ 


Ana 




5 Two^spheres, A and J5, have for radn 9 feet and 40 feet , the superfioiai 

area of a thnd sphere C is equal to the sum of the areas of A and B , calculate 
the excess, in cubic feet, of the volume of G over the sum of the volumes of A 
“'i-® J.ns 17558. 

6 If aay arc of a plane curve revolve successively round two parallel axes, 
mow that the difference of the surfaces generated is equal to the product of the 

of the arc mto the circumference of the circle described by any pomt on 
either axis turning round the other 

If the axes of revolution lie at opposite sides of the curve, the sum of the 
surfaces must he taken mstead of the difference 

7 Bbnd, in terms of sides, the volume of the sohd generated by the 

complete revolution of a triangle round its side e o j 

Am 4 w »(s- «)(«- i)(s-<!) 

3 c 

Aeoiem to detsrimae the distance, from the centre, of the 
eemtre oi gravity, ( i ) of a senucircular area , (2) of a semioirovdar arc. 


Ana 


(')f. 


za 
(2) — 


9 If a triangle revolve roimd any external axis, Ivinff m its -nlanfl find nn 
expx^ion for the area of the surface generated m a complete revofution 

10 Prove that the volume cut from the surface 


*" = Ax^ + By* 

by any plane parallel to that of a;y, is ^^th part of the cylmder standing on 
the plane section, and terminated by the plane of xy 
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11 A coBe IS oirotimscnljed to a sphere of 23 feet radius, the vertex of the 
cone bemg 265 feet distant from the centre of the sphere , find the ratio of the 
superficial area of the cone to that of the sphere 

12, The axis of a right circular cyhnder passes through the centre of a 
sphere , find the volume of the sohd mcluded between the concave surface of the 
sphere and the convex surface of the cyhnder 

Jins if. where c is the length of the portion of any edge of the cyhnder 
6 ’ 

intercepted by the sphere 

This question is the same as that of finding the volume of the sohd generated 
b^ the segment of a circle cut ofi by any chord, m a revolution round the 
diameter parallel to the chord 

12 Fmd the volume of the sohd generated by the revolution of an arc of a 

^ , ((2a* + c^)sm« 

circle round its chord | ^ 

, e 

where a = radius, c — distance of chord from centre, and cos “ — ~ 

In this we suppose the arc less than a semicircle the modification when li 
18 greater is easily seen 

14 If the ellipsoid of revolution, 


and the hyperboloid 




a^-b^ 


be out by two plaues perpendicular to the asis of revolution, prove that tne 
zones mteicepted on the two surfaces are of equal area 

IS Pmd the entire volume hounded hy the positive sides of tie three eo- 
ordinate planes, and 




jdns 


abc 


curve ^ , 

1 where o is the length of the chord, and J the intercept made 

byitonA^ diameterof the paxahotepaasmg through the middlepom^ 

A sphere of radius r is 

the diffeience of ^e volumes ^liose vertices are the opposito 

circle m which the plane cute jph^ 

ends of the diameter perpendicular to the cutting p 
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1 8 Pmd the area of a spherical triangle , and prove that if a curve traced 
on a sphere have for its equation sm \ - fU)y \ denoting latitude, and I longi- 
tude, the area between the curve and the euuator ^ J f{l)dl 

1 9 Show that the volume contained between the suitPace of a hyperboloid 
of one sheet, its asymptotic cone, and two planes parallel to that of the real 
axes, IS pioportional to the distance between those planes 

20 Find the entire volume of the surface 



21 The vertex of a cone of the second degree is m the surface of a sphere, 
and its mtemal axis is the diameter passmg through its vertex , find the volume 
of the portion of the sphere intercepted within the cone 

22 Prove that the volume of the portion of a cyhnder intercepted between 
any two planes is equal to the pioduct of the area of a perpendicular section 
mto the distance between the centres of gravity of the areas of the bounding 
secuoiis 

23 If -d be the area of the section of any surface made by the plane of ry, 
prove as m ^irt 192, that 


A = /Jcos 


the integral being extended through the portion of the surface which lies above 
the plane of xy 

24 If a nght cone stand on an elhpse, prove that its volume is represented 
bj 


TT 

3 


(OA OA')^ sin'’ a cos a 


where 0 is the vertex of the cone, A and A' the extremities of the major axis 
of the ellipse, and « is the semi-angle of the cone 

25- In the same case prove that the supeificial area of the cone is 


OA^)(^OA OA')^miia 
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CHAPTER X. 

INTEGBALS OP INERTIA. 

195 Integrals of Inertia. — The following integrals are 
of such, frequent ooourrenoe m mechanical investigations, 
that it IS proposed to give a hnef discussion of them in this 
Chapter 

If each element of the mass of any sohd body be supposed 
to be multiplied by the square of its distance from any fixed 
right line, and the sum extended throughout every element 
of the body, the quantity thus obtained is called the moment 
of inertia of the body with respect to the fixed line or axis 

Hence, denoting the element of mass by dm^ its distance 
from the axis by p, and the moment of inertia by J, we have 
I^^p^dm (i) 

In like manner, if each element of mass of a body be 
multiplied by the square of its distance from a plane, the 
sum of such products is called the moment of inertia of the 
body relative to the plane 

If the system be referred to rectangular axes of co- 
ordinates, then the expression for the moment of inertia 
relative to the axis of 2 is obviously represented by 
S (a?* + y'^)dm 

Similarly, the moments of inertia relative to the axes of 
X and y are represented by S (y* + 2*) dm and S (a?* + 2*) dmy 
respectively 

Again, the quantities "Zx^dm, ^y^dm^ ^^dm^ are the 
moments of inertia of the body with respect to the planes 
of yg, xz, and respectively. Also the quantities ^xydm^ 
'Stzxdm, '^yzdm^ are called the products of inertia relative to 
the same system of co-ordinate axes 

In like manner the moment of inertia of the body with 
reference to a point is '^r^dm, where r denotes the distance of 
the element dm from the point Thus the moment of inertia 
relative to the origin is S (a?* + + 2*) dm, 

[Ida] 



292 


Integrals af Inertia, 


196 Moments of Inertia relative to Parallel 
Axes, or Planes. — The following result is of fundamental 
importance — The moment of inertia of a body wth respect to 
any axis exceeds its moment of inei tia with respect to a parallel 
axis drawn through its centie of gravity^ by the product of the 
mass of the body into the square of the distance between the 
parallel axes 

For, let / be the moment of inertia relative to the axis 
through the centre of gravity, /' that for the parallel axis, 
M the mass of the body, and a the distance between the axes 

Then, taking the centre of gravity as origin, the fixed 
axis through it as the axis of s, and the plane through the 
parallel axes for that of %Xy we shall have 

/ = S (a?® + 2 /^) dm^ /' = S { (« + a)® + y*} dm 

Hence I' - I la^xdm + d^ '2dm- 

smce 2xdm = o as the centre of gravity is at the origin , 

/' = / + a^M (2) 

Consequently, the moment of inertia of a body relative to 
any axis can be found when that for the parallel axis through 
its centre of gravity is known 

Also, the moments of inertia of a body are the same for 
all parallel axes situated at the same distance from its centre 
of gravity. 

Agam, it may be observed that of all parallel axes that 
which passes through the centre of gravity of a body has the 
least moment of inertia 

It is also apparent that the same theorem holds if the 
moments of mertia he taken with respect to parallel planes, 
instead of parallel axes 

A similar property also connects the moment of inertia 
relative to any pomt with that relative to the centre of 
gravity of the body. 

In finding the moment of inertia of a body relative to 
any axis, we usually suppose the body divided into a system 
of mdefinitely thin plates, or lamince^ by a system of planes 
perpendicular to the axis , then, when the moment of inertia 
^ determmed for a lamina, we seek by integration to find 
that of the entire body 
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197 Radius of GS-yration, — If h denote the distance 
from an axis at ’wliioli the entire mass of a body should he 
concentrated that its moment of inertia relative to the axis 
may remain unaltered, we shall have 

Mlc^ = I- dm. (3) 

The length i is called the radius of gyration of the body 
with respect to the fixed axis 

In homogeneous bodies, which shall be here treated of 
principally, since the mass of any part varies directly as its 
volume, the preceding equation may be written in the form 

where dV denotes the element of volume, and F the entire 
volume of the body 

Henoe, in homogeneous bodies, the value of h is indepen-- 
dent of the density of the body, and depends only on its form 
We shall m our investigations represent the moment of 
inertia in the form r 71^70 . 


and, it is plain that m its determmation for homogmeom 
bodies we may taJce tJie element of 'oolume for the element of mass^ 
and the total volume of the body instead of its mass 

A-lso, in finding the moment of inertia of a lamina, since its 
radius of gyration is independent of the thickness of the lamina, 
we may take the element of area instead of the element of 
mass, and the total area of the lamina instead of its mass 
198 If ^ and B he the moments of inertia of an infi- 
nitely thin plate, or lamina, with respect to two rectangular 
axes OX, OF, lying in its plane, and if Obe the moment of 
inertia relative to OZ drawn perpendicular to the plane, we 

C = A + B. (4) 

For, we have in this case A — B— and 

O = S (£»* + 2/*) dim. 

Again, for every two rectangular axes in the plane of the 
lamina, at any point, we have 

'^x^dm + ^y^dm = const 

Henoe, if one he a maximum, the other is ammimum, and 

moe mrsd. ... j. n 

We shall, m all investigations ooneermng laminae, t^e O 
for the moment of mertia relative to a Ime perpendictilar to 
the lamina. 
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momeuFof 71 7S "??l '''” * '“*’ tt' 

01 inertia / is represented by or by 

f' 

fi\ x^dx^ 

where I is the length of the rod 
Hence j_ _ j^V 

perp“ dlX^o'ittww^^^ theLddle point of the rod, 


l^M 


i! 

12 


•X'iwppo-e He 

HerTit U *“ '■“ »' “• 

made up of an infimtfi n ^ may be regarded as 

of S' '»8««/nho ado. 

bX^,Z°^^ V TS 

^ = (5) 

through thf^;Sl if ^ «“ 

of theTaCa?^^ perpendicular to the plane 

j if («> + i*) 

It. Art .,6 

1J>«« m, <* poqaadoaW to, tS^ta.TaXi'' 
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200 Rectangular Parallelepiped. — Since a parallel- 
epiped may be conceived as consisting of an infinite number 
of laminae, each of wbich has the same radius of gyration 
relative to an axis drawn perpendicular to their planes, it 
follows that the ladius of gyration of the parallelepiped is 
the same as that of one of the laminae 

Hence, if the length of the sides of the parallelepiped be 
2a, 2J, and 2c, respectively, and, if J?, Obe respectively 
the moments of inertia relative to three axes drawn through 
the centre of gravity, parallel to the edges of the parallel- 
epiped, we have, by the last, 


333 


201. Circular Plate, Cylinder. — If the axis be 
dbawn through its centre, perpendicular to the plane of a 
circular ring of infinitely small breadth, since each point of 
the nng may be regarded as at the same distance r from the 
axis, its moment of inertia is where dm represents its 
mass 

Hence, considering each ring as an element of a circular 
plate, and observing that dm = fjLZirrdr^ we get for C, the 
moment of inertia of the circular plate of radius a, 


C = 27rjn 


2 2 


Consequently, the moment of inertia of a ring whose 
outer and inner radii are a and 5 , respectively, with respect to 
the same axis, is 


r , , a* - 5* 

2TTIUL I r^dr - TTju M 

Jb 2 2 


Again, by (4), the moment of inertia of a circular plate 

about any diameter is M — , since the moments of mertia are 

4 

obviously the same respecting all diameters 

In hke manner, the moment of mertia of a nng relative 
to any diameter la 

M 




4 
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ax/offigte 

» bemg the radius of the sectiou of the oylmder 

gain, the moment of inertia relative to any edge of the 

cylinder is ^ Ma‘ 

2 

riffht^confil?? ®r *— the moment of inertia of a 
infinite numhe^If conceive it divided into an 

A ^hose centres he along the 

ama , and, denoting by a, the distance of the centre of anv 


/ = 


TTfjLtm^a 


, rh 

x^dx = 
J 0 


TTfjib^h 


lO 


where h is the height of the cone, and b the radius of its base 

Hence, smce by Axt 169 the volume of the cone is -b% 
we have 3 

( 8 ) 

Describe a circle with the axis 
^meter, and suppose the 
lanuna divided mto rods by sections 
perpendicular to this axis Let £' be 

oonIpond£“S, w/w'* »' 

dB Ids', (npy : (np')’ = ^ . j, . 

-8 : jB' = a» : 



% 47 - 
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But B', by Art 201, is 


M'b\ 


Similarly, 


“4 6 ” 4 ^ 

A A. 

4 


Hence the moment C round a line through the centre of 
the ellipse, perpendicular to its plane, is 


(9) 

It IS plain, as before, that the expression for the moment 
of inertia of an elliptical cylinder relative to its axis is of the 
same form 

204 l§pbere — If we suppose a sphere divided into an 
infinite number of concentric spherical shells, the moment of 
inertia of each shell is plainly the same for all diameters , 
and accordingly, representing the mass of any element of a 
shell by dm^ and by z any point on it, we have 


^x^dm = ^y^dm = 

But 2 (a;® + y* + s’*) = ^r^dm , 

S + y^) dm "Zr'dm 
3 

Hence, (a) the moment of inertia of a shell whose radius 

2 

IS r with respect to any diameter is - mr^^ where m repre- 

3 

Bents the mass of the shell 

Again, (Z>) for a solid sphere of radius jB, since the volume 
of an indefinitely thin shell of radius r is 47rr’*6^r, we get 

^r^dv == 4^* f r^dr = “TtJS* = ~ FIB* 

Jo 5 5 

When this is substituted, the moment of inertia of a solid 
homogeneous sphere relative to any diameter is found to be 

-MB\ [to] 

s 
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205 Ellipsoid. — Let the equation of an ellipsoid be 


0^ if 

4. -I- sss f • 


and suppose A., C to be the moments of inertia relative to 
the axes a, b, e, respectively ; then 

C = (a!® + y'‘)dV = /x JJJ (ar® + y®) dxdydz 


® / y r 2 , 

“ = =». - = z, 

t* 0 c 


C = fxabc + *»/») dx'd/dz. 


Now, let 
and we get 


^here 8^® extended to all points within the 

*'* + Z® + s'® = 1. 

Lut, by the last example we haye 

j ^ ^dx'dy'dz' =jjjy'^dx'dy'dz' = ^ v ; 


^ ~ ~ v/taJc (o> + b'‘)=:— (a’ + J>). 


In like manner, 


^ “ y (** + c’). B = — (c» + a»). 

5 

It should be remarked that the moments of inertia of th. 
eUipsoid with respect to its three pnnctpal pkiL ie ^ 

M ^ -Jf , 

5 * ’ — S®, — respectively. 
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206 Moments of Inertia of a Xiamina — Suppose 
that any plane lamma is referred to two rectangular axes 
drawn through any origin 0, and that a is the angle which 
any right line through 0, lying in the plane, makes with the 
axis of X , then, if I be the moment of inertia of the lamina 
relative to this line, we have 

I = = 2 (y cos a - a? sin of dm 

= oos®a + m)}a^x^dm - 2 sin a cos a ^xydm 

« a cos*a + h sm^a - ih sm a cos a ; (12) 

where a and h repiesent the moments of inertia relative to 
the axes of X and y, respectively , and h is the product of 
inertia relative to the same axes 

Again, supposing A andF to be the co-ordinates of a point 
taken on the same line at a distance R from the oiigin, we 
JST Y 

get cos a = sm a = ^ , and, consequently, 


lR^^aX^^hT^-2hXY 


Accordingly, if an ellipse be constructed whose equation is 


we have 


aX^ -f 6F* - 2hXY = const , 
IR^ = const , 


(13) 


and, consequently, the moment of inertia relative to any line 
drawn through the origin varies inversely as the square of 
the corresponding radius vector of this ellipse 

The form and position of this elhpse are evidently inde- 
pendent of the particular axes assumed ; but its equation is 
more simple if the axes, major and minor, of the elhpse had 
been assumed as the axes of co-ordinates. Again, smoe m 
this case the ooeJBEioient of XF disappears from the equa- 
tion of the curve, we see that there exists at every pomt m 
a body one pair of rectangular axes for which the quantity 
h or 'Stxydm = o. 

This pair of axes is called the principal axes at the 
point , and the corresponding moments of mertia are called the 
principal moments of inertia of the lamma relative to the pomt. 
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^ represent the principal moments of 

mertia, equation (12) becomes uiuoulb ui 


I = A oos“a + B sin®a 


(h) 


a lamina, the moment of inertia relative to 
any axis through a point can he found when the prmcipal 
moments relative to the point are determmed ^ ^ 

ihe equation of the ellipse (13) becomes, when referred 
to the principal axes. 


AX.^ + BY^ = const 

fni. fn^ Momeiital Ellipse. — Since the moments of inertia 
tor all axes are determined when those relative to the centre 
gravi y are known, it is sufScient to consider the case 
where the ongin is at the centre of gravity With reference 
to this ease, the ellipse 


AX^ + B Y* = const 


(15) 


IS called the momental ellipse of the laimna 

Again, if two different distributions of matter m the 
same plane have a common centre of gravity, and have the 
s^e pnnei^pal ^es and principal moments of inertia, at 

that pomt, they have the same moments of inertia relative to 
all axes 

This is an mmediate consequence of (14) Hence it is 
sily seen that the moments of inertia for any In.TmnB. are 

the same as for the system of four equal masses, each — , 

two central principal axes, at the four dw- 
tlie centre of gravity, where a and J 

are determmed by the equations ® 

A^\m, B = -Ma\ 

2 2 

Again, if two systems of the same total mass, m a plane, 
5f Wia3T of gravity, and have equal moments 

fteir common 

^ntee of gravity, they have the same moments of mertia for 

wJJl oiJLGS* 
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This follows immediately since an ellipse is determined 
when its centre and three points on its oironmference are 
given 

Again, it may he observed that the boundary of an 
elliptical lamina may be regarded as the momental ellipse of 
the lamina 

For, if I be the moment of inertia relative to any 
diameter making the angle a with the axis ma]or,„we have 


But, by Axt 203 , 


I - A COS^a + B sin^a 




M 

J = — cos* a + sin® a) 
4 ^ 


M ^.Ycos^a sin®a\ 

4 V « 

Ma^b^ 

4 r® 

Hence the moment of inertia vanes mversely as the square 
of the semi-diameter r , and, consequently, the ellipse may be 
regarded as its own momental elhpse 

208 IProducts of Inertia of Iiamina —Suppose the 
lamina referred to its pnncipal axes at a point 0 , and let p 
and q be the distances of any element dm from two axes, 
which make the angles a and /3 with the axis of x , then we 
have 

^pqdm * S ( 2 / cos a - 2 ; sin a){y qob( 3 - x sin /3) dm 

“ 00 s a COS )3 ^y^dm + sm o sin /3 So ?® dm 

” sm(a + I3)^xydm 

A cos a 008 13 + B sin a sin /3, 
since A = :2y^dm, B = ^c^dm, and ^xydm = o. 

Hence, if 'Stpqdm = o, we have 

A cos a cos /3 + jB sin o sm(3 = o, 
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»e a p.^ „£ agate tamate™ 


A.X} + jBP"^ = const 

Hence, if two laminae in tlie same plane have for any point 

frZ pnnoipal axes at the point This follows 

Wo established property, that if two elhpses have 

+,n-o^°^i JC-amlna and Prism.— Suppose a 

a “T®'’ '^5l°f/ides are a, b, c, to be divided mto 

a system of rods parallel to a side a ; 

and let A represent the moment of 
merha relative to a hne parallel to 
the side a, and drawn through the 
opposite vertex; also let p be the 
perpendicular of the tnangle on 
the side a, and a; the distance of an 
elementary rod from the vertex; then 
we have, since the mass am of the 

elementary rod may be represented by — <&, 

A = Sa!*dm =;uSa:*— d* 

P 

« P . , ap> M 

relaWe^\ri!w^H^^’ moments of mertia 

thetmigU, aLdL'^te * oonrespontog perp6nd.«to of 



n M , r, M , 
B = —q\ C = ~r* 
2 2 


Again, if An, Co, represent the moments of 


mertia 
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relative to tliree parallels to tlie sides, drawn through the 
centre of gravity of the lamina, we have, by (2), 

A, = ~Mp\ B, = ~Mq\ ( 16 ) 

Also, if Ai^ jBi, Cl, he the moments of inertia relative 
to the sides a, &, c, respectively, it follows, in like manner, 
from (2), that 

= = ( 17 ) 

Again, it IS readily seen that the values of - 4 , A^y Ai, &o , 
are the same as if the whole mass M were divided mto three 
equal masses, placed respectively at the middle points of the 
sides of the lamina 

Consequently, by Art 207, the moments of inertia of the 
triangular lamina relative to all axes are the same as for 
M 

three masses, each — , placed at the middle points of the 
3 

sides of the triangle 

Hence, if I be the moment of inertia of a triangular 
lamina with respect to the perpendicular to its plane drawn 
through its centre of gravity, we have 

+ + { 18 ) 

36 

This expression also holds for the moment of inertia of a 
right triangular prism with respect to %ts cum * 

In like manner the moments of mertia of the triangular 
lamina relative to the three perpendiculars to its plane, 
drawn through its vertices, are 



and the same expressions hold for a triangular prism relative 
to its edges 

♦ By the axis of a prism is understood the right line drawn throu|^i ite 
centre of gravity parallel to its edges 
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niay be taken for the mo- 
mental ellipse of the triangle 
For, let iT, z be the 
middle points of the sides, 
and it 18 easily seen that o 
18 the centre of this ellipse . 
also, if /„ j,, 4 Ije 
moments of inertia of the 49 



I\ It I = 


{axY {bgf (c2)» 


{oxY {oyY {ozY 

divided i^n*tW*i^*** a solid tetrahedron be supposed 
^vided into thm laminje paraUel to one of its faces, md if 

to’ t£ represent its moments of inertia with regard 

parinel ri r through its vertices 

&]x E£” 

easily seen, as in Art ^o^hi 5 e^shVhave^®°*'''®^^’ “ 


A = ' 2 ii?dm = yi'S.x'a-^ dx = u- 

/rfl “ 


P 


P‘J 


x*dx 


-.f -lifp. 

In like manner we have 

B = C = ijrr», i)=l 

OS? 
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Ag ain , if Aa, -Bo, Co, i)o 1)6 the corresponding moments of 
nertia relative to the parallel planes drawn through the 
sentre of gravity of the tetrahedron, we have, by (2), 

(■«) 

Also, if Ai, Bi, Cl, JDi be the moments of mextia relative 
,0 the four faces of the tetrahedron, we have 

d. = — Jf/, Bi= — Mq\ C,=— JfrS (20) 

10 10 10 10 

212 Solid Ring*— If a plane closed curve, which is 
lymmetrical with respect to an axis he made to revolve 
ound a parallel axis, lying in 
ts plane, but not intersecting the 
3urve, to prove that the moment 
)f inertia I of the generated solid, 

;aken with respect to the axis of 
evolution, is represented by 

vhere M is the mass of the sohd, 
h the distance between the parallel 
ixes, and h the radius of gyration 
)f the generating area relative to its axis 

!For, if the axis of revolution be taken as the axis of 
ind, if Y be the distances of any point P within the 
generating area from -4P, and from OX, respectively ; and, 
if dA be the corresponding element of the area, then the 
\^olume of the elementary ring generated by dA is 27r YdAy 
ind its mass ittijl YdA ; hence the moment of mertia of this 
elementary ring, relative to the axis of X, is 2TtiiY^dA 
dLCCordingly, we have 

1 = 2TriJL^Y^dA = 27rjuS (A + yYdA 
= 2irjtiS + f) 

* The theorems of this Article were given by Professor Townsend m the 
Quarterly Jowrnal of Mathemat%c8^ 1869 

[ 20 ] 
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Moreover, since tlie curve is sjmmetrical with respect to 
the axis AB, it is easily seen that we have 

^ydA « o, ^xfdA = o. 

Also, by definition, ^y^dA^ Ak\ 

Hence I = nryhA {h^ + 3 ^*). 

Again, by Art. 177, ivyh A ^ 

• /=if( 4* + 3F) (21) 

This leads immediately to some important cases. 

Thus, for example, the moment of inertia of a circular 
nng, of radius round its axis is 

Again, if a square of side a revolve round any line m its 
plane, situated at the distance h from its centre, we have 

J- if (A* -f a% 

There is no difficulty in adding other examples 

213. C^eneral Expression for Products of Inertia. 

— we shall conclude this Chapter with a short discussion of 
the general case of the moments and products of inertia, for 
any body, or system. 

Let us suppose the system referred to three rectangular 
planes, and let p, q, r represent the respective distances of 
any element dm from the three planes 

a? cos a + cos j 3 4- 2 cos 7 = O, 
aj cos a' 4 y cos + z cos 7' = o, 
a? cos a" + g cos + z cos 7" = o 

'2.pqdm='2 i‘«<x>sa+yooafi+zoosy){xG08a+y(2os(3'+sooay') dm 

= 00s a 00s a' 2 + cos /3 cos / 3 ' S y® + cos 7 008 / S s’ 

+ (00s a cos /3' 4 cos /3 008 a) "Sxydm 

4 (0087 cos a 4 cos a 008 7') :2,sxdm 

4 (oos/3 C 0 S 7 ' 4 0087 ooBfi') Syzdm ; 
and -we get simflar expressions for Sprdm and Sgrdm 
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Now, suppose that we take 

= a, '^y^dm = 6, = <?, 

Sya 5 f/w 2 = /, '^xzdm^ ^xydm^ h; 
then the preceding equation may be written 

^pqdm = cos a (a cos a + h cos j3' + ^ cos 7^) 

+ cos (3 (A cos a' + h cos / 3 ' + / cos 7') 

+ COS 7 cos a' + / cos j 3 ' + c 008 7') , (22) 

along with similar expressions for ^rpdm and ^qrdm 

214 Principal Axes. — Next, let us suppose that the 
planes are so assumed as to satisfy the equations 

'2tpqdm = o, ^rpdm = o, ^qrdm = o ; 

then it is easily seen* that these planes are a system of con- 
jugate diametral planes in the ellipsoid represented by the 
equation 

aX* + JF* + cZ^ + zfTZ^ igZX + zhXY = const (23) 

Hence it follows that at any point there exists one system of 
rectangular planes for which the corresponding products of 
inertia^ for any hody, mnish viz , the principal planes of the 
preceding ellipsoid t 

These three planes are called the principal^ planes of the 
body relative to the point, and the right lines in which they 
intersect are called the principal axes for the point 

Again, every two sohds have for every point at least one 
common system of planes for which ^pqdm = o, ^rpdm — o, 
^qrdm = o, ^p'fdrn = o, ^rp'dm' = o, ^fr'dm = o, 
where the unaccented letters refer to the elements of one 
solid, and the accented to those of the other 

This 18 obvious from the property that every two (x>n- 
centric ellipsoids have one common system of diametral planes 


* Salmon’s geometry of Three Dtmetmonsy Art 72. 

t The exceptLonal cases ■when the ellipsoid is of revolution, 0 sp , 
will be considered subsequently 

[20 al 
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f Ms have for any point more than one 
SSvl.fT^' the foregoing six products of 

thfnoJf principal planes at 

mns? Ti • T^® f(^ows since the two ellipsoids in that case 
must he similar and coaxal 

215 Principal Moments of Inertia — Let us now 
the hodv fc to be the principal planes of 

to the pkne moment of mertia relative 

^ a + y cos /3 + 2 cos 7=0 

^p^dm = S (« cos a + y COS /3 + z cos yYdm 

= CQs^a^x^dm + cos®/3 Sy®c&» + cos'y ^z^dm, (24) 
since in this case we have 

'2.xydm, = o, ^zxdm = o, Syzrfm = o 

fn the moment of mertia of the body relative 

to the line through the ongin whose direction angles are 
a, p, y ; then we have 

/+ SpVw = ^r^dm = S(a^ + + z^)dm ; 

I = cos* a S (y* + s») dm + oos*p S (z* + a^) dm 

+ cos^ 7 S (^^?* + 3/**) dm , 
or J = ^ COS*a + B COS*P + c? C 08 *y, (25) 

ft; Sr 

of a; foif Slt^^ £ 

^s the Origin, the 

moments ^ieHml/tf^bodl ^ 

leasU?Zre;“iSSM«^ 

rela?v??r,°Tn?r of » body 

whenever through a given point is known, 

STairknor^ which the Ime makes with the principal 
Se Ses ’ ^ moments of mertia relative to 
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216 ISllipsold of gyration. — Suppose, as before, the 
solid referred to its three principal axes at any point, and let 
(j, J, 0 be the corresponding radii of gyration, 1 e let 

A^Ma\ B^Mb\ C^Mc\ 
and I = Mk^ , then equation (25) becomes 

cos® a + i® cos®/3 + c^cos^y. (26) 

Now, if we suppose an ellipsoid described having the 
principal axes for the directions, and J, e for the lengths 
of its corresponding semi-axes ; then (26) shows that the 
radius of gyration of the body, relative to the perpendicular 
from the origin on any tangent plane to this elhpsoid, is 
equal in length to this perpendicular (Salmon^s Geometry 
of Th ee Dimensions^ Art 89 ) 

The foregoing ellipsoid is called the ellipsoid of gyration 
relative to the point It should, however, be observed that 
by the ellipsoid of gyration of a body is meant the ellipsoid 
in the particular case where the origin is at the centre oi 
gravity of the body 

217 Momental Ellipsoid. — If X, X, Z be the co- 
ordinates of a point jB taken on the nght line through th(j 
origin 0, whose direction angles are a, /5, y, we have 

X = 0i2 cos a, F = OJS cos (3, Z^OR cosy 

Substituting the values of cos a, cos / 3 , cos y, deduced 
from these equations, in (25), it becomes 

I OR? ^ AX^ + BT^ ^ CZ^. 

Suppose, now, that the pomt R lies on the ellipsoid 

AX® + J5F® + (7X® = const , ( 27 ) 

and we get I . OBf = X, denoting the constant by X , 



Hence the moment of inertia relative to wny drawn 
through the origin^ varies inversely as the square of the cor* 
responding diameter of the ellipsoid (27). 
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Erom this property the ellipsoid is called the momenti 
elhpscnd at the point. 

When the origin is taken at the centre of gravity of th 
body, this ellipsoid is called the central ellipsoid of the body. 

If two of the principal moments of inertia relative to an 
point be equal, the momental elhpsoid becomes one of re 
volution, and in this case all diameters perpendicular to it 
axis of revolution are principal axes relative to the point. 

If the three principal moments at any point be equal, th< 
ellipsoid becomes a sphere, and the moments of inertia for al 
axes^ drawn through the point are equal Every such axis n 
a principal axis at the pomt 

For example, it is plain that the three principal momenti 
for the centre of a cube are equal, and, consequently, iti 
moments of inertia for all axes, through its centre, are equal 

218 Xl^uimomental Cone. — ^Again, since 

OOb*a + COS*/3 + 008^7 = I, 
equation (25) may be written in the form 


{A - I) cos®a + {£ -I) cos*/3 + (G- I) cos^y o , 
hence the equation 

(C-I)Z^ = o (29) 

represents a cone such that the moment of inertia is the same 

for each of its edges. Such a cone is called an equimomentai 
cone of the body. 

Again, Ae three axes of any equimomentai cone, for any 

soh^ are the pnncipal axes of the solid relative to the vertex 
Of the cone. 

the cone breaks up into two planes : viz , 

the oycho sections of the momental ellipsoid ^ 

of general theory of 
to prmcipal axes, the student is referred 
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Examples 

Find til© expressions for tlie moments of inertia in the following, the bodies 
being supposed homogeneous m all cases — 

!• A parallelogram, of sides by and angle 0, with respect to its sides 

Ans — sin* 0, — sm ^ B 

3 3 

a A rod, of length a, with respect to an axis perpendicular to the rod and 
at a distance d from its middle pomt 

'/,2 


Ans M 


(?-) 


3 An equilateral triangle, of side <», relative to a Ime m its plane at the 
distance d from its centre of gravity 


Ans M 




4 A nght-angled triangle, of hypothenuse <r, relative to a perpendicular to 
Its plane passing through the right angle 

Ans Jf — 

o 

5 A hollow circular cylinder, relative to its axis 

An, M ’llll, where r and r' are the radu of the houndmg cirolea 
2 

6 A truncated cone with reference to its axis 

jlng '^here b and b' are the radii of its bases 

10 

7 A nght cone with respect to an axis drawn through its vertex perpen- 
dicular to its axis 

9 where h denotes the altitude of the cone, 

and b the radius of its base 


axes 


8 An ellipsoid with respect to a diameter mating angles «, 7 with its 


Ana ^^««Bm 2 o + 4 *Bm'j 8 + «®Bm»7j 


9 Area hounded by two rectangles havmg a common cento, ^ 
sides are respectively parallel, with respect to an axis through their cento 
perpendicular to the plane 

^ - M{d^ + h'^)ab-‘{d^^V^)dy 

Ans 1 — -jjT— f 

12 ao — ab 
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10 A square, of side a, relative to any line m its plane, passing through its 
centre 

Am M — 

I 2 

n. A regular polygon, or pnsm, with respect to its axis 

2^2 j ^ where iZ and r are the ladu of the 
circles circumscnhed, and mscnhed to the polygon 

1 2 Prove that a parallelogram and its maximum mscnhed ellipse have tne 
same prmcipal axes at their common centre of figure 

13 Prove that the moments and products of mertia of any triangular 
la min a, of mass if, are the same as for three masses, each placed at the 
three vertices of the tnangle, combmed with a mass - M placed at its centre of 
gravity 

14 Prove that the moments and products of inertia of any tetrahedron are 
the same as for four masses, each placed at the vertices of the tetrahedron^ 
combmed with a mass ~ if placed at its centre of gravity 

15 If a system of equimomental axes, for any solid, all he m a prmcipaj 
plane passing through its centre of gravity, piove that they envelop a conic, 
navmg that pomt for centre, and the prmcipal axes m the plane for axes 

1 6 Prove also that the elhpses obtamed by varymg the magmtude of th<* 

moment of mertia form a confocal system ° 

the sum of the moments of mertia of a body relative to ani 
three rectangular axes drawn through the same pomt is constant ^ 

.a * prmcipal axis belonging to the centre of gravity of a body 

IS also a prmcipal axis with respect to every pomt on its length ^ 

. ^rr envelope of a plane for which the moment of mertia of 

a^b^y IS constant is an dhpsoid, confocal with the elhpsoid of gyTati|)n of the 

are ^alaea of the constant moment the several enveloped cones 

the l^Jfor~mtT P"““Pal ««««• of 

axe <he normals to the three sur- 
(M.Bmet,/<n^ Paa» through (he pomt. 
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219. BouMe iKitegration. — In the preceding Chapters we 
have considered several cases of double and triple integra- 
tion in the determination of volumes and other problems 
connected with surfaces We now proceed to a short treat- 
ment of the general problem of Multiple Integration, com- 
mencing with double integrals 

The geneial form of a double integral may be written 


rJ rr 


t(x, v)dxdy, 


'^0 Jyo 


in wrliioh we suppose the integration first taken with respect 
to y, regarding x as constant In this case, X, yo? the limits 
of y, are, in general, functions of x , and the limits of x are 
constants 

For example, let us take the integral 




dxdy^ 


m which I is supposed greater than m. 


Heie 

therefore 



It should be observed that in many oases the variables are 
to be taken so as to include all values limited by a certmn 
condition, whioli can be expressed by an mequahty : for in- 
stance, to find 

extended to all pontive values of x and y subject to the con- 
dition T + y < A- 
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Here the limits for y are o and h — x, and the subsequent 
limits of X are o and h 


Hence 


th 

• 0 V 




x^'^y^-'^dxdy 



Let X ^ hu ^ then 

hl^m ri 

U = (i - u)^ du 

Jo ^ ^ 


U^^V{1) V{m) 
~T^m + 1 ) ’ 


by Art 1 2 1 


(*) 


220 Change of Order of Integration. — We have 
seen (Art 1 15) that when the hmits of x and y are constants 
we may change the order of integration, the limits remaining 
unaltered But when the limits of y are functions of Xy if 
the order of mtegration be changed, it is necessary to find 
the new hmits for x as functions of y. This is usually best 
obtained from geometrical considerations 
For example, in the integral 




0 


f(xy y)dxdyy 


the hmits for y are given by the right hne y x and the 
hyperbola xy and the mtegral ^ 
extends to all points m the space 
bounded by the axis of y, the hy- 
perbola ALy and the right Ime OAy 
vvhere A is the vertex of the hyper- 
bola Draw AB perpendicular to 
the axis of y Now when the order ^ 
of integration is changed, we sup- 
pose the lines which divide the area 
into strips taken parallel to the axis 

of X instead of that of y Thus the ^ ^ 

integral breaks up mto two parts — one corresnonding to 
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the triangle OABj the other to the remamiiig area hence 


f a ry 

f(x, y) dydx 
0 Jo 


/(«, y) dydx 


A.S another example, let us interohange the variahles in 
the mtegial 


Z7'= 


'Ir 

V dxdy 

mx 


Here, let OQ and OB he the 
lines represented hy y = ^ and 
y mx ^ and let OA = a 

Then the integral is extended to 
all points within the triangle OCB 
Accordingly, changing the order, 
we get 





V dydx + 


\ r»i 

J Vdy 


dx 


ExilfPLES 


I. Find the value of the double integral 

f{y)dxdy 

U J 0 - x)[x- y) 

Here, changing the order, the integral becomes 


i7=r 

J 0 J 0 via ■ 


« r« f{y)dydx 


' f“ -= 

I J y iU 


But 


r-= 

Jy V'(« - 


dx 


V(<7 - ic)[x-y) 

rr , hence U = v {/(a) -/(o) } 


2 Prove that 


\/{a - y) 

i a y^ 

/(*, 

0 •'a-V«* y* 
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3 Hence find tlie value of 

r\/2«»-ara + y^)xdxdy 


ff: 


+ y^Y 

Ans Tta^ {</>(<*) ~ <^ (o)}t 


4 Change the order of integration m the double integral 

/'2<i ^ y/2ax 


-n 


V2a*-»» 


Vdxdy 


The limits of y are represented by the circle a;® + t/* = 2ax. and the parabola 
y* = zax^ and we readily find that 

ca ra-/«a y3 „ 2* p2« fa 

*<» " 2^ 

221 nirichlet’s Theorem — The result given in 
equation (i) has been generalized by Dirichlet (Liouville’a 
Journal^ 1839), ^lid extended to a large class of multiple 
integrals, as follows : 

Commenoing with three variables, let us consider the in^ 
tegral 




ym->\ gn-i ^xdydZy 


in which the variables are supposed always positive, and 
limited by the condition 

(V + y + % < I 

In this case the limits of z are o and i ~ a* — ^ ; those of 
y are o and \ — x ^ and those of x are o and i 


Hence JJ = 


i-ar-y 


JoJo 

It IS easily seen, from ( 1 ), that 

n-4C ri-ip-y 


ytn-1 2 »-i 


y’^^z^-^dydi = (i - *)”•+« r'(«) 

‘ T{m+n+iy 
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Therefore 


rHr(«) 

T{m + n+i) 





r(w) r(w) r(0 r(m + w+ 1 ) ^ r {i) r {m) r(w) 
r(m+«+i) r(/+ff» + w + i) r(/+m+w+i) 


Again, m the same multiple integral, if x, y, %, hemg still 
almys positive, are subject to the condition 


X + y + z < h, 

we get 

rr_u^*n m r{m)r{n) _ 
r(/+m + n+ i) 


(3) 


This readily appears by substituting x = hx\ y - hy\ 
z = hz\ m the multiple integral 

There is no difficulty m extending these results to any 
number of variables For we readily proceed from (3) to the 
case of four variables , and so by induction to any number 
Thus, the value of the multiple mtegral 

CT = JJJ . dxdydz . , 


extended to all positive values of a*, y^ 2, &o , subject to the 
condition 

a? + ^ + 2 + &c < 1 , 


IS 


r{i)r(m)r{n) 
r(i + / + m + n4- . .)* 


(4) 


Again, m the integral 


JJ = JJJ dxdydz^ 


suppose the variables to be still always positive, but limited 
by the condition 
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then making 



the integral transforms into 

^ i.i 25.1 ».i 

JJ 2 ?^ 'uf dudvdw. 

JJJ 

where t/ + «? + ?/; < i. 

Accordingly, 



Again, from (3), the value of the triple integral 
JJJ dxdydz^ 

extended to all positive values, subject to the condition 
X ->r y + z > u and <u du^ 

IS immediately found by differentiation to be 


rwrwrw mq^jrw 

r(i + /+fw + n)^ ^ r(/ + m+w) 

Hence the multiple integral 

JJJ '^dxdydZj 

taken between the same limits, has for its value 
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Accordingly, the value of the multiple integral 
JJJ F{x + p z) dxdijdZy 

extended to all positive values of the variables, subject to the 
condition 

X + p + z < h, 


r{l) T{m) r{n) ^ 
^ r (/ + w + n) .0 


F{u) du 


In like manner it is seen that if the multiple integral 


a \b 


be extended to all positiTe values, subject to tbe condition 


xy fyy /zv , 

a \b \cj 


ra]rC^r^_ 


we have 


ill — ^ F(u)up"^^^' du (7) 

pr + + J* 

\p q rj 

These results can be readily extended to any number of 
variables 


Examples 


I Find the value of 


JJ fl5* ^ dxdy^ 


extended to all positive values, subject iox-¥y <h 


— ij 

sm^jT 
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2 More generally, prove that 

where x^y<h 

3 Find the value of 

JJJ dxi dxi dxny 

extended to all positive values of the variables, subject to the condition 

+ a;2* + . + Xn^ < 


4 Prove that 


A AS 



HI 


dxdydz ir* 


the integral being extended to all positive values of the vanables for which the 
expression is real 

5 Show in general that 


HI 


dxi dx% dx% 

V r - - x%^ -a;„2 


under the same condition as m last 



22 2 Transrormation of Multiple Integrals —We 

now proceed to consider, in general, the transformation of a 
multiple integral to a new system of independent variables 
Suppose it be required to transform the integral 

Vy dxdydz 

to another system of variables, u, v, w\ being given rt, y, s in 
terms of w, t?, w 

This transformation implies in general three parts ^ — 
(i) the expression of /(a?, y, z) m terms of u, v, w , (2) the 
determination of the new system or systems of limits , 
(3) the substitution for dxdydz 

The solution of the first two questions is a purely algebraical 
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problem "We here accordingly limit ourselves to the con- 
sideration of the third question, and write the integral in the 
form 

Idxldy \f{x, y, z) dz 


In the integration with respect to 2, x and y are regarded 
as constant , accordingly, in order to replace % by the new 
variable we suppose z expressed, by means of the, given 
equations, in terms of x^ , and then we replace dz by 
dz 

— dw Again, to transform the integration from y to we 
suppose y expressed in terms of «?, x^ and then dy replaced 
by ^ dv we next suppose x replaced by ^du ^ and we 


finally replace 

, dz dv dx 

dx dydz\iy — — ^ du dv dw 
^ dw dv du 


It should be observed that m each of the latter transfor- 
mations a change in the order of integration is supposed 
By this means the transformed expression is 

, . dz dy dx ^ ^ ^ 

d) (u. v,w) — du dv dw. (S) 

^ ^ dw dv du ^ ^ 




where ^ («, i?, w) is the transformation of f(x^ y, z) 

The preceding transformation would present, in general, 
a problem of extreme difficulty, especially in the investiga- 
tion of the new limits at each change m the order of inte- 
gration The one consideration in every case to be carefully 
observed is, that the transformed mtegral or integrals must: 
include every element which enters into the original expres- 
sion, and no more 

Again, it may be observed that in the foregoing trans- 
formation for dxdy dz the order of substitution may b^e inter- 
changed in any manner 

Thus, if we commence by replacing x by u, we must 
suppose X expressed in terms of u, y^ Zy and then replace dx 

“ duy and so on 
du 


[21] 
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As an illustration we shall consider the ordinary trans- 
formation from rectangular to polar coordinates, viz : 

0? = r sm fl sin y^r sin 0 cos z^r cos f). 

Here we have 


therefoie 

hence 

Again, 

therefore 


= r* - ~ 2^ ; 

dx r I 


di X sin d sin ^ 

d% dy 

^ = -rsm6, ^ = -r8m 0 8111^, 

dx dz dy , 
dr dO d(l> ’ 


and for the element of volume dx dy dz we substitute 
smd di dO d(pf 

a resdt which can be also readily shown from geometrical 
considerations 

Next, let us consider the more general transformation 

!v=r sm e y i-»»»8in*0, s/=r sin ^ y i-n^Bm^d, z^i cos floos 
in winch 

Squaring, and adding the three equations, we get 
** + y* + 2® = r* 

In replacing a; by >, we get, therefore, 

dx r I 

* sinSy'i-w’sm*^’ 
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Next, to replace y by we must express y m terms of r, 
0, aud 3 thus 

t/ « r sin (i cos®0 sin 6 m® + — r— 

^ ^ cos®^ 


Hence 


tan (f) ^ cos®^ + 


/"-ir-5 5 y-'a m®r®sin*6 

^ = 8eo> v/ r>- cos’' ^ + «* s* - / , , 

v^m® r® cos® ({> + rrz^ 

m®r®cos®0 +n®g^ see®^ r ( ^® cos® -t- n® cos® 6 ) ^ 

oos®0 + w®s® cos ^ v^m® + n® oos®fl ^ 

(iz 

and, finally, - r sin 0 cos ^ 

(W 

Hence for dx dy dz we substitute 

r® [nf cos® H- ^® sin® 0) c?r dO d ^ 
v/i ~ m* sin®^ v^i - w® sin®0 
In general {Diff Calc , Arts 338, 342), the product 
d% dy dx 
dw dv du 

IS tbe Jacobian of the original system of vaiiables, ar, z, 
regarded as functions oi the new system, n, v, w 

Accordingly, the geneial substitution for dxdydz is 

dx dx dx 
du dv dw 
dy dy dy 
du'dvTw 
d% dz dz 
du dv dw 

223 Transformation for Implicit Functions. — If, 

instead of being given a?, y^ z explicitly as functions of v, w, 

[21a] 
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we are given equations of the form 

u,v,w) =o, Pi{T,y,s, u,v,w) = o, Fi{x,y,s, u,v,u)) - o, 

we have (D^ Calc , Ait 341), adopting the usual notation 
tor J acobians, 

d{P, p, F,) 

g) d{n,v,iv) 

d{u,v,w) d{Fi,F't, F ^y 
d{x,y,z) 

And for dxdydz we must then substitute 

</i 

■jdudvdio, 

wlthliif gi^en system of equations 

^ variables, and J, their Jacobian with 

respect to the original system 

224 TiansfomiatioM of Element of a Surface — 

e equation of a surface be referred to a system of rect- 
angular axes it IS easily seen, from Art 189, that the element 

ot Its superficial area, whose projection on the plane of xy is 
dx dy, IS equal to tr d ° 


dx dy ^ I + 


'dzV fdzV 

^\Ty) 


dx 


Accordingly the area of a surface may be represented by 




dz 

.dy 


dx dy^ 


(12) 


® regarded as 

sur^f ^ ^ equation of the 

bv tb« expression to new variables u, v, we, 

by the preceding Article, substitute 


(<^d^ dy dcd\ 

\du dv duH) ““ * “®*®ad of dx dy. 
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Also 


therefore 


dz 

dz dx 

dz dy 

du 

dx du 

f ± 

dy du' 

dz 

dz dx 

dz dy 

dv 

dx dv 

^ dy dv 


dz dy 

dy dz ■ 

dz 

du dv 

du dv 

dx 

dxdy 

dy dx 


du dv 

du dv 


dz dx 

dx dz 

dz 

dv du 

dv du 

dy ^ 

dx dy 

dy dx 


(13) 


du dv J 

Substituting m (12), the expression for the superficial 
aiea becomes 


T // dx dy dy 
]\\dudv dudv 


(<^dy 

\<fc du dv du) ^(^17 du dv du J 


225 General Ti aoBrormatioB for n Variables — 

ihe transformation of Art 223 can be readily geneialized 
I Hus, tor the case of n variables, in the transformation of the 
multiple integral 

/// Vdxx dxi dir, 

to a system of new variables, y., ^e substitute for 

arydx^ das^ the Jacobian of the system *1, x^, a*, re- 

garded as functions of y,, y„ y, . y,f, hence 


dx,dx,. dXn = 


dy\dyt dy„ (14) 


^(^1, ya, ynj' 

And in the case of implicit functions, we substitute 
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where h and are respectively the Jacobians of the system 
of equations with respect to the new, and to the original 
system of variables (compare Diff Calc , Art 341) 


Examples 

I Transform the multiple integral 

JJJJ Vdxdydzdw 

by the substitution 

a; = r cos 0 cos y = r cos 6 sm </>, * = r sin 0 cos w sin B sin if/ 

The transformed expression is 

J/JJ ^1^* sill 0 cos edrddd(j>d\p^ 
where Vi is the new value of V 


2 If 


«2 M3 WS «1 «1 Hi 

«i = ~L -2 

Hi U2 Ms 


prove that /JJ F dxi dx% dx% transforms into 4 JJJ Fi du\ dui du^ 
226 We shall next prove that 




'du dv dw\ 
dy dz ) 


dx dy dz = 


(w cos X + cos fi -f w cos v) dS^ 


where the integrations, respectively, extend over a closed 
surface 8 , and through the volume contained by the surface 
X, V being the direction angles of the outward drawn 
normal at dS,^ and w, t?, w being functions of x, is, which 
are supposed finite and continuous for all points within 8 
Here, since S is a closed surface, any intersecting right 
line meets it in an even number of points ; consequently 

I ^dxdyds= |j dyd% S («, - u^, 

where Ui and represent the values u for two corresponding 
pomts of mterseotion with 5 , made by an indefinitely thin 
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parallelepiped standing on dy d% , and S defiotes the summa- 
tion extended to all such points of intersection Now, as in 
Art 192, let dSi, dS^, dSi, &c , represent the corresponding 
elementary portions of the surface, and A., X^, X3, &o, the 
angles that the extenor normals make with the positive direc- 
tion of the axis of a? , we shall have 

dyd%=- COS \yd 8 i = cos X, dSt = - cos X, dSi = cos X^ dSi = &c. 
Aooordmgly, 

^dxdydz^^^^uoo&XdS, ( 15 ) 

under the same restrictions as to limits as before Hence it 
follows immediately that 

dv dw\ rr 

JJ ^ = JJ (McosX + rcos^-h«;cosv)rfiS' (16) 


This result obviously holds good when the triple integral 
18 extended through any space which is bounded externally 
by one closed surface and internally by another, provided 
tbe double integral is extended over both the bounding sur- 
faces ® 

Again, if for we substitute u F, for v, v F, and for w 
w F, we get immediately ’ 



dV dV 

— + f; — + w? 
dx dy 


^dxdydz 
u cos X + cos jUL -^w cos v) d 8 


under the same restrictions as aboye 



du dv 
dx dy 





(17) 


+ Theorem —"We shall now give a brief 

notice of the very remaikable theorem given first by Green 
( Jjissaj on the application of Mathematics to Electricity and 
^gnetism, Nottingham, 1828, reprinted, 1871), as fol- 

If TJwiA. Fbe fonctions of x, y, z, the rectangular coordi- 
nates of a point, then, provided G and V are jdmfe and con- 
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tmuous for all points within a given closed surface 8, we have 


IIJ 


^dV 

\dx dx dy dy d% d% J 


\ 


jj^dS- 

an 

V^JdS- 

dn 


^(d^V d^r d‘F\,^^ 




\ d:v* dg^ ^ dz^ J 


dx dy dz 


where the triple integrals are extended to all points within 
the surface S, and the double integrals to all points on 8 , 
and dn is the element of the normal to the surface at dS, 
measured outwards 


Here, since 
we have 


d ( ^dV\ dTJdV ^^d’^V 


dx 


dx J dx dx 


dx^‘ 


J- 

J dx 


U ) dx dy ds 


■I 


dx dx 


dx dy dz 


dxdydz, 


the integrals being extended to all points withm 8 
Again, by ( 15 ), we have 




IT ^ cos A d8^ 
ax 


under the same restrictions as to limits as before 
Hence 


dx dx 


dxdydz “ Jj* ^ ^ Xd8 - |jj ?7^-^ dx dy dzy 


along with corresponding equations for y and z 



Qieen’a Theorem, 


329 


Accordingly, 


dU dV dU dV dU dV 




U 


'dV . dV dV . 

— cosAh- ^cos^ +_cosvW5 


O' 


U 


'( pv ^ p r 

dx^ diY ^ dz^ 


dx dy dz 


Again, we obviously have 


. dx dy d% 

OOSyu = -f, OOSv=™ 

dn dn dn 


LX, t A dV 

therefore — cos A + — cos u + — cos 1 / « — 
dy ^ dz dn 


dx 


Hence 

I \dx dx dy dy dz dz ) 


dx dy dz 


ir^ds 

dn 

vfdS. 

dn 


[^.fd^F d^V dW\^ ^ , 
,^(d^Tr d^u d>u\ , , I 


(18) 


The latter expression is obtained by the interchange o± iTand 
V m the preceding 
If Z7 = F, we get 




dx j \dy J \dz J 


dx dy dz 


y^dS- 

dn 


^ d^V 
^\(h?^ dy^ ^ de 


dxdydz (ig) 
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If, as in Diff Calc , Ajt 332, we denote 

d^V d^V d^F 

form^— -wntten in the following abridged 


ff( 


ij~-r~' 

dn dn 


dS 


= III {Uv^V-Vv^ U) dxdydz 


(20) 


228 Ca*e where Z 7 becomes Infinite We sTin.n now 

determine the modification to be made when one of the func- 
tW T example, becomes infinite within S Suppose 
this to take place at one point P only moieover, infimtely 

near this pomt let F be sensibly equal to ^ where r is the dis- 
tance from P If we suppose an. indefinitely small sphere of 
ra^us a desoiibed with its centre at P, it is clear that (18) is 
apphcable to all points exterior to the sphere , also, as 


— ^ 


- = o. 


it IS endent that the tuple integrals may be supposed to ex- 
tend through the entire enclosed space, since the part arising 
from points within the sphere is a small quantity of the same 

, . ^ rr j7Tr 


sur- 


-JJ- \^u.»JUULy 01 t 

order as Moreover, the part of |j ~ dS, due to the „ux- 

face of the sphere, is indefinitely small of the order of the radius 

« It only remains to consider the part of [[ F ^ dS due to the 

spherical surface Here, as F is supposed to vary oonti- 
mmusly, we may take for its value that ( F') at the pmnt P . 


dr dr ^ 


consequently the value of [[ F^-^d 8 , over the sphere. 


dn 
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Thus [20) becomes m this case 


u'^IdS- 

an 



d’F 
df * 



V^-SdS- 

dn 


V 


(d^U d^TT d^ 
\dx^ dy^ 


i’^TT \ 
dz^ ) 


dx dy d% + 47r V\ 
(21) 


where, as before, the integrals extend thiough the whole 
volume and over the whole exterior surface 

The same method will evidently apply however great 
may be the number of points, such as P, at which either V 
or P becomes infinite 

229 Integration through E!xternal Space. — Let us 

next suppose a surface S% drawn inclosing another surface /Si, 
and let Gieen’s theorem be applied to the space between 
these surfaces, we get 


'dTI dV dJJdV dUdr\ , , , 






U'^-ldSy 

dn 


J U'^^Vdicdy dz 


Let us now suppose 8 i to be a sphere of mdefinitelj gieat 
radius , then, provided the double integral 


jj ^ — dS% 
dn 


become evanescent, Gieen^s equation can be applied to in- 
tegration through the infinite space outside /Si, as well as 
through the finite space within it. 

Moreover, since in this case 


TJ ^dSi = IJ ^ sm 0 dO d^^ 

//IT" 

we see that the double integral vanishes whenever r* U — 

dn 

becomes evanescent when r is indefinitely increased, i, e when- 


i 


t 


i 



332 


Multiple Integrals 


ever ZTT is of lower degree than - i m the coordinates , a 
property which holds good in all physical applications of 
Grreen 8 theorem 

230 Application to Spherical Harmonics.— We 

shall conclude by establishing a few fundamental properties 
of spherical harmonic functions 

In dreen^s theorem let ? 7 = F/, F= Fn, where F is a 
solid harmonic Calc , Art 333) of the degree /, and 
another of the degree m Now suppose a sphere of radius 
taken as the bounding surface /S, then equation (21) becomes 


y ^ ^ 

an 


r„~d8 

an 


(22) 


Next, let Vi = = r«F„, so that F, and F„. aie 

surface harmonics {Biff Calc Art 334) , then 

dVi dVi dV„, 

dn dr dn 

Hence, since r = over the surface 8 . equation (22') be- 
comes ^ ^ 


ma 


f/+m-i 


TiYmdS = 


Y^TidS, 


or 


(/ - m) 


YiYmdS = o 


Accordingly, so long as / and m are unequal^ we have 


YiY^dS « o, 


(23) 


where the integration is extended to all points on the surface 
of the sphere 

This may be written 



I ^ I /n d^. d^ 


O, 


adopting the usual notation (BiJ^ Calc , Art. 336). 


(h) 
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If we substitute Pi and for Yi and Ym^ we get, so long 
as I and m are unequal, 


or 


P l Pm dfji — O, 

1 

1 

Pi Pfn dfx = O, 


Since Pi and P,^ are functions of p only 
Again, we have 


Yi Lm dp d(i) - o, 


(25) 


(26) 


where Zm is Laplace’s coefficient of the order (P^ Calc.^ 
337) 

231 We can now find the value of 


r+i 


Y m Zfn d^ d (j) 


For, let P be the point a?, v, and P' the point x\ y\ 2^, 
then, since satisfies the equation y* 
from (21), assuming 5 to be a sphere of radius r, 

in which we suppose P' situated inside the sphere S 
Again {Diff Calc ^ Art 337), 


I I 

PP' 7 n.i "7^ ’ 
^ _ J. v”'"* 1) 


(28) 


hence — i , 1 

dr \PP ) r* 

also, since Vm = Y^, we have 

dK 


= Y„ 


dr 
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Substituting m (27), and observing from (26) that 

|*|* Lfi dfx d(fi ~ o 
except when w == m, we get 

Lm d8= 4Trr'”‘ Y'm, 

47r 


or 


(2m + l) J 

n +I 

dp d(ji = 


27 n + I 




(29 


r^-Sier” ^ 

232 Next, let TJ‘) = - 1)2 

Art^TaM^+r notation; then (Dif Calc, 

miy be 2rittn^®° ™ 

JPffl = AoPm + 2(A, cos fif, + 5 , sin s^) i j 

If now we substitute P„ for r„ m (29), it becomes 


'27r p+1 

P m dp d<f) — 

Jo J -I 


47 r 

2 m + I 


(32) 

Again, if we substitute cos s^r„.(») for F„, we get from 

instead^'f denotes the value of T’^W when we substitute ft' 

Also, smoe L„ is a spherical harmonic, we may write 

Pm + ^{a, cos + b, sin S0) (34) 

in which the coefficients <7„, b„ are for the present 

undetermined ^ 
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If this value of L,n be substituted in (32), we readily get 

pair r+ 1 

Jo J-1 ^ 2 m + 1 


<h 


since all the other definite integrals vanish identically 
Hence, since a„ = (Dj/ Calc , p 428), 




2m + I 


Consequently, as _ j 


we 


(35) 

m 

i f..% . 

2“ I m \dnj 

( 36 ) 

mantr^’ for m (33), we get in like 

'2ir r+1 

as (cos r„W )2 dfx di> = — l!l_ cos s*' r'„W. 

Jo J -1 2W + I Y ^ m • 

Hence 

"'J., (37) 

233 In order to determine 

and consequently a„ we shall commenoe by proving the fol- 
lowing theorem in the JDiffei ential Calculus, viz , 

[x - aY {x - by D”*" l{x-aY{x- J)”} 

^m + n 


[in -n 


D”-^[{x-aY(x-hY], (38) 

in which m and n are integers, and w > « , also J) represents — 

dx 
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Here, bj Leibnitz’ Tbeorem [Diif Cate Arf 4 - 1 ^^ 

general temmtiLe development of ’ 


IS of tile form 


-0’"^” {(a? - a)“ (a; _ 6)».} 


(w + w) (w + «- i) . (»j + »-r+i) 

ly Z)'"+"-'-(a: - a)« _ jj*. 

we “ evanescent so long as ns less than «, 

we can assume r^n+p, and the preceding may be written 


|»j+ « 


or, 


l^n + p —p 

I m + n j^m 


2)”“^ (»-«)“ D”*P{a;-b)”‘, 
{x — a)^ (x — 6 ) 


\n + p \ m- p ^p ^-n-p 
Accordingly, the expression 

(*-«)»(*- S)« D>»e. { (a, _ ajm j 

^ _^p=m-n I m+ n [w I m 

/>=o I w + j> I [y [w - w - (3 q) 

Again, the general term in 

D”^[{x- a)”'{x~bY'\ 
may be written ^ ^ 

\m - n _ 

\ T\1^-p i)»>(ar-6)'- 

= I 

LE I i « + j? [iw~p ~ a)”''^(a: - 6 )’“-p 

“ (37) m- 



Appltcahon to Spherical Karmonm 


887 


a = p for s for «. and make h = r 

I, this result can be written in Eodrigues’ form, viz , ’ 


in^ - i)‘ - I 

Hence, since 


»» - s 


i)“ 


(40) 


we get 


2”* 


2’mW = Qi"- iY'^ JD^-‘ (n’ - i)’" 

I ^ ~ ^ 2”'^n 

Consequently, multiplying the two expressions, 

/r w^2 L^+® I 

{TJ )) = 

Therefore, 

"cTrsus^ |»* + 8 r f+i 


observing that the term 
outside the sign of integration vanishes ffr either S, 


= “ J i)««-. (^a _ ^ 

hence, by successive mtegiation by parts, we get finahy 


’ [ 82 ] 
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Multiple Integrals, 


Consequently 




d^={- i)‘ 


\m - s 


= (-!)* 


' m i- s 


m - s 



I m -J- s I 7 

i) r= 

[ ^ - s 2m + I ^ 


Hence, from (36), 


, 2! m - s 

Us = (-1)^ COS Scj)' ; 


L 


m 4 s 


(41) 

(42) 


and the complete expression for can be immediately 
written down (Compare Dif Oalc , p 428 ) 


234 Kxpanslon of a Function in iSplierical Har*- 
monics.— We next proceed to prove that any function 
f(p, 0), which 18 finite and continuous, can be expanded 
in a series of spheiical harmonics, i e, that 


f {fx^ 0) ~ Fo + 1^1 + 1^2 4 . • + F,j 4 &o (43) 

For if WG assume this result, multiply both sides of the 
equation by Xn, and integrate, we get, from (26), 



y(fl, 0) Lndg d<l> - 


F ^ Lfi dfjL dfj ) 


“ (^7). 

Again, writing /, for f m (43), we have 
/(m» ^> 0 = 1^0'+ F/+ F,' + . . +r„' + &o. 


I « = QO 

' — S (2W + I 
4’r 


CZTT f+l 

) ^ ^ <l>) Ln dp d<ji (44) 
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We shall verify this result by proving that /(/i', (f) is the 
limit of the expression at the right hand side of (44) when 
n IS increased indefinitely 

For, suppose ^ , then since, by hypothesis, / is less 

than 9, equation (28) may be written 


(i -2hX + h^] 
where 


= jCq + hLi + L% + • • • + /(!’” Ihn, + 


(45) 


A = 00s POP' = fxii + \/ 1 — \/ 1 — cos — 0") 

e difiPeren 
'6 get 

2 hQ<-h) 


If we differentiate (45) with respect to A, and multiply by 
2h, we get 


(I-2AA + A*^f 
Adding to (45), we have 


I -A’ 


I =j&o + 3 ALi + 5A®jCj + ...+(2n + i)A'*i„+ • • • (46) 


( 1 - 2AA + h^) 

Hence 

where the integrals are supposed to be extended over the 
surface of a unit sphere, of which dS is an element. 

Hence we infer that 

WBoo rr 

IS the limiting value of 

JJ (i - 2 h\ + A»)* 

Again, when i - A is indefinitely small, the ooefiScient of 

[22 a ] 
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Multiple Integrals, 


every element in tlie latter integral is indefinitely small except 
rhobe for which (i - 2 AX + or 
PP'^ IS indefinitely small, % e for 
which the point F is taken in- 
definitely near to the point A on 
the sphere Consequently the 
integral has ultimately the same 
value as if it were only taken 
over a very small portion of the 
surface around the point A , but 
throughout this portion we may 
assume <^) =f( jl, namely, 
its value at the point A Hence 
the hnutmg value of 





<t>)d8 

{i -2hX + 




(1 -K‘)dS 
(i -2hX + h^)^ 


Fig S3 


when h = I 


Again, since X = cos ACF, we may write dX d^i for dS, 
where <pi is the angle the plane ACP makes with a fixed 
plane drawn through OA, and we have 

dS 


(i - 2kX + A*)* 


‘ dXd,i>, 

1 (i - 2hX + A*)- 

' dx 
J-i(i -2AX + A’)i 
Aoeordmgly, for all values of A, 

(1 - A*) dS 


= 27r 


47r 


Hi 


= 4ir, 


I (l - 2hX + .. , 

dude t£r ^ 

I «=»oo r2iT f + i 

^,=1 J„ Lnd^df (48) 

thus verifying equation (44) 

whlS'l'® well-known general formula of Laplace , from 
which we infer that every fimte contmuous function of /x and 0 
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can be expressed m a series o£ Spherical Harmonics There 
IS no difficulty in showing that the series is unique i e that a 
given function can only be expanded in one way in a series 
of Spherical Harmonics 

235 It may be observed that the determination of the 
value in spherical hai monies of a given function of 6 and <6 
IS usually best obtained by means of the corresponding solid 
haimonio functions We shall illustrate this by an example 

To transform w = cos 0 sin^ 0 sin^^ cos ^ 

Here = xyz^ , and we readily see that we may suppose 

+ (49) 

This gives xyz^ ^ r^Vz + F*, (50; 

where V2 and Fi are solid harmonics 

Opeiating with v* on both sides, we get 

2xy = v\r^V2) = 2 7F3 , 

hence F2 = and therefore Y2- - jF cos (p Also 

from (50), 

Ya = - fF coB(p ((i - fuL^) sm^'p ” 4-1 


Again, since cos ^ sih 
we readily get 

- fi' ,, 


2 008 (P ~ COS 30 

t — ^ — , 


'3 %\ j ixii-fFy 

f - ju^j COS 0 cos 30 

4 


Hence cos 9 sm® 6 sin’ ^ cos ^ oofl <t> 


fly/ 1 ~ fi‘ 


+ 'ty-lSUL eos cos 3 ^ 

4 4 


It IS readily seen that a function cannot be exhibited in a 
/imte senes of spherical harmonics unless the corresponding 
expression in y, % is rational, or becomes rational when 
multiplied by r 



Exam^jles 


prove that 

where 

Xjet 


Examples 

U ^ a cos u 1 > sin u cos v + sin m sm r, 

I 27r rzir *+1 

0 J ^ = 27r I ^ /(Aw) dw, 

A s= -f ^ 


a? ~ cos M, y = sm w cos v, « = sin w sm -y , 

oen Wt 

aphere,Vnd^ ^ ~ <? = ^7 » then a, 0, y is also a point on the same 

a Loau + b sin u cob v -^c sin w sin i; = ^ cos 

or by sm e dedp, mMerentlJ ConseqCtty7 ““ 

f (a 008 « + J sm „ cos ,. + <, sin » sm v) sm t(dudv=/(A cos tf) sm 9 dB dp 
ntegrating each of these over the entire surface, we get 

f w r aw 

0 Jo ^ “ jjj d) sin edd dip = 2Tr[ f(A cos 0) sm^ 

J 0 

2- Hence deduce the following, 

rwran- 2 ^ti 

Jo Jo ^ f{Aw) wdw, 

( wr 2 Tr , 

^ f(V) sm^B cos vdudv - 

These arc deduced from (i) by difieientiation under the sign of integration 
3* Show that the integral 

^ = n/(a? + y) a;*-' %, 

supposed extended to all posiUre values subject to the condition * + v < i can 
e reduced to a smgle definite integral, by the substuntion 

iz" 


r(Or{»»)f* 


(Compare Art 221 ) 



Ejcamples 

4 Show that the foregoing process can be extended to the integral 
JJ s 4- y + a) dxdydz, 
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when the variables are always positive and subject to the condition 
x + y + z <a 

Substitute for x and y as m last , then, regarding z as constant, the limits 
for V are o and i, and those for u are o and z ^ hence 


r(« + m) Jo Jo 


_ r(<)rHr(n) ro 

~ r(; + m + «) Jo'^^ ' 




Ihis process is readily extended to any number of variables 
5 Find the value of the definite intcgial 

fj^ 1 (i — v)***-^dv 

Jo {A(i ~i^) + 

By Art i 2 o we have 

[ [ ^ dx dy x= 

Jo Jo ^ 

Transform by the substitution a; — uv^ y = « (i — 'p) , then, since the limits forv 
aie o and i, and those for u are o and oc , av e get 


ni) r(m) 

a^ltm 


I I wi+m-l(l_i;J»»-l {5(1 

r./7 j ~ vy»-^dv 

^ Jo {^(i - v) 


therefore 

6 Prove that 


( I ~ dv _ T{l)T{m) 
0 - v)+ avY*^* r(^ + m) 



F {ax + by, a! x 4- Vy) dx d/y 


I 


where 




a 

a' 


h 

F 
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'Examples 


7 Prove that 

TT It 

a 2 (m® cos^ B dQ d<^ ir 

0 ^(i ~ »i®sm2 0)(i 2' 

when #»2 + = i 

This IS an immediate consequence of (9), Art 222 

8 Show that Legendre’s Theorem connecting complete elliptic integral j 
with complementaiy moduli follows immediately fiom the preceding example 


Let F{m) « V l - “Jo sm’a <^ 9 , 

then the equation m Ex 7 is immediately transformed into 


F(m) E{n) 4 - E(m) F{n) - F{ 7 i) F{m) = ^ 

9 Prove that the area of a surface in polar coordmates is represented by 


/ 0 , 


dr^ 





taken between suitable linuta 
10 Find the value of 

( an- 

^ Fnd<l> Am ZvFnF'n 

1 1 Adopting the notation of Art 232, prove the relation 
i) {»»** 20 2)»*i i>„} = (2W(o+i)p +(»»-«)(«» + *+ I ) 

where fj? — i 

F i)s Ffn) = Ftnf 

+ u^F^Pm (uF^*^ Pm 4 2/i (a i- X) Pm) 
Also, Art, 335 } - 25 ^ Gale , since Pm satisfies the equation 
B [uBPm) = + I) Pm, 

we have PPm) = w (w -f i) P* P^ , 

hence «P**2 +2fi{s^ i) P^ = (m - .) + s 4 i) P,« 

The result in question follows immediately 



Examples. 
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12 Hence determine the value of the definite integral 

Multiplying the lesult m E\ n by in, and integiating between the limita 
f I and - I, we get 

dn = -(m + s+i ) («i - ') I (?’.»«)* dll 
Hence, substituting « - i for s, 

r+i 

J ^ ~ (w + ^) (m + I - s) J ( dfi 

= (w + j) (m + 5 - I) (w + I - s) - s) I 


But when ^ = 0, TwtW becomes Ptm hence, hy equation (35), Art 232, 


f {T^wydn = (- 1)* —1— 

J-i ' 2m+i^m~s 


Compare Art 233 


13 Express co 8®0 sm*(? am<l> cos</> in Surface Hai monies 
Proceeding as in Art 235, we easily get 

cos^d sm'’d sin 0 cos 0 = t*5F(i — /i^)8in 20 

~ fJL^) - i) sm 20 



CHAPTEE XII. 

ON MEAN VALUE AND PROBABIHIY. 


236 A VERY remarkable application of the Integial Calculus 
is that to the solution of questions on Mean or Average 
Values and Piohability In this Chapter we will consider a 
few of the less difficult questions on these subjects, which 
will serve to give at least some idea of the methods em- 
ployed We will suppose the student to he already ac- 
quamted with the geneial fundamental piinoiples of the 
theory of Probability 


Mean Values 

237 By the Mean Value of n quantities is meant their 
anthmetioal mean, 1 e the part of their sum 

To estimate the mean value of a continuously varying 
magnitude, we take a series of n of its values, at very close 
intervals, « being a large number, and find the mean of these 
v^ues Ihe larger n is taken, and consequently the smaller 
the intervals, the nearer is this to the reqmred mean value 
Ihis mean value, however, depends on the law aooord- 
i j ■which we suppose the n r^resentatvoe values to be 
elected, and wih be ^fierent for different suppositions 
Thus, for instance, if a body fall from rest till it attains the 
velocity 0, and it be asked— What is its mean velocity 
during the fall ? If we take the mean of the velocities at 
infinitesimal intervals of time, the answer 
^^be , ■we colder the velocities at equal intervals 
o^ace, It ^1 be The former is the most^atural sup- 
po^n m tl^ case, because it is the answer to the questiSi 
-What 18 the velocity with which the body would move 
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Case of One Independent Va) table 


Again, if we wish to determine the mean value of the 
ordinate of a semicircle, we might take the mean of a series 
of ordinates equidistant from each other , or through equi- 
distant points of the ciicumferenoe , or suoh that the aieas 
between each pair shall be equal in each case the mean 
ealue will be different 

Thus we see that the Mean Value of any continuously 
varying magnitude is not a definite teim, as might be sup- 
posed at first sight, but depends on the law assumed as to its 
successive values 


238 Case of One Independent Variable — We 

will therefore suppose any variable magnitude y to be ex- 
pressed as a function 0 {x) of some quantity oc on which it 
depends, and its mean value taken as so proceeds by equal 
infinitesimal increments h from the value a to the value h 
Let n be the number of values, then nh^h - a The mean 
value IS 

- (a) + ^ (a + 4 - ^ (a + ih) + I . 

But (Art 90), 


h)-h (j>{a+ 2h) . | = 

Hence the mean value is 


► {cc) dx 


(I) 


Exam PIES 

I To find the mean value of the ordinate of a semicircle, supnosmff th« 
senes taken equidistant ® 


VIZ , the length of an arc of 45® 

2 In the same case, let us suppose the ordinates drawn througn equidistant 
points on the circumfeience ® ^ 

I f»r 2 

if a - ) ^ r sm d ~ r , the ordinate of the centre of gravity of the arc. 
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On Mem Value and P)ohahhty 


argL oldevZn of a p.ojeot:lo ^ for d.fPa.ent 

T4* t. .1. , ■“ « to 45 + ^ , gi^en the initial velocity V 

It a be the angle of elevation, the range is 


jr2 

E = — sin 2a 
9 


Hence J/ _ ^ | _ sin 2a<fa, between the limits 45® ± 

therefore tljt f^^sinzO 


M^- 


9 29 


The mean value for all elevations, fiom 0° to 90®, is ~ ~ 

of tLirVoducr ” “ ‘•'e “ea” ^alo« 


I fn j 

i/ = x{n x) dx ^ 

« Jo 6 


fereLe^of a“Ufo "" ‘‘"•oum- 

to rwee ovL'fvil *1“^?”*'^ tai® one of the points, A, as fixed, and the other, B 
Luld^X wthe^sL? “f“V “o^tyalteungthe position of ^ we 
r *r 1 lepeated let 6 be the angle between 

clfles! ® ^ ® the U ~ 


Jf = - 2 r COS ^ d9 = — 
w Jo TT 


when *tra?f. V**® reciprocals of all numbers from « to 2«, 

wnen » is large , that is, to find the mean value of tlie quantities 


n n V 
I 4 -- 


l + ~ 
n 


I r 

n n ’ 

I f- 


that IS, the mean value of the function -L, as » increases by equal increments 

frA'n\ r f A /» 


from I to 2 , theiefore 

jf=r^=iiogg. 

Jl f>x 

7 To find the mean values of the two roots of the quadraUc 
a^^ax + 

the roots being known to be real, but J being unknown, except that it is positive. 
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Case of One Independent Variable 


In this case 5 is e(iually likely to have any value from o to - , hence» for the 


greater root, «, 


M 


adh 


Jo 

= I a(2a -a^da, since h^a{(i-u), 


thei efore 


M= |a 
o 


The mean value of the smaller root is ^ 

6 

The mean squares of the two roots are ~ JL^*. These might he deduced 

fiom the foimei lesults, since ^ ^ 

M(x‘^) - aM(x) + M{b) = o 

8 Find the mean (positive) abscissa of all points included between the axis 
01 X and the curve 


fl 

y ^ ae 

The mean squaie of the abscissa is 


Ans 


0 



2^39 If M be the mean of m quantities, and M' the mean 
of ni others of the same kind, and if /u be the mean of the 
whole m + ni' quantities, wo have evidently 

niM +• m'M' 


Thus if it be requiied to find the mean distance of one 
extremity of the diameter of a semiciiole from a point taken 
at random anywhere on the whole peiipheiy of the semioirole , 
since the mean value when it falls on the diameter is and 

the mean value when it falls on the arc is — , we have 

TT 

4r 

2 r 1 +Tri - 

jr or 

fjl =S =r — • 

2} Wi 2 + TT 
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On Mean Value and Ptohahihty. 


240 C^e of Two or More Indeitendeiit Variables 

i 8 - ^ (■») be any function of two independent vanables, 
and X, V be taken to vaxy by constant infinitesimal increments 
A, A, between given limits of any kind, the mean value of the 
function z will be 


^ J^zdxdy 

lidxdy^ 


(3) 


taken between the given limits 
ine easiest way of seeing this is to suppose x, y, z the 
coordinates of a point ; and to conceive the boundary, repre- 
senting the limits, traced on the plane of xy, and then ruled 
by lines parallel to «, y at intervals k, h apart We have 
thus a reticulation of infinitesimal rectangles hh ; and if at 
each angle an ordinate 2 he drawn to the surface s = 0 (a-, y), 
as the number of ordinates will be the same as that of rect- 
angles, we shall have 


volume jfzdxdy = sum of ordinates x hk ; 

also the plane area J/dirdy = number of ordinates x hk ; 

ro that dividing the sum of the ordinates by their number, 
tne above expression results 

It may he shown, in like manner, that for three or more 
maependent variables a similar expression holds 

It IS evident that the above expression, viewed geometri- 
cally, gives the mean value of any function of the coordinates 

ot a series of points uniformly distributed over a given plane 
area 


Examples, 

I Suppose a straiglit line a divided at random at two points to find the 
average value of the pioduct of the three segments ^ ^ 

distance of the two points X, F, from one end of the line be 
tU uh^lf th^wMe sim ) of the products’ tor 

^^2 A uumler u is divided into three parts, to find the mean value of oue 
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Case of Tao ot More Independent Vai lahles 


Let a?, y, « — a; — y be the parts , 

rr 

Jo Jo 


ir. 


xdxdy 


n: 


dxdy 


This value might be derlnced, without peiforming the integrations, by consider 
mg that the exp.ession u the absusaa of the centre of gravity of the triangle 
^*“5, taken on two lectangulai axes, each = a 

Uf coiiise the result in this case lequires no calculation , as the sum of the 
mean values of the thiee parts must be = a , and the three means must be equal 

The mean square of a part is - 
6 

f <.c f at random into three parts to find the mean value 

ot the lemt of the three parts , also of the greatest, and of the mean 

diet x,y,a-x-y, be the greatest, mean, and least parts The mean value 

of the greatest is JIT = the limits of both ® f 

integrations being given by 


x>i/> a- 


/>o 


If X, y be the coordinates of a point, referred 
to the axes OA, OB, taking OA = OB = a, the 
above limits restrict the point to the tiiangle JtrjT 
(AM being drawn to bisect OB) , and the above 
value of M is the abscissa of the centre of gravity of 

this triangle , i e - of the sum of the abscissas of its 
angles , hence 

3 V 2 3 / i8 

The ordinate of the same centre of gravity, viz , 



Fig S4 


3 \2 3 J I8 ’ 


IS the mean value of the mean part , hence the mean values of the three parts 
requited are respectively 


” 5 

Is"’ -,8" 


I 

9 


4 To find the mean square of the distance of a point within a given square 
(side = 2 «), from the centre of the squaie 


4“ J«aJ~a 3 
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On Mean Value and PjohabtMy. 

area from any fixed distance of all points on any plane 

the area round that point ^ sqiiaie of the radius of gyration of 

all points inside^th^circle*^^^^^^ ^ circumference ofa circlefiom 


M: 


ira^ 


=i£l 


2 a cos 6 


r''dQdr=z 


S2a 

gir 




Examples 

If * “ean distance between two points within a given circle 

sented by ”*“> •number of cases is repre- 

(vr^yu 

oZ lnli?drfby ^X'Vtt f ‘'Vt ‘^V“’ 

a point on the circumference from a distance of 

7r>2jfp zvrdr 


doubling this, for the 


cases where the point B is talcen in the annulus, we get 
d {{fc^'^YM} ^ ^Tt'i Mar'^dr, 


Now 


32^ 

•"»= — (Ex 5. Alt 240 ), 


therefore 


therefore 

2 To find the 
plane area n 
Let dSf dS' be 
we have 


, 128 rr 

vy-r^M = — TT r^dr, 

9 Jo 

45’’- 

mean square of the distance between two points taten on am 
any two elements of the area, A their mutual disUnce, and 



CaBe of Two or More Independent Vanalles 
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Now, fixing tlie element dS, the integral of is the moment of inertia 
of the aiea n round dS , so that if Khe the radius of gyration of the area round 
dS, j 

M^~ilK^dS 

let r - distance of dS from the centre of gravity 9 of the area, k the radius oi 
gyration round & , then 

jBTs = 4. ;5.2 , 

therefore if = ^ ^ jj ^2^^ _ 2jt2 ^ 

thus the mean squaie is twice the square of the radius of gyration of the area 
round its centre of gravity 


242 The mean distance of a point P within a given area 
from a fixed straight line (which does not meet the area) is 
evidently the distance of the centre of gravity Q of the area 
fiom the line Thus, if A, B are two fixed points on a line 
outside the area, the mean value of the area of the triangle 
ABB IS the triangle AGB 

Tiom this it will follow, that if Z, F, Z are three points 
taken at landom in three given spaces on a plane (such that 
they cannot all be out by any one straight line), the mean 
value of the aiea of the triangle XYZ is the triangle 
determined by the three centres of gravity of the spaces 


Example 


I A pomt J? IS taken at random within 
a triangle ABG^ and joined with the three 
angles To find the mean value of the 
gteatest of the thiee triangles into which 
the whole is divided 

Let be the centre of gravity , then if 
the gieatest tiiangle stands on B is 
restricted to the figure CBOKy and the 
mean value of ABB is the same as if B 
were restricted to the tnangle QGK , hence 
we have to find the area of the triangle 
whose vertex is the centre of gravity of 
G GJf, and base AB , 


C 



therefoie 


jlf = i {ACS + AXS + ^05) = i ^ I + i i j AJBC, 


hence the mean value is ~ of the whole triangle 

lo 

The mean values of the least and mean triangles are respectively ~ and -j— 
of the whole 

This question can readily be shown to be reducible to Question 3, Art 240. 

[23j 
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243. If ^ be tbe mean value of any quantity depending 
on tbe positions of two points (e g tbeir distance) which are 
taken, m a space A, the other m a space B (external to 
■d.) , and It M be the mean value when both points are taken 
indiscriminately in the whole space A + B , 3 B, Ma the 
mean values when both points are taken in A, or both m B 
respectively; then 

{A + By M' = 2 ABM + A^Ma + B^Ma (4) 

If the space A = B, 

A-M' = 2M ■] Mj + Ma, 

if, also, Ma = Ma, 

2 M' = M+Ma 

thus if M be the mean distance of a point within a senu- 
circle from a point in the opposite semicircle, M, that of two 
points m one semicircle, we have (Art 241), 

M+M, = ^-^r 
45 '^ 

To determine M 01 Mr is rather difficult, though their 
sum IB thus found. The value of M is r 

Examples 

1 Two points, Xj Y are taken at random within a tnauffle What is 

tHenf t 

Bisect the tnangle by the line CH, let JIfi be the mean value vhen both 

and the 

= Jifi -j- ^2 

But Ml — ~M, and Mt = OCf C, where G, &' are the centres of gravity of 
^CD, SOD, this being a case of the theorem in Art. 242 , hence 

Mi = ^ABC, and M=,~ABO 
9 27 

2 To find the mean area of the triangle formed by lomino- an anvle cA . 

iquare with two points anywhere within it ^ ^ ° 8 6 of a 
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Case of Two or More Independent Vanalles 

By a similar method t^iis is found to be 

of the vhole square 

\ tnangle formed by joining the same two 

points with the centre of the «5quare ? 

We may take one of the points X always m the square OA , take the whole 
BQuaie as unity , then if jliTbe the mean, the sum 

of all the cases is G 


ifi, Mz, Mz being the mean areas when the second 
point Y IS taken respectively in OA^ OJBy and 00 
But Ms = Ml f for to any point Y in 00 there cor- 
responds one Y^ in OA^ which gives the area 
OXY' = OXY , 



T 

/ 

x" V 

Y 

0 


theiefore 


But 


M = -Mi f - Jf, 
2 2 


B 


Fig 56 


Ml =3 M% » Y" , hence if = of the whole square ♦ 


244 If two spaces A + (7, jB + (7 have a common part 0, 
and JIf be any mean value relating to two points, one mA-j-C, 
the other m jB + (7 , and if the whole space A + JS + 0 = TT, 
and Mffr be the mean value when both points are taken indis- 
criminately mW\Mj, when taken in A, &o , then 

2{A+C){B-¥C)M^W^M^^C^M ^ E^Ms, ( 5 ) 

as is easily seen by dividing the whole number of oases 
into the different classes of oases which compose it 


In such questions as the above, relating to areas determined by points 
taken at random in a tnangle 01 parallelogram, we may consider the triangle as 
equilateral, and the parallelogram as a squaie This will appear from oi thogonal 
projectioii , or by deforming the tnangle into a second tnangle on the same 
base and between the same parallels, when it is easy to see that to one or more 
random points m the former there correspond a like set in the latter, determining 
the same areas This second triangle may be made to have a side equal to a 
Bide of an equilateral triangle of the same area , and then be deformed in like 
manner into the equilateral tnangle itself Likewise a parallelogram may be 
detoimed into a square 
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JiXAMPLE 

a ■a>:'s;vs “ ■ “ 

2-^-B GM M=Am ^-AD+CJB!‘\cB-AC-‘ IaG-BJ^ Ib1> 

^ ^ 3 3 * 

since the mean distance of two points m any hne is i of the line , 


therefore 




. - ac^-jdb^ 

6AB CD 


to astfst probability may often be made 

to assmt in determining mean values Thus if a trivAn 

?oSl ^ chanoeTa 

point P, taken at random on A, falling on 8 is 


8 

^ = 2* 


But if the space 8 be variable, and M (8) be its mean value, 


P = 


M{8) 


( 6 ) 


For if we suppose S to have « equally probable values 
P on Ir 

I 8i 


^ * 
^'~n'A 


now the whole probability p =jt)i + 4 », + 

at once to the above expression 

The chance of two points falhng on 8 is 


P = 


M(8^) 


; which leads 


( 7 ) 


®rich a case, if the probability be known, the mean value 

S^thld «'2ee rmd Thus, we might find the mean value 
of the distance of two pomts X, T, taken at random in a hne! 
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by the consideration that if a third point Zbe taken at random 
in the line, the chance of it falling between X and Xis - as 
one of the three must be the middle one Hence the mean 
distance is - of the whole line 


Again, the mean power of the distance is 

■L IT, -r-, . ('* + + 2)’ 

where a = whole line For if p is the probability that n more 
points taken at random shall fall between X and Y, 


M (XF)» = ay 

Now, the chance that out of the « + 2 points X shall be 
one of the extreme points is , and if it is so, the chance 

tI -r 2 

that Y shall be the other extreme point is . 

w + I* 


Examples 

I Flora a point X, taken anywhere 
m a tnangle, parallels are drawn to two 
of the sides Find the mean value of 
the triangle UXV 

If a second point X be taken at 
random within ABG^ the chance of 
its falling inXVV is the same as the 
chance of X falling m the correspond- 
mg triangle X' XI' V\ that is, of X 
falling in the parallelogram XC Hence 
the mean value of UXV ^ mean value 
oi XC But the mean value of {UXV 

•iXC) IS - ABO ^ as the whole triangle Fig 57 

Tius* such parts by drawing through X a parallel to AB • 

M(UXr)AABC 

O 

The mean value of UV la -AB For UV is the same fraction of AB that the 
altitude of X is of that of 0 see Art 242 

♦ The triangle may be considered equilateral see note, Art 243 
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theSangk^'Vwe ^et ^ A the altitude ol 

If the ai ea ABO be tahen as unity, we have, since TTXV AXB=AXB ABO, 
(AXBY=i UXV 

Thus the mean square of the tmngle ^ is i If two other points r, ^are 
en at random in the triangle, the chance of both falling on AXB is thus the 
same as that of a single point faUing on UXr, i e i Hence we may easily 
infer the following theorem — 

chanL^’ZtTJ at random in a triangle, it is an even 

AXC, BXG triangles jy 

2 In a parallelogram ABCJD a point X is tahen af 
triangle ABC, and aLther, Y, m ABO 
Fmd the chance that X is higher than T 
Draw XM horizontal the chance is 

mean area of AKX - ABO 

But ABCK^XOV, and the mean area of XXJVvi - ACB H| 

(Ex i) , hence the chance is ~ ^ 

6 

l,r, J a point taken at random on a tnangle, and 

hues he drawn through it from the angles, to find the 
mean yalue of the tnangle BBB (Mb Millbb ) 



three times it^viS^rfrom^ii^ “if and subtract 

AOC, AOB, it IS easy to proye that ^ BOO, 


AEF^ 


(a + i8)(a + y) 


ABO. 


area ABC = i, and if 
dS be the element of the area at 0, 


M {ABF) = 11 ^ 


he integration extending over the whole tnangle 

But if 5' are the perpendiculars from 0 on thA airisao h . ± v s 
shown that the element of the area is ^ ^ 



_ dp dq 4 

'"sinX be smA ^d^dy 
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Thus the mean value of AEF becomes 




Again, by Art 95, the definite integral 


therefore 




Hence the mean value of the triangle DBF is 

10 — 

that of ABC being unity * 

fn remarkable that the same value, lo - ifl, has been found by Col Claike 

d^a^*fromT B triangle formed by the iintersections 0/ three hues, 

awn from A, S, C to points taken at random in «, i, c respectively 

4 To find the average area of all triangles having a given nenmeter 
wIv^So tS^rna^tf Siven perimeter is divided at random ufevery possible 
1® ^ “V*’ those cases are taken m which lie can 

form a tnangle , then the mean value of ’ ’ 

^ = Vs(s-a)(s-J)(,_e) 1 X ’f 

Fig 60 

has to be found 

Take = 2«, let X, T be the two points of division, AX AT 
these are subject to the conditions * ^ 

*<«, y> s, y-x<s 


~ V(5-a?)(y + , 


y:M{A)^ 


Again, by Art 132, we have 


+ ®) dyix 

Pr dydx 

J a Jv-s 


-y-\- X)dx=^'^{2^ ^ y)2 5 


Mean area = — (25)* 
105 ^ ' 
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In the same case we should easily find 

Mean square of area = — 

5 Three points are taken at random within a given triangle , prove that th« 
mean area of the triangle formed by them is ~ of the given tnangle 

Call the area of the given triangle A, the requii ed mean M w& will first 
pKive that if Mo he the mean area v hen one of the three points is restricted to a 
side of the gi\ en tnangle, 

J/ = ^ Jifo. 

4 

^ an inclement of area dA, hy adding to it an infinitesimal band 
ncluded between the base a and a hne parallel to it, the mciease pioduced in 

K i j considering one of the random points X 

tafcen m this band ; the additional cases introduced ill he represented by 

A*<fA Jfo 

consider also the cages when 

nl f n * “““ber being proportional to the siuare of rfA) hTow the sum 

of ah the original cases is A»J6f , hence / uw we sum 

d(A^M) = 3A*ifodA jA 

XT ^ y/\ 

Now ~ IS constant for all triangles (see note, / \ 

^ 243), / \ 

hence £ d a*= 3A»df,rfA , - df = ^ if, A. 

4 


Fig 6i, 


D ot?h“b,^t ^ ^ a painouTar point 

if be the mean value of DYZ the ’sum ^ tnangle Let 

decomposed into three gronnf Jr ^ ^^7 b® 

0) oneineachtnanlll ^ ‘ r.^arein iBD , (2)bothmuifo, 

^AOD+i^£J).AOJ) ^ 

27 ^ * 

i-te =,.) I., u .".“'.s.s'rf tais”; 

k^XMU.. U» ^ ^ __ 
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^ ‘o ^hole «„m of caaeo m 

)-+5«(— )ti., 

therefore = 

9 9 

^ > and therefore M=^ Mn =— a 

CoK Hence, rf four points, 5, c, D, are tken arrandom withm a 
nangle, the chance that they deteinnne a re-entrant quadrilateral is - For 
the chance that i) falU rn . the mean .alue of dividelby the 

whole triangle, that is and we have to add to this the chances that d falls 

m JBD, &o The chance that J.JBCD is convex is ? 

equal to its distance \rom the^enSe^'5 fftartv^ froin all points in the area is 

which leaves the veitex m the direction 

centre of gravity in a direcC pS to th^nthl 

being parallel to the base ^ other--the axis of the paraboli, 

let an iiidelimte line AI> be con- 
ceived to revolve round A, from the 
direction AC b> AS, and as it revolves, 
suppose that all the mass of the tnangle 
-f 5(7 which lies to the right of it is 
ttansferred continuously to the vertex A 
1? o’f tlei^lole mass 

wiU thus desonbe a curve starting from 
7 '^•len the line is 

at ^i^let the centre of gravity be at ^ , -o 

1 ^ it IS in the consecutive position ^ P' P v> 

, let the centre be at As the Fie 62 

mass of the tnangle AJPr has been transferred to A, gg is parallel to Af also 
, APF' 2 

smce-^Pis the distance traversed hy the centre of gravity of the transferred 
poition of the whole mass * 

But as 5 ^5 IS the mean distance of aU points in APF' from A, the sum of 
every element in AFF' multiplied hy its distance from A ^ APF ^ i^p 

• See Eaniine, Applied Meehanies, p 54 
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It IS easy to show that if is drawn parallel to BG^ we have 

3 

and that the curve is the parabola mentioned above For A and ^ ai e m directum 
with the centre of gravity of ABB ^ and hence, since g is the centre of gravity 
of ABB and of a mass at A equal to ABG, 

AT BB BB c 

s= — , and — ^ 

2 « zgT At 


PROBABIIITIES. 

246 The calculation of Probabilities, when the number 
of favourable eases, as well as the whole number of oases, is 
finite, 18 not a subject for the Infimtesimal Calculus It is 
when the number of cases depends on oontinuousljp' varying 
magnitudes, and is therefore infinite, that recourse has to be 
made to the methods of the Integral Calculus. 

The same remark applies here which we had occasion to 
m^e as to mean values (Art 237) The value of the pro- 
bability will depend on the law according to which we select 
the senes of cases which we take as representmg the total 
n^ber— that is, jt will depend on which variable (or vana- 
bles) we suppose to be taken at random, that is, to proceed bv 
constant infinitesimal mcrements,* in other words, to be the 
indepmdent vanable (or variables; Thus, if we have to find 
the chance of the hne, drawn from a fixed point to a given 
fimte^ght hue, exceeding a given length, the results will 
different if first, we suppose a senes of lines drawn to 
at random on the given hne, or, secondly, a 
Mnes of hnes drawn in random duectiona from the feed 

tile problem has an obvious 
sense which precludes any such imcertainty 

^ consider a simple question on chances Two 
integers are chosen at random from o to 6 mclusive ; to find 

««ny 

(wbmi nu^irared along a straicbt nV nn ■# ^ a number of pomte 

W the puip<Be8 of <^cuIationf as 
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tlie chance that the greater of the two exceeds a given value, 
suppose 3 Here the whole number of oases, all equally 
probable, is easily seen to be 

I •t-2 + 3+ 4'^5 

and the number of favourable cases is 

4 + 5 + 6, 

so that the required chance is y 

If, however, the question is not confined to integers, but 
that the two numbers chosen may have any arbitrary values 
from o to 6 , oi as we may state the question — Two quan- 
tities are taken at random from o to « , find the chance that 
the greater of the two is less than a given value b — 

Let X be the greater , then for any assigned value of x 
the number of oases is measured by x (since the lesser may have 
any value from o to ;») , hence the number of cases when the 
gi eater falls between x and x-¥ dxi% measured by xdx , the 

whole number of oases is therefore J* xdx ; and the favourable 

oases are xdx The required chance is therefore j?? = -r 
Jo (X/ 

This instance will serve to show how the Integral Calculus 
may enter into the estimation of chances It is true that it 
might easily be solved otherwise , for if the two numbers are 
considered as the distances from one end of the line of two 
points taken at random in a Ime of length a, and if we 
measure a distance I from that end, the problem is really to 
find the chance that both points fall within h , which chance 

IS evidently 

248 We proceed to give a few easy questions on proba- 
bilities general rules can hardly be given for their solution, 
the number and diversity of the questions which may be 
proposed being so great that no attempt seems to have been 
made to classify or connect them in a regular theory We 
will give, in particular, several on Local or Geometrical 
Probability 
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Examples 

I If an event B is known to have occurred in a certain century, the char 
that It was not distant more than n years from the middle of the century is 
2n 

course hut if three events, -4, J9, O, are known to have occurred in t 

century, and that ^ preceded B, and B preceded 0, let it be proposed to fii 
how far this amount of knowledge alteis the value of the chance for B 

Let a: he the number of years from the beginning of the century to t] 
events, then, for any assigned value of a;, the number of tnple cases 
z(ioo-a} hence the number of favourable cases divided by the whole number 


f 60 +fi 

:r(ioo - z) dx 

_ 60- n 

'100 

z{\m — x)dx 

0 


^ 100 


2 Two numbers, Xy y, are cbosen at random between o and a find th 
stance that the product xy shall be less than - (its mean value) 

Here 

the integral being limited by « > s: > o, « > y > o, and < fL* hay, 

4 

^JCordingly to integrate for y from to o, when * is between o and ? , and iron 

^ a ^ 

- to o, when x is between ~ and a , thus 

^ 4 

a 

iidxSy = f \° f dx = + f! log 4 

Jo Ja AX 4 4. ® ^ 


Hence P = i + ilog 2 

tfaat\eir diS^M ^L^r^Si all S^e“a pvefvaW® “ ’ 
Une^L“r4^^rofa%t^^^^^^^ of the 

ohince 

ot y - X exceeding c The point P whow !.« X 

y, m the squire OP (side = a)' / 

may take all possible positions in th« H^.lgi ® ^ » J’ 

tl>en If we measure OS = s, the favourl^ble cfses p,g 63 
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occur only when f is in the tnangle iifi-/, h.nce the probability required 




JBSI 
OBD ' 




In fact this 18 only performing the integrations in the expression 


'a /*y-« 




n: 


dxdy 


O y 

^d.dy 


e Vthe" *- ‘he chance that no 


\.X: xr X at j,auUUjUl lU » ilUe a. 1 

iSfothc ^ segments shall exceed a given ^ 

The segments being as before, x, y-x,a-y, 

■P-^= P/=y-* There wS,, 
be two cases — XJ 

(l) li a, tskQ OU^Br=^BZr=BN^ey 

then It IS easy to see that the only favouiable V 
cases are when P falls m the hexagon UZJSfMJV, 

OBB-^i UBZ 


Z K 


Pi- 


OBI) 


= I 





Fig 64 


(2) If <?< -«, take OU=Br^e, as befoie, then the only favourable 


cases are when I falls in the tnangle BSTy 


therefore 


Pi- 


BST 

OBI)' 





since £ST = - fjr*, and ST= rT+ RS- VS 

=: 2 C ^ (a - c) 

Such cases of discontinuity m the functions 

seW present them- 

seJves Jhe functions are connected bv veiv 

Jf Thus, m the present question, 

II pi —/(<?), p2 = P(<?), we have 

/(«) -/(o - c) = R(a - C) 


Fig 65 
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extreme limits are equally probatle, the whole number of oases will be repr( 
seated by 


TtdxdQ = TTflf 


l^ow, if the rod crosses oae of the lines, we must have e > , so that th^ 

, , , cos a 

favourable eases will be measured by 


i" rcc 

Jo 


dx = 2c 


Thus the probabihty required is = — * 

ira 

This question is leniarkable as having been the first proposed on the subfeot 
uow called Local Probability It has been proposed, as a matter of tuiiosity, 
to determine the value of tt from this result, by making a large number of tn^s 
TOP a rod of length 3a the difficulty, however, here consists la ensuring that 
the rod shall fall really at random The circumstances under which it is thrown 
may be more favourable to certain positions of the rod than others Though we 
may be unable to take account d prtort of the causes of such a tendency, it will 
be found to reveal itself through the medium of repeated trials ^ 


249 Sometimes a result depends upon a variable (or 
variables) all the values of which are not equally probable, but 
are such that the probability of a certain value for a variable 
depends, a(^rdmg to some law, on the magnitude of that 
v^ue itself (and also, perhaps, oa the values of other variables) 
Ibm apomt may be taken m a straight hue so that all 
pMitions are not equ^y probable, hut the probahility of the 

to a? end having the value «, being proportional 

_ itsdi This woTild be m fact supposina: the series of 

pXStmnS'?°“ rauged along the line with a 

^ V were the projections, on 

^e^Md random m the space between the 

a.,r „„eaS^“ 0“^ ‘k® ■*““»» of 

Lot ft be the dutenoes from a„a oappose p > ., 
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Here the probability of a point falling between x and x -¥ dx 
18 not pioportional to dx, but to xdx , and the resxdt will be 



The mean values of the three divisions of 
same case, will be found to be 


the line, in the 




1 

-a 


5 


,h. S ^ ^ ol^ance, that 

the dijferenee of the alMudes of two points within a tiiangU 

shall exceed a given fraction ^ of the altitude of the ti tangle. 


Examples 


^ A points being taken on tte sides OA, OB. of a square tliA ohnn/. 
of their distance being less than a given value } is easily seen withiuJcaloX 

tion to he provided i < i, , as it is the chance of a point taken at random m 
hke^^sefor“eU^ ^ and si + &; is proportional to 


i> = 


IJ 

xydxdy 

i:i 

ra > 

xydxdy 

lo 


the upper integral being limited by a;* -b y* < hence jo « — 

Thus It IS an even chance that the point deteimined by the coordinates s;, y 
shall fall within the quadiant 
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Oft ^Bo/ft "Vcilue (tud PTohcthiltty 

shot IS he^d to strike the target, chanonf its tS bVs e” u 

of course - • If, however, toe shots have been fired, to find the chance that 
the tot of the two has hit the buU’s eye. 

mtssMff the eye IS consideraUons , as the chance of both 

^=(~) 

Hence the required chance of the best shot having hit it is 

distant” Wbe Se“~.td » 

shot striking the area a L ’ by arStfS , hence the chance of the worst 

(over a) m 
fjr^dtS{oYeicA} “ IF’ 

hence that of a being hit (by one or both) is 

-(^r- 

and the chance of both hitting it is But the chance of « being hit is 
hence if p. be the required chance, vis , of the best shot staking », 

“oments of inertia above 

fails 

would have given the required prlbaliii^ ’ ™ ^ 

_ — m 

, _ , A- 

which IS easi ly shown to be identical with the above value 

bity to^he“centa ttUJet”^®Th« greater prob^ 
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Curve of Frequency > 

250 Curve of Frequency — In questions relating to 
a vaiia,ble, the prohahihty of any value of which is a function 
of that value itself, it is often 1 
useful to consider what is called 
a curve of frequency Thus, if 
the probability of a given value 
of X IS proportional to ^{x), and 
we draw a curve y = C(j> (x), 

then when a great number 

of values for * are taken, the ° ^ ^ 

number in any element dx is 66 

proportional to the area of the curve standing on that 
element , the ordinate at any point P representing the 
density or frequency of the points at P the abscissas of all 
points taken at random m the area of the curve are equally 
probable ^ 

1 ^ <^aken at random in a straight 

line Am, and X means always that 

nearest to A, the curve of frequency 

for Y will he a straight line through 3 ^ 

A , that for X a straight line through 

B This will often simplify ques- 

tions e g suppose we have to find 

what IS sometimes called the most Ax p y E 

probable value for AY, le such a Fig 67 

value AP that AY is equally hkely to exceed or to fall short 

of it Smoe the curve of frequency for Fis a hne AC, we 

have only to^nd P, so that PB bisects the triangle ABO , 

1 e AP = — because as many values of AY exceed AP as 
V 2 

fall short of it. The most probable value is not the mean 
value, VIZ , - AB, being the horizontal distance of the centre 
of gravity of ABO, from A 

A point Y IS taken at random in a line AB = a, and 
then a point X is taken at landom in AF (or a rod may he 
supposed broken in two at landom, and one of the pieces 
then broken in two), to find the chance of the length of AX 
falling within given limits 

[ 24 ] 
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Let X, y be the distances from A , for any assigned value 

of y, the chance of X falling between x and x + dx is — • 

hence the chance of X falhng between ^ 

X and X + dx^ and of Y falling between 
y and y + dy^ is measured bj 

dxdy 

ay ’ 

hence the whole chance of X falling 
between x and x dx 


dx r® dy dx 
^ Jx y a 


dx a 

a log-=-«folog*, 



if for simplicity we put a = i 

2 = - log 0 ?, 

at A. being infinitely great 
The area of this curve from 0 to is 


^logl 

X 


and this IS the probabihty of ^X being between 0 and * • 
the whole area, when a; = i, being i, as it ought to be since 
it 18 certain that X falls on AB The change of X fallme 
between given limits x', x", is of course ^ 


«'log^-a;"log-i. 


a? ( I - log i») ~ - 
2 

This gives X about one-fifth of the line AB. 
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Tlie mean value of x is 


2If = 


xzdx 


'1 

Jo 


one-fourth of AB 


zdx 


This last result might have been foreseen ; because if we 
take a point at random in each of the segments AY, Y£, 
the line AB is divided into four parts, the mean values of 
which must be the same, as each of them goes through the 
same series of values as the others , the sum of the mean 
values being AB 


Ex^imples. 


I A line IS divided at random, and one of the parts again divided at random 
as above, to find the chance that no one of the three parts shall exceed the sum 
of the other two (i e that a tnangle might be formed by them ) {Ccmbndffe 
Math Trtpos, 1854 ) 

The probability that X, F shall be taken in two assigned elements dx, dy is 
(taking a =! i), 

dxdy 

This differential being integrated throughout any limits gives the sum of the 
probabilities of X, F being found in each pair of values for dx and dy v hich 
enter into the summation — that is, the cases being mutually exclusive, the 
probability that X, F will be found in some one of those pairs 
In the present case the limits are equivalent to 

I I 

X <-<y < i, a?>y-- 


Henoe 


-rj; 


dydx 
y-i y 


= log 2 • 


2 An um contains a large number of black and white balls, the proportion 
of each being unknown if on drawing w + « balls, m are found white and 
n black, to find the probability that the latio of the numbers of each colour hes 
between given limits 

The question will not be altered if 
we suppose all the balls ranged in a line 
ABy the white ones on the left, the 
black on the right, the point X where 
they meet being unknown, and all posi- 
tions for it m AB being d prtort equally 
probable , then m-¥n points being taken 
at random m AByjn are found to fall on 
AXy n on XB 



X 

Fig 69 

That is, all we know of X is, that it is the (m + 1)*^ in order, 
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feT^th^number of'cteaVr X bet at random on A£ If JX » # 

^ uetween x and x + dx is moasiired by 

\ m+n 

whokTuLler CweL^antiwo'^*'’’ f t« »» " 

from A of the pomt X hes between a “’ 


P = 


I! 

f iK” (I -«)»(& 

J 0 


The «,n,. of frequency for the pomt X wtU be one whose equation is 

y = rpm (l « ^)n 

L.. „ fc. ^,1 4'2ta~ M M. i„. 

drawn, to find the chance that the proportion of white balls is between f and » 

of the whole-that is, that it differs by less than ± i from |, its most iatur^^ 
value Here 5 5 

fj il!’ (I - »)*<& 

iL 2256 18 


(l — xfdx 


5' “ 25 ’ 


two ways wCh*w m,frSll^eMlusi“^thTrbeS^*a“°*h’l™ “ ““® '** 

knowledge with regard to it— the ratio nf ttl m ^ dftnon 

whole number, meaning the real nroTiohil°f.r white balls to tlr 

manifested by LiiXtf number of !«• 

the same kind. ^ S*''® o"® more example M 

find^ tht'probSbihty ,+{!'* ” *^*“®® “ “ + » t^als To 

fail q timL ^ *^> liapp«n p times and 


For a specified set of m pomte, out of the », + „, faUing on XX, A* 


number is (1 - , the number of such 


sets IS 
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That IS, that p-\-q more points hemg taken at random m AB, p shall fall in 
AX, and q m BX The whok number of cases is as before 


\m-hn 

\==={AB)P*^ 
]m]n ^ * 


rl 

0 


I «» + W 
^xYdx--=== 
I m I w 


(i - xydx 


When any particular set of p points, out of the ^ -f ^ additional trials, falls in 
AXi the number of favourable cases is 


m + w 



0 


I 2 3 


But the number of diflferent sets of p points is — 

123 pi 

Hence the probabihty is, putting as before \ p for i 2 3 p, 


\P + q) 


2 3 


Pi = 


l^p -h q ~-x)^-^sdx 

L^Li f x»*(l-x)»dx 
J 0 


By means of the known values of these definite integrals (p 1 17), we find 

\jLtl l ^+JP + g [ w + »+ I 


i?i = 


\jp Lf L^L- | w+»>+jp+g+ 1 


For instance, the chance that in one further trial the event shall happen is 
w + I 

^ + 2 easily verified, as the hue AB has been divided into w + w + 2 

sections by the w + w + i points in it, including X Xow, if one more tnal is 
made, 1 e one moie point taken at random, it is equally likely to fall in any 
section , and #» + i sections out of the entire uumbei are favourable 

4 Trace the curve of frequency of the ratio ^ , a and h being numbers taken 

at random within the hmits ± 1 
If we measure the values of 
the ratio as abscissas along an 
axis OX, and make OA = i , 

OA' = - I, AB = A'B* = I , 
then the line whose ordmates 
are proportional to the fre- 
quency will be, for values of 
a 

~ comprised between the limits 

+ I, the straight line BB\ but, for values beyond these hmits, will consist of 
the arcs BG, B'C of the curve x'^y = i 

It 18 thus an even chance that the ratio ~ hes itself between the limits i i 

this would also appear by a construction such as that given in the next Article 
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moi^mp^Tan” aTw*U*rT"" 

of the theory of’Probabihtv i<! +t difficult, departmei 
description ^ example of the simple 

mentZiJJ^Ew'to an ’ each measur 

may amount to + „ «r defoot, whn 

supposed equally probabto*^’^To^S’r“ 
that the enoT m tirsum aI p If Tt 

TiusTf'^ also^ts mSn 

times Wd\7Sum?Th?f «omi 

intermediate obieot nnd^off^^ a,ngle between A and B, a 

and adding th^twV aZlef ^ ^ 

to an error ± s' all valnoa >i ^ each measurement is habl 
probability of the error of o^^jly probable, to findth 

itSp” “ 

mi 


7 

p' 


0 



of th?fif«f ° ^ ^“^"08 

^ ^ t^e distances 

in ^ ^ ^“dom 

in uiM; positive when in OB • 

negative when in 0^ Make also 
AB = 2 „, the values of the second 
mr are given by points in A'B' 

Tp any values, OB = a, for the first, ^ - 

taW ®®““d these values 

otr *• 

^ be uniformly distributed ove^ the square ^ 

Ot th. . C<„e^“d2rsif I± r” 

€ = «? + a?' = OS 

» rs 1. dn,w„ .t «° to «« ■»»» Now g „f tte 
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errors x x' which give * + f the same, give the same value 
for a hence all points on the line //correspond to com! 
pound errors of amount OS Take & = rfe; the number of 
compound errors between a and a + * is the SeJ 3 
points between // and a parallel to it through a Now the 

area of this infinitesimal strip 18 evidently x^ow me 

(20 — a) dt 

Hence the probability of the error hemg between a and 

€ + a€ 18 


P = 


(2a - 


4a* 


Thus the frequency of an error of magnitude a = OS is 
proportioMl to //, the intercept of a hne throuffh 8 slMin^ 
at 45 . The probability of the error a falhng between ^anf 

measuring these 

lengths (with their proper signs) from 0, along Jb, and 
dividing, by the area of the wnole square, the area intercepted 
on the squ^e by parallels through S and S', slopmg at 
Thus the chance of the error falling between the hmits 

i: a (tlios© of til© two oompoDerit errors) is 

The mean value of the error, strictly speaking, is 0 but it 
IS evident that for this purpose we ought to consider negative 
errors as positive, and consequently take the mean of the 
arithmetical values of all the errors, which is the same as the 
mean of the positive errors only; hence the mean error 
required is 

i*f(*) = ±-a. 

3 


The most probable value, such that it is an even chance that 
the error exceeds it (smce the triangle JKI must be - of the 
whole square, for that value of OS), is ^ 

± 0(2 - v/2) = ± 586 a. 
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™ proposed to find the probability of a ffivei 

W™ probability of an erroi 

between x and « + &; in either is ^ 


P j^e 

CVtt 


dx ; 


the coefficient hemg determined by the necessary con- 

dition that the differential, being integrated from oo to - oo, 
mnst give unity, as the error must lie between these limits * 
of the above construction, the number of values 

of the first error between x midi x + dx being proportional to 


e dc, 


and the number of values of the second error between x' and 
x + dx being proportional to 

;r» 

e^'dx'. 




^ dx dx\ 

Hence the number of points, corresponding each to a case 
of the compound error, in any element dS of the plane at a 
distance r from the origin, is measured by ^ 

— 

e^^dS, 

which shows that the points have the same density along any 

• It u o^oourse absurd to consider infinite values for an error but tbe 

!if "" *’ *1”^ to ooincide witb its asymptote, the ana of * 

th&t tli.6 cases wliere x lias any larffe values arft so fnflivin. i. i ^ 

indifierent whether we include them oTnT ® 
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circle whose centre is 0 Now the probability of this com- 
pound error being between c and € + ds is proportional to the 
number of points between c//and the consecutive line, making, 
as before, 08 ~ e, 8s == de But this number is the same 
as^when the strip JI is turned round 0 through an angle of 
45°, because the points lie in concentric circles of equal den- 
sity Hence the number is pioportional to 


2C2 




*'“00 


> 7 IT 


e 

7^ 


'ds, 


as the perpendicular from 0 on JI is 

V ^ 

Thus the probability of a compound error between £ and 
£ + IS proportional to 

e 

and as this, when integrated between the limits ± oo , must 
give the probability i, the value of jt? is ’ 


P 


1 ~ 
2c2 


di 


ztt 


H thus follows the same law as the two component errors, 
c ^/ 2 taking the place of c 

252 Various artifices have been employed for the solution 
of different interesting questions on Probability, which would 
be found extremely tedious, or impracticable, if attempted 
by direct integration For example 

Two points are taken at random within 
a sphere of radius r , to find the chance that // I Xp"' 
their distance is less than a given value c 
Let F = number of favourable cases, | 

TT = whole number , then 


P 


Z 


7rr^ 



Pig 


Let us consider the differential dF, or 
the additional favourable cases introduced by giving r the 
mcrement dr, c remaining unchanged 
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If one of the points A is taken anywhere (at P) m the 

rohe^Tf^ between the two spheres, then drawing a 

Smt « in the second 

point, ^ in the lens PP common to the two spheres are 

favourable; let L = volume ED, then the number^of favour- 
able cases when A is m the shell is 

L 

doubling this, for the cases when B is in the same shell, 
dF = ^TTT^Ldr 

Now it may be easily proved, from the value for the volume 
of a segment of a sphere, that 


hence 


3 4 »• ’ 

87r*[- + 0 

\9 o 


C being an unknown constant; le involving c, but not r ; 
F g c* 


therefore 


P = 




^.1- 4. z 

^ 16 


9O 
2 r ®’ 


Now the probability = i if r = - e? 

2 ’ 

therefore i = 8- g + -x64~ 

2 ^ ’ 


2 64 * 


hence 




16? 


JL^* 

32 r« 


If the two pomts be taken within a ctrele 
.ph„.. .t mv be proved by a amilM- pl“2 * 


P-;j + 
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^1, a remarkaWe fact, pointed out by Mr S Roberts, 
tbe^ciJolL^is^^^ chord ED, the probabihty m the case of 

p ^ 2 segment .gQi) + segment .gPi) , 
area of circle ESD * 

and also, in the case of the sphere, 

2 volume EQD + volume EP D 




volume of sphere EHJ) 


These results evidently suggest that there must he some 
manner of viewing the question whioh would conduct to 
them in a direct way 


Examples 

at random within a sphere, to find the chance 
that the triangle which they determine shall he acute-angled 

As the probabihty IS mdependent of the radius of the sphere, it is easy to 
see that we may take the tohest from the centre of the three pomts as fixed on 
the surface of the sphere For if ^ be the prohahihty of an acute-angled tnanglf 

’/ piobability of an acute-angled triangle for 

position of the farthest pomt, as it travels over the whole volume of the sphere 
Heime ^ be the probabihty when no restriction is put on any of the points 
lake then A, one of the points on the surface of the sphere , two oliers, S, 0 
being taken at random within it, and let us find the » » » 

chance of jd.BG being ohiuse^angled to do tins, we 
will find separately the chance of the angles -4, j5, G 
being obtuse the events being mutually exclusive, 
the probability required will he the sum of these 
three 

(i) To find the chance that A is obtuse, let us fix 
B , then, drawing the plane A V perpendicular to AB. 
the chance required is 

volume of segment ASV 
volume of sphere * 



Let r be the radius of sphere, p 
segment ASV is 


: ABj d = Z OAB , then the volume of the 


J irr3 (i - cos e)^ (2 + oos^) j 
iherefore when J5 is fixed the chance is 


1(1 ~co8d)^(2 -f cos 9). 



“ s'^re I j j ^ < > - «®8 0)’ (2 + cos fl) rf r 

Tt 

2 r 2 rZrcop^ 

’"^JoJo (*~3c 08« )-oos3e)pieinerffl4 


Hence 


Ta 

70 


chice ^ ^ . tten ths 


segment if^iV 
sphere 


How, volume MEN 
f hance is 

I 

4 


-i^ (^+ I -ooe«y^ 2 +co8 0 -f^ . sothatths 

-SI 


* - 3 cos « + oosSfl + 3 ^ (X - oosH) + 3 < cos 

r 


is acute 18 


Herce the whole probability (i - p^) that P 

^lolo j*-3«°»9 + «C8’» + 3^{r-oos»fl) + 3i‘eos«-^’j ^smededp 

Performing the integrations, we find Pj, = iZ 

o&f-LSd tmngr^ ^ «*« 

-P=-Pu + P^ + i>c=i. + iZ + iZ = 37 

70 70 70 70 

Hence, the chance of an aoute^angUd tnangle is ^ 

For three points inthm a mcU the ohar.,.,. of 


pro- 


4 I 

ip«" 8 


70 

an acute-angled tnangle is 


on opposite sides of the line AB chance that they shall he 
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spaJe^ mto aeyei, 

those marked (a) is the same, viz , the 
mean value of ABC, or, ^ of the 
whole triangle, as we have shown in 
Art 245 , the mean value of those 
marked \B) being f of the triangle 

1® easily seen for instance, 
lx the whole area == i, the mean value 
of the space FBQ gives the chance 
that if the fouith point D be taken 
at random, B shall fall within the 
triangle AJDC now the mean value 
ot ABQ gives tlie chance that D shall 
fall within ABC , but these two 
chances are equal 

Hence we see that if A, B, G be 

at random, the mean value of that portion of the whole triangle which 

pOTtion ^ ^ 

Hence the chance of C and J) falling on opposite sides of AB is 



JK-andom §itraight l^ines — If an infinite number 
01 straight lines be drawn at random in a plane, there will 
be as many parallel to any one given direction as to any other, 
all directions being equally probable , also those having any 
given direction will be disposed with equal frequency al] 
over the plane Hence, if a line be determined by the co- 
ordinates, p, w, the peipendicular on it from a fixed origin 0, 
and the inclination of that perpendicular to a fixed axis , and 
if p, Of be made to vary by equal infinitesimal increments, 
the series of lines so given will represent the entire series of 
random straight lines Thus the number of lines for which 
p falls between p and p + dp, and w between w and w + efw, 
will be measured by dpdw, and the integral 


i\dpd(jo, 

between any limits, measures the number of lines within those 
limits 

It IS easy to show from this that the number of random 
hnes which meet any closed convex contour of length L ts 
measured by L 

For, takmg 0 inside the contour, and integrating first 
for/), from o to p, the perpendicular on the tangent to the 
contour, we have Ipdw taking this through four right angles 



Leasire ofli; ^3^), iT being the 


-^ = [ pdb) = Z. 
Jo 


le^haLfi meet a given contour, of length L, 

agth/,mteiaufthefomer^ 

/ 


p = _ 


ideiSf? °l«3ed, iV^ will 

tight 


Ji^A-MPLES 

tnifeuTan^SXZ^ol?^^^^^ t^e ohano, 

p J-, 

Xm„» WK®"®** “ endless band 

eloping both contours, and crossing 

‘*‘®wv“”v of a band alsf H 

eloping both, but not crossing 

IhM may be shown by means of 
^n^ s mtegral above , or as fol- 

Call, for shortness, JV(^) the number 
rues meeW an area NiAW) 
number which meet both A aid , then 

^(^JeOQP5) + ITiS'Q’O^r'M') = l,iSMOQPS+ S'Q'OS’rW) 

+ N^SMOQFS, S'Q'OJR'I'JErj, 

number of counted twice But 

S’SPlf le meZrel^LlheTsLrr consisting of OQI>mjt and 

s IS idenucal with that of those meeWg fte ^Tienl' 



I’lg- 75 - 


■Z = r+ ]f(a, a') 


«"®“ by J - 


T H^noe 
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- r.as; s srsxi;- 

20 

V 

and the whole chance of its co-ordmates falling m dr> da> ^ 

chord meeting it in that position, is ^ ^ second 


2 <7 dp dco 
L l^dpdca 


16 

' O dp d<a 


But the whole chance 13 the eum of these chances for all its positions , 

Proh = ijjcifprfa. 

ta “ evidently the area n , then 

required probability = 

The mem value of a chord drawn at random across the boundary is 

jljljr __ J/ __ vCi 

JJ^pdof L 

r thiw^n orfaSol?rfinVth^^^^^ 

the circle oases are omtted where the circle faUs outside tte band 

on the b»d u ^ P»“‘ o“*« circte filling 

nr* 

rnTi^m* “t?® “?'?® ^ ^ ^*®‘^> ““•* <ie tojid thrown on it at 

random Now let ^ be a position of the -lurown on it at 

^ndorn point the tavourahle oases are when 

SKf the bisector of the band, meets a circle, 

centre jd., radius ^o, and the whole number 

are when ITS' meets a circle, centre 0 , radius 

r + J-tf , hence (Ait 245) the probability is 

p - ^ 

2 v{r+y) ~ 2 r + e* 

This IS constant for all positions ot A , 
hence, equating these two values of p, the 
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• Or the floor may be supposed pamted with parallel bands, at a distance 
asunder equal to the diametei , so that the circle must fell on one 





M{8) 


2r ’he 


The mean value of the part of the etrcumference which falls on ^^he ban 
the game fraction of the whole circumference 

cirif TZTa"'" P®^i°ieterZ, be thrown on the band, instead c 

circle, tne mean area covered is ' 

^i.s) = j^a 

L -h TTC 


254 Application to JB valuation of Befinite Ini 
grals.— The consideration of probability sometimes may 
applied to determine the values of Definite Integrals F 
instance, if w + i points are taken at random in a line, L ai 
we consider the chance that one of them, X, shall be the la 
beginning from the end A. of the line, the number of favor 
able eases, when X is in the element dx, is, if AX = 
measured by 

af^dx. 


Hence 


x^ dx 

P I 2 „• 


but the chance must be~ ^ ^ we thus have an mdependei 
proof that 


n 1 

i /n+i 

x**dx - 


W 4- I 


when n is an integer 

i-u fn + n + i points are taken, to find the chanc 

that X shall be the {m + 1)“^* m order, the number of favom 
able oases when X fails in dx md a, parkcukr set of m poinl 
fall to the left of X, is 

x^ (i - xYdx, taking / = i , 
hence the whole number of favourable oases is 
\m+n{ 


nfi 

= x”^{i^xYdx; 
w Jo 
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this is the required probability, since = i. But the 

value IS — ^ as every point is equally likely to fall m 

the (m + I place we thus deduce the definite integral 


xYdx = 


m n 


\ m-¥n+i ^ 


when w, n are integers (See Art 92.) 

255 Ide&nite Integ^ral deduced from Tlieory of 

probability — To investigate the probability tliat the in- 
clination of the line ] oining any two points 
in a given convex area Q, shall lie within 
given limits 

We give here a method of reducing 
this question to calculation for the sake 
of an integral to which it leads, and 
which IS not easily deduced otherwise ^ 

First, let one of the points, A, be 
fixed , draw through it a chord FQ = ( 7 , 
at an inclination 0 to some fixed hne ; 
put AP = r, AQ = r' , then the number of cases for which 
the direction of the line joining A and a variable point B 
lies between 0 and 9 + dd is measured by 



i {i^ + r'^)d9 

Next, let A range over the space between PQ and a 
parallel chord distant dp from it, the number of cases for 
which A lies in this space, and the direction of AB 
18 between 9 and 9 + d 9 ) is (first considering A to lie in 
the element didp) 



(r* + r'*) dr C^dpd 9 . 


Let p be the perpendicular on the chord O from any 
origin O, and let w be the inclination of p to the prime vector 
(we may put du) for d 9 ), then C will be a function of p, w , 
and integrating first for w constant, the whole number of 
cases lor which w falls between given limits w', w", is 
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the integral / a being taken for all positions of (7 between 
two tangents to the boundary parallel to PQ The question 
is thus reduced to the evaluation of this integral, this, of 
TOurse, IS generally difficult enough , we may, however, 
deduce from it a remarkable result , for if the integral 

be erfended to all possible positions of C, it gives the whole 
number of pairs of positions of the points B which he 
inside the area, but this number is hence 

// C^dpdta = 3Q», 

the integration extending to aU possible positions of the 
chord C: its length being a given function of its co-ordinates 

p, lU 

CoH Hence, if L, Q, be the perimeter and the area of 
any closed convex contour, the mean value of the cube of a 

chord drawn across it at random is 

^ “ contour at random, 

the chance that three other Imes, also drawn at random, shall 

meet the first tnmde the contour, is 24 ^ 

Some other c^es of definite mtegrals deddoed from the 
are given in a paper in the Phlo- 
wphtcal Tramactions for 1868, pp 181-199 See also Pro- 
ceedings of the London Math. 80c , vol vui 

Several examples on Mean Values and Probability are 
annexed , some of them, as also some of the questions which 
have been explamed in this chapter, are taken from the 
^pem on the subject in the Times, by the Editor, 

Mr ^ller, m also ^ Professor Sylvester, Mr Woolhouse, 
Ool Cl^ke Mes^s Watson, Savage, and others Some few 
are rather difficult, but want of space has prevented our 
giving the solutions in the text ^ 

We may refer to Mr Todhunter’s valuable Mistoru of 
Probability for an account of the more profound and diffi- 

piobSSty the theory of 



Examples, 


387 


Exampxes 

. TT?^ r* 
usm 

* the mean latitude of aU places north of the Equator ^ 

- -^ns 32“ 704 

u^s^ts o/i^Xr^T^:,r « •» — . tahen at all 

value betvcen^wo givt Jh™:rts%ffOTmt^fOT^^oh?^rh^tW^T“'*®“^^ 
of the product .y is equal to the UucTo/Lrein XesXtdT 

that the quadrilateral'^VzEis^convei? * ‘wangle ^5(7, what is the chance 

J I 

Ans 

“.w1 .t'JS.’""*"- 

candom on dnnned bj four pnmto tat, n at 

Am, ^ (area of circle) 

nnmXfXes beX*''lf a“nZe“be^™'rt? *? order, the 

that the candidate shall not be more th^ « nW f *’‘® ‘=l*““«e 

of ment “"® *” Pl®oes from his place in the order 

Ans _ m (#M + i) 

• „ - „2 . (W B -This is not, of course, the value of the 

chance «/t«. the selection has been made this may easily be found ) 

dismnce m a’^X^^eX “ H^L^qmtSt* h«T ““h ® 

random the ne^t monunff and travAla ^ again at 

Am -• 

eithl «"<! tttnce thatXlharnotl^^^ J“® ^eSrX^*" 

^«s i^z±ii + oy 


[2«n] 


(a-^)(a - b*) 
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10 A person w firing to shots at a mark has hit 5 times, and missed C Find 
the chance that in the next lo shots he shall hit $ times, and miss S 


Ans 


27 4 7 756 


19 17 13 4199 shots had not been fired, so that 

nothing was known as to his skill, the chance would be ~ if he 

had been found to hit the mark half the number of times out of a 

large number, the chance would be — 

256 

£ ^ divided at random into 4 parts, the mean square of one 

of the paits is-j^/ but if the line be divided at random into 2 parts, and 
Kach part again divided mto 2 parts, then the mean square of one of the 4 parts 

IS 5 

12 Three points are taken at random in a hne 1 . Find the mean distance 
of the intermediate point from the middle of the 

3 , 


Ans 


i 6 


t city IS situated on a met The probability that a specified 

i^abitent ^ lives on the rig^ bank of the nver is, of course, J, m the absence 
ctf any fuller i^oimation But if we have found that an inhabitant S lives on 
the right bank, find the probability that A does so also 

t 

Ans ~ (N.B —It 18 here assumed that every possible partition of the 
f ^ river, is equaUy probable 

14 p, D are four given points m dtrectum , if 2 points are taken 

at random 111 and one is taken m BC^ find the chance that it shall fall 
between the former two 


■:^2\\^<^+B0{AS+CD) + 2AT1 gd]^ 


n V*?’ f “y O to ff, and 3/ any value 

from o to b, find the probahihty that a is less than an assigned value « , (suppose 

Am (I) If e < }, . 

2 ab 


(2) lia>e> b. 


P 2 


s-ib 


(3)Ifa>e, 

lab 

cas^i the probability in the three 


Ji (o, b, c) H-/s («, h, c) =/»(«, b, c) +/j (i, «, e) 
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s6 In the cubic equation 


Ce xLTslere:!*"'' * * ^.nd the chance that the 

Ans jl 

reeulte is tate aTthe t!?M vahS“ If fte S of Mch'lb 

to lie within the limits ± « and all its mlitAo +/x v observation is assumed 

It IS an even chance that the error in the result lies\ett thfumlte f f 

the mean square ofttrdistence brtweerlhftl^^pM^^ 

tf, 

where A 18 the distance bet«'een the centres of eravitv of tl,« ^ , 

are the radii of gyration ot each area round ifa cfnto V^r^t^ ’ ®“*^ * ’ 

19 Show that the mean square of the area of the triangle formed by joining 
any three points taken in any given plane area ls|A2I,a; wlicie h i are the, 

(VooiHouss ) ^ ^ the value is \h4 

foiml(t)l“CnlCw will 

■Ana (I) = J 

(2) J>1 = 3 log 2 — 2 

potygon^ - !>“** «We that they cannot form a 

Am -i- 

ohame «SXrnce eSe““ “ the 

Ana i 

Am (i) — _ i ( 2 ) I 

^ ' 27r S ' ^ I i; 

H Show that the mean value of J, where p is the distance of two points 
taken at random within a circle of radius r, is — 

3irr 
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^ (.) m^r>, >.’,„. 3 ^^, 

( 2 ) men(»>I, p^=IZ±. 

2 2 Sin 0 

Here the functions are connected by the relation i<’(d) 4. F{tp _ s=y'(^) +/(ir &) 

cent^ p^om/Tmdfhe eS?LuroXLanrcf^ “ * 

radiua r from the centre ehaU not live further than a <heta”ce''r CmTaeh ‘“C 

An, ^, = i_£iog3 + f +- T— ®- + J. f’ 

^ ^ ^ ^ / 27r J 0 Sin d 2ir J ff sin 0 ^ 

27 Four points are taken at random withm a circle or an elhpse show 
that the chance that they form a re-entrant quadrilateral la 

I27r2 

28 Find the mean distance of two points within a sphere Am 

thecLn^\nk?quad^kfer”2dS</C«^^^^ 

Ana i 4- 

not Exceed a side of ^e^square*^^ <^istance of two points within a square shall 

Ana = IT — 

:n* ^ „ J, „ 


W Whenc<a,^, = ^(,<. 2 _ 8 ^^.«^^ 


W Whenoa, , = 4 2^2 

J ^ 2a!* 3 

“2 o the chance that its area shall exceed that of a great circle is i 
that one of the parts ta^^eate^a™h^ the^lS’ it is an even chance 
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vertol » P°“* “ tnangle from the 

3 1 2 -^°^7Trrcl> 

where h is the altitude of the tnangle (See Ex 6, Art 242 ) 

tnan^le P"™*® “ ““ equilateral 




^ ..srs ri4i-»zsreLf ;i* f5.S? « t 

:rw5*«.'niisc;srfxr£. •sr 

««o£^ ^fv"* ® to^er of height h, particles are projected m all directions in 

Solt i4:r ^ Show^rrme:: 


Jf=2A j‘-v/I 


- IV* dx 


( WolsUnholme ) 


37 If there be « quantities a, b, c, d 
dently a given senes of values aj, a%, 03, 
of values is different for eacb), if we put 


, each of which takes indepen- 
I ^2f ^3> . &c (the number 


:Sa^ai-b + c + d+ , 
and denote “ the mean value of ic by Mx, prove that 

-3f 5a = Jfa 4 - Mb + Me + = SMa, 

M (5a)» = 5 {Ma)^ ~ 3 {Maf + 3iJf (a^) 

38 Two points are taken at random in a tnangle find the mean area of fb« 
triangular portion that the line joining them cuts off from the whole tnangle 

~ of the whole triangle 
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OHAPTEE XIII. 

ON pocrier’s thforem. 

256 Expansion in '■'rigonometrical iSeries —In many 
p ysiea ^vestigations it is of importance to express a 
rano^n/ (rr) m a senes of sines and cosines of multiples of 
f investigate the form of such expression, 

and the conditions under which it is possible 

by assuming that /(ai), between the 
limits + R-and - ir, is capable of being represented by a series 
of the required form thus suppose ^ 

/(*) =ao + fl, 003 * + aj 008 2 j!+ . +a„oosn« + 

+ 6i8ini»+6,sm2a!+. +6„8inw2;+ (i) 

Here, since this relation is supposed to hold for all mluea 
ot a> between ± w, we get, as in Art 33, on multiplying by 
oos na> and integrating, ^ o j 


Also 


~ I f{ic) cos nxdx = ~ 

/ W sin nv dv^ 
^ J-ir 


oos nv dv 


(2) 


and a^.. 

Substituting in (i) it becomes 
fix) = —£/(») * + ^ 008 cos nv/(v) dv 

^ n ^n=i ®^n nv/{v) dv 

I r*’’ I n=°° [V 

--J (3 
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It should he noticed that wheny(a:r) is an even function of 
its development in general consists only of cosines, if ^(x) 
be an odd function, its development contains sines only 

257 We proceed to give an a posteriort 

verification of equation (3), and to examine the conditions 
under which it holds good 

The right-hand side of this equation may be written 

/W + 008 0 + 008 20 +...+OOSn0 + &o), 
where Q v - x 


But, by Trigonometry, we readily get 

I + cos 0 + cos 20 + + COS n 9 = — — 

2 Sin |0 

Hence, to verify (3), it remains to prove that 

/w - if * 

2 wJ „ ^ ' sm (v-x) 

w~x 

L f * X sin(2;?+ i)s 

s 


s= 

*” n=3«> 


Sin s 




where a = a 

We now proceed to investigate the limiting value of the 
definite integral 



when a is indefinitely great 
First, we can see that 





where h and g are both positive, provided 0 (z) and (z) are 
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Fourier’s Theorem^ 


finite for all values of % between the limits of inteffrati 
-bor, integrating by parts, we have 

j sm (s) ^ («) +1^^ (,) 

Now, when a = oo , and ^ (A), tp (^) are finite, the term o 
side the sign of integration vanishes Also, if ^'(z) be fir 
tor all values between the hmits, the latter integral is * 
evanescent ° 

Consequently J* ^ ^ 


provided A and g are each positive and less than », and / 
satisfies the above-mentioned conditions 
In the same case we see that 


(■* sin as , 

J^— /(s)rfs = o. (7) 

Hence, with the same conditions, the values of 

are known, if we can find their values for my one value of 
however email ^ 


Now, when h is very small and / (s) continuous, 
assume, m general, f{h) =/(o), 


we ms 


and 


therefore j* /(*) dz =/ (o) 

Also = 

J" * Jo a J, 


Sin az 
0 z 

sins 


dz 


dzss ~~ t 

0 z 2 


(Art ii 6 ) 



Hence 


Fourter^s Theorem, 
f* sm az JT ,, , 


Accordingly 


lim (•* sm a2 .. . . K . 

J « + 2 ) rfs = j/Ca*)- 


Likewise, 


r^V( 2 ), 

Jo sms ^ ^ 


’ ^ (*) 


(z) = /(jb) ; 

sm s ^ ^ 


hence, provided h ts less than tt, we have 

liTn jf / X 7 'n* ^ ^ 

Jo = 

If we ohange the sign of *, we have 


f* sm az . , , , TT 

/ (- z) <fe = — / (o), 

Jo sinz ' ' - 2*' 


and we easily get 


li,a. /•“ sm az 

j-» sinz‘^^*^‘^*“’^“^(°)> 


for all positive values of a and h, less than w From this it 
tollows that 


I* X sin (2W+ i) % 

\_^f {x + 2Z) — ^ ^ e^z = ,r/(*), 


when iP 18 lesa than , thus verifying equation (4) 
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Founet^s Theorem. 


T> T, Poisson’s Investigation — Another Investigation, 

wMch IS a modification of that given by Poisson, is here 

*1. readily see, by Trigonometry, that when h is less 
that unity, we have 

1 - A’ 

I - 2h COS (fi - / 3 ) + ‘ CO® (^ - / 3 ) + zh' cos 2 (fl- / 3 ) 

H.«» * +3i-o««(e-/3) + 

if -F‘)A'S) d% ,f t 

I - 2 h~^s~(e -^) +hi = + SA”J/(6») cos n ( 0 -/ 3 ) m 

Consequently, i|V(«) clB + | */(») cos « (0 - ^) d 9 

= lim i r (i -//)/(0)rf0 

® Jv I - 2A cos (0 - / 3 ) + A*' 

.’f Art 234, when i - A is indefinitely small and 
f (fi) finite, the ooefiScient of d 9 in this integral is indefinitelv 
small except w-hen 0 - /3 is very small Consequently, if & 
be outside the limits of integration, we have 

hmf® (i-h^)f{e)de 

*=‘Jyi-2Acos(0-/3)+l»-o (* 3 ) 

Thus, when /3 is outside the hmits, 

r® n=ap 

i J^/ ( 0 ) d9 + j^/ (0) cos w (0 - jS) (f 0 = o. (14) 

In particular we have 

ftsoo fiff 

^ J/ («) dO + 2^^ I /(0) oos « (0 + / 3 ) d0 = o, (15) 
where /3 is positive 

Again, if /3 hes between the limits of the integral in (12') 
we need only ^nsider the portion of the integral Insmg from 


ify (fi) be continuous, 


■ 2 A cos (0 - /3) + A* 


f 2 ir 


_(i_2j^rf0 

2 /l cos (0 - /3) + ^ 
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Again, whatevei be the value of A, 

r (i - ^ dz 

Jo 1 - 2 Aeos (0 + /3)- A’ ~J . i- 2 Aooss + A* 


■r 


~i- 2 hoosz + k^^^^ (ArtiS) 


Hence 

ton (i-h^}f( 6 )d 9 

Jo ~2 Acos(0-/3)T¥ = 

Consequently by (12), 

f aw «aoo |• 21 r 

f ( 6 ) I /( 6 ) oosn (9 - ( 3 ) dd. (17) 

® tt=l JQ 

This IS usually called Fourier’s theorem 
Also by aid of (15), 

gj. — ^ne=«D ^ir 

“ / (/ 3 ) ^ sm wj 3 /(0)sm n 9 d 9 

2 W=1 

259 We shall next investigate the limit when a = 00 of 
the integral 

{t) COS urn COS ut du dt 

I 

j f* sin a (a: - f» 8ina(a;+^) 

- ^ J. “TTT- ^ -TTT 

, f*-^ 8IJI “« . / X , . f sm as , 

= 1 —— <p(s + !e) dz + i\ <t>(s-x)ds. 

Now, by (7), the latter integral vanishes when a = 00 and x is 
positive ; and by (10), when x lies between a and ft, the former 

integral becomes - d)(x). 

2 

Also when x does not he between a and ft, the former 
integral vanishes, and we have 


r f 

H Ja 


COS m cos ui dudt - o 


(18) 



JJQO 

Fourier's Theorem 

"When X lies between a and 6, ' 

1 i, ^ ^ ^ du dt ^ (ai). 

Hence, if x be positive, we have 

I I ^ utdudt = '^<ji («). 

Likewise it is easily seen that 

1 I ^ utdudt^'^^ (a,), 

when a; is positive 
We readily see that 

1 I, ^ 

J .® /»« 

0 J., du dt = (^). 


(19) 

(20) 

(21) 

(22) 


Also 

the form 
Fourier. 


[X) = ^ (;) , 03 ^ 

m which the theorem was origmali; given by 
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Examples 

1 r When x has any value between I and — I, prove that 

(a;) « — <^4; + j ^ | ^ (v) cos ^ dp 

^ 2 For all values of x between o and /, prove that 

if 2 f cos — — dv^o 

Jo ^ tt,l J 0 I 

* 3. or all values of x between o and I, prove that 

^ \^) “ > sill T" Sin — dv 

I ^ N.1 * J 0 fr 

4 Prove that, for all values of x between -f ir and ~ tt, 

ia; = sm a; - J sin 2a: + J sin 3a: ~ J sin 4a: + .. . 

5 For all values of x between ^ and — ^ prove that 


4 / sm 3a: sin ^ \ 

a: = - ( sin a: ^ 4 ^ - &c 1 « 

IT \ 9 25 / 


6 Prove that 


TT tfflw - era.v ^ 2 8m2a: ^ 3 8in3ar 

2 tf»jr — ^air 4. I 4 * ^ ^ &0# 


Here (Art 21), 


( (^*® sin «a:rfa; = — ~ r-air) . 

J -ir ^2 4. fn% 

7 Find a function of a: which has the value 0 when x lies between o and a, 
and the value zero when x lies between a and / 


Heie 


TTX 

I 

27ra 

2irx 

3 “T 

4- - sin 

~T~ COS 

_ 

1 

2 

1 



I 

3^« 

37ra: 


4 - sin 

— r“ COS 



3 

1 

1 


Wwv _ 

cl 

mra 

cos 

— — df) sz — sin 



c 

mr 

1 


) 



400 


Examples 


8 Pind a f unctioii of * which is equal to when a: lies between o and 

and IS ^ — x) when x lies between - and I 

2 


Ans. 


Here 


I 27ra I 671® I 

4 ip-*®® — + + 


^^,cos_ + &o 


) 


... thltV C hi flirV C f 

0 <fWoos_<f« = j A.oos-i"*+ cos^Ov 

J I 


nil 

“ of the foim 4». + 2 , and is aero for othei valu 

of n 

^ H ^ between o and «, and 4. ix\ = ao) when x I 

b^eueen „ and w - and 4. (^) = i (w - a) when a:’ varies from Jt l to ^*0, 


10 When x lies between ± ir, prove the lelations 


sin X sin a + i sin ^x sm 3a + ^ sin Sx sin 5a + 


3 sm 3x 

■ 3 ^ - ■ 


sm m:r = ? sm ^ 

'ir \i-m^ 2^-m^ 

I JL ^ ^ cos a; m cos 2a 
\2m I - ~ 72“- ^2 ^ ^ 


)• 


cos mir = ~ sin mir 

IT 

II Hence prove the relation 


2 x cos 3 x 


f- ■ ). 


-.. 4 . * 2 U 

cot « = - 4 . L • 

U u^—r^ m 2 _ 4 ^s + --- 


«nd“ro^:r\u^h»X^:^f““ of a, between t t 

<fA* m cos f,( cos = f j " j ‘ cos /.i 008 


This result can be verified independently 


^ J 0 


cos yttiC sm JLI 


dfA 


13 Find a function which shall be equal to cos a; for aII trainaaei u 4. 
o and TT, and to - cos a; for values between - tt ai^ o ^ ^ between 

Here we easily find cosuaifa: = o, 

and we get 
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CHAPTER XIV. 


ON LINE AND SUHPACE INTEGRALS 

260 We have already considered in Arts 226 and 227 a 
general theorem, commonly called Creen’s theorem, that 
connects volu^me with surface integration We now propose 
to consider the analogous theorem that connects integration 
aken over a portion of any surface with integration along 
the curve or curves that hound that portion of the surface- 
that IS, which connect what are styled surface integrals with 
hnemtegrak All these relations can he shown to be based 
m a plane elementary theorem concerning integration 

P "T®** ® -If we suppose 

I' and Q to be leal functions of * and y, that are finite and 

contmuous for all points within a certain plane region, then 
we shall have ® 


lf(S " =\{Pdx+ Qdy), 


(0 


where the double integral is taken for all points within the 
region, and the single integral is taken round the boundary 
of the region This can be immediately deduced from the 
theorem pven in Art 226, by supposing the volume in 
question to be a portion of a oyhnder intercepted between 
two planes drawn perpendicular to its edges, the edges being 
supposed parallel to the axis of s ® 

foll<^^ theorem can he also proved independently, as 

Taking the positive directions of the axes as in the 
accompanying figure, we define the positive direction along 
the boundary to be that tor which the bounded surface is on 
the right hand; then, if we have to exclude any portion, 
c g. a space without the outer boundary in the accompanying 

[ 26 ] 
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On Line and Sutface Intcgrah 


figure, the positive direction of the boundary is that indicated 
by the airows in the figuie In all tlie single integrals the 
defined^^^^ eftected in the positive direction thus 

First, to integiate J dxdy with 

respect to let us divide the 
legion into elements by paiallels 
to the axis ot x Select any one 
of these parallels, and, reading 
from left to right, denote the 
values ot Q, where the line crosses 
the boundary at its entiances into 
the region, by Qi, &c , and at 
its exits by Q', &o ; 



then 
and, accordingly. 


Fig 78 

Q 2 + Q!' &o. 




CdQ , 

+ j Q'dg Q,di/ + J Q^'dg - &o 


Now w each of these integrals y passes through all its values 
hom the least to the greatest, tLrefoie dy fa aWaysTo he 
taken positively. Again, observing that m the figure the 
directions for the outer and inner boundaries must be taken 
as opposite, and denoting by dy., dy„ &c , and by d>/,dy", 

we ha?7 ^ consecutive parallels as above, 

thus + dy' ^ + dy" ^&o ; 

[fdQ ^ r f r r 

JJ ^ +J ^'d/ + Qjdya + &o =1 Qdy, 

paraUe/fo thf7”'"^ elements 

parallel to the axis of y, and denoting the values of P at the 
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entrances, proceeding from below upwards, by Pi, 
and at the exits by P', P", &c , we have 


P2, &c , 


where dx is positive. Hence, as before, taking account of 
the positive direction of the boundary, we have 

rfiP = + (fail = + ofe, = - rfj/ = - did' , &o , 
and, consequently. 


11 ~ 1 - &o = - Pdx, 

the integral being taken in the positive direction along the 
entire boundary Accordingly, we have 



dxdij = (JBdx -h Qjdy) 




dx ^ dy 


(0 


taken ai ound the en Ure boundary 

We have assumed that there weie no points within the 
region at whioli P or Q are discontinuous If there were 
such, we should have to surround them with closed curves, as 
small as we please, and thus exclude them, by introducing 
time curves as parts of the boundary of the region 

262 Stokes’ Vheorem* — Suppose u, v, te to be con- 
tinuous functions of x, y, z, the coordinates of a point ; and 
let dS bo any element of a surface, and I, m, n the direction 
cosines of its outward drawn normal, then we shall have 



= {udx 4 vdg 4 wdz) 


dx dy dz 

«-T -4 V — ^iO — 

ds ds ds 


( 3 ) 


* TLis theoi em was given hy Professor Stokes at the Smith Prize Examinatioa 
for io54» and IS of extensive application, both in the theory of vortex motion,’^ 
as also in electricity and magnetism 

[sea] 
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On Line and Surface Integrals, 


the former, or surface integral^ being taken over any portion 
of the surface /S, and the latter, or hne^tnteg't al^ lound the 
boundary or boundaries of the surface 

Here, from the equation of the surface, we may regard s 
as being a function of x and y at all points on the surface , 

hence, ^ ~ we have, by elementary geometry, 


n = ■ 


df 




m - 


V ( 4 ) 


and d 8 = ^/ 1 + jo* + dxdy^ (see Art 224) 

Hence we get 

du dv dw d/w du\ 

Again, if the total differential of v with respect to ar be 
represented by — (p), we have 


J = 


m 


also, 


d / \ dv dv 111 d , du du 


d%^ 


dz ^ 


dw dw d d 


Since 

Hence (5) becomes 
I 


dp ^dq 
dy dx 




~ 11 {i ^ ^ “’•p) j 

Accordingly, from (i), we get 

'^“11 ~ ^ + ^)\ 

*= J (udx + vdy 4 - wdz), 

since dz -pdx + qdy 

This establishes the theorem in question 


m 
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263 Example in Solid Harmouies — Let F be a 
solid barmonio (Art 230), % e, let it satisfy the equation 

d^V d^r d^V 

dx^ ^ dy^ ^ d^ ^ ^ 

then with the same notation we shall have 




d% 


d 8 




IT 

dy 


dx - 



(8) 


where the mtegials, as before, are respectively taken over 
any portion of a surface, and along its boundary 
For, substituting 

_<£y_-£Zf ^ 

dx> dy' d%' ’ 
the double integral becomes 


,cPF d'V d'V 

I 7-7-+ m-r—; — n — — - • 

dzdx dzdy dx? 


df 


d'V 

dzdx 


d^V 

dzdi/ 


t£r 

dx^ 


P 3rx. + S' -in:. + ii + ^ 1 dxdy 


d'V 

df 


rndfdv\ d fdv\) , , 


■f 


(f- 


IT 

dx 


dy 


J \ % da dx da J‘ 


264 licmma on Solid Angles — If cfo) represents the 
elementary sohd angle subtended at any external point P' 
by an element dS situated at a point P on a surface , then, 
as lu Art 193, we deduce immediately the expression 


dw 


008 ydS 
r* * 


where r - PP , and y is the angle made by r with the 
normal to the surface 
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On ]jtne and Surface Integrals 

Again, it IS obvious that the direction cosines of PP' 
are, respectively, 

y z-z' 

f * ^ ’ y. » 

and it follows that 

0087 = ^(‘»^-^) + >”(y-yO + «(g- 8) 

Hence 

dio = ^(^-‘”0 + ”»(y-y0 + w(g-gO 
r* 

Again, since 

r* = (a!-ir'J’+(y-y')‘ + (s-s')’, 

we nave 


— /i\ /-y rf/iN 2'-* 

W W r> ’ dz\?J~ » W 

?(r) = - !■'(;) = - ^ 0 ) I-. (7) = - £ (7) («o) 

Hence we get 

dw ^ ^ dsf + m-^ 

\ dx dy 


also 

d 

dx‘ 


d\fi\\ 


dS 


(i±. 

\ daf 


dz j \r 
d d\fi 


Consequently, if Q be the solid angle subtended at F 
by the boundary of any portion of a surface, we have 




(12) 
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265 BilTei ential Equations relative to ^olid 
A.iigles —If we differentiate (12) with respect to /, we get, 
since /, m, n are independent ef the coordinates of P\ 


do, 

d%' 




d d 

+ ^ T7 + W — 

dy dz 


— 




A 

dz 




by (8), since - satisfies equation (7). 


(13) 


Again, by (10), 



in which the integrals 



are supposed taken round the entire circuit that bounds the 
solid angle 

If we now put 



and suppose F, G, M to denote hne^integrals taken round the 
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circuit, or boundary, we get, trom (13), and the analogous 
equations, 


do, 

dS 

dO 

dx' 

~ dif ~ 

dz' 

do, 

dF 

dH 

dif 

~ dz' 

dx' 

do, 

dG 

dF 

dz' 

dod 

dy' 


266 Hreumanii’s Theorem — If we suppose the point 
x'fz'io be taken on any suiface S', and if dS' be the element 
of the surface at the point, also, if I'm'n' he the direction 
cosines of the normal at P', we get 




((.rfilB da\ ,/dF in\ 

Hence, by (3), we have 

(" 5 ) 

where the former integral is taken 
over any portion of S\ and the latter 
round the boundary 

If now we substitute for P, G, JE[, 
and Q their values as given in (12) and 
(14), the preceding equation becomes 

f dSdS' (l'~ + mf + n'~)(lJL. 
JJ V dx' dif dz' J \ dx 


dG __ dF\ 
dx' dy' j 



79. 


d d\fx\ 
dy dz J\r J 


ildxdd dychj d% dz'\ _ , ^ ^ 

~r\^dd^T,dd^'d^d^r^^> (^ 7 ) 
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where the former integral is taken for all elements on both 
the surface regions, and the latter aloug the boundaries of 
the regions 

The latter integral may be written 



where 8 is the angle between the directions of the tangents 
to d% and dk! 

The foregoing, when interpreted in the theory of 
magnetism, leads to Neumann’s theorem connecting the 
energy of electiic currents with that of magnetic shells 
See Cleik Maxwell's “ Electricity and Magnetism/ vol 2 , 

§ 637 

We shall conclude with the consideiation of ^wo oi three 
surface integials taken over 
a sphere, which are of gieat 
importance in the theory of 
atti action 

267 Integrals over a 
Spherical Surface — We 

commence with the determi 
nation of the single integral 
d^ 

— , where dB is an element 
> 9 

of a spherical surface at any point P, and p is the distance 
of P from any fixed point 0 



Let I PCO = a, 00 =/, 

then we have 

4 - laf cos 9 , 

therefore 

pdp = a/sm 9d9 ( 18 ) 

Again, as m Art 230 , we may write 
dS = a* sin 9d9 d(j), 

where is the angle that the plane OOP makes with a fixed 
plane passing through OC 
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On lAue and Surface Integrah. 


Accordingly 


I'-'J 


sm 6d6 d<^ 


Again, since p is independent of 
(f JJ sm 6d0 d(^ ^ [* sin Odd 


= 27rrt' 


f sin ar , . . 

j_ 2Try]^dp,hj {l^). 


p are a + jr and o , we have 


I 


dS 

— =• 47ra, 
p 


(19) 


®^r®S8ion 18 constant in this case. 

(2 ) When the point is outside the sphere, we get 


_ 4ira’ _ surface of sphere 

p f ~ ca 


f homogeneous sphere attracts an external 
! “T concentrated at its 

ftth.n,.h«,r f ^ liomogeiieous spherical shell exerts no 

St “'i 

In general we have 

''dS __ a[ dp 

Hence, when O is inside the surface, 

_ 2Tr a I i , 

J > “ n-i’fja^ -ry^ - («-/)'*“*,, ( 21 ) 

and, when 0 is outside, 

27r a j ( V 

' ;rr 7 7 1 - (/- «)"■’[ 


1 
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Also, if <56 (p) be any function of p, we bave 


Cl 

d 8 j> (p) = 27 r - p(j> (p) dp 
' Ja-f 


(22) 


It may be observed that we can take the point from wbich 
p IS measuied either inside or outside the surface according 
to pleasure, foi, if 0 and O' are inveise points, z e it CO 
CB = CB C 0 \ the triangles CO'P and CPO are similar, 
and tlieref ore PO PO' - CO OP Consequently the ratio 
PO PO' IS the same for all points on the sphere 

268 Theorem of I^ord Ifelviii — Again, to find the 
integral 

■ dS 


F = 


OP^^O^P, 


taken over the surface of a sphere, 
where Pi is a point on the surface, 
and 0 and 0i are any two fixed 
points 

We may take one of these 
points inside, and the other out- 
side the surface , since, as shown 
above, the ratio of the distances of 
two tnveise points fiom any point 
on tlie suriace of the spheie is 
constant 

Produce OPi to meet the surface 
again in P2, and take O2 on OOi, 
such that OOi OO3 = OPi OP2 
= c?®, where /= CO, as before 

Now, let OPi = r, OiPi - p, OP2 = P2O2 = pi ; and 
let dS' be the indefinitely small element at P2 intercepted by 
the cone whose vertex is at 0 , and which passes through the 
element dS, then, it is immediately seen that we have 



Figs 81 and 82 




dS' 


n 


3 5 


03 ) 


therefore 


Cd8 Cd8' 


d 8 ' 
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therefore 

Accordingly, 


On Line and Surface Integrals 

Again, since the tmngles P,OjO, and OiP,0 
angular, we have 

OP, P,0, = 00, o.P, , 


r= 


(>n = OOi/Oi 
I I 


are equi- 


(24) 


00 . 


d8' 

Pl 


Hence, since 0, is inside the sphere, we see hy (19), that 


F = 


r-a^ 00. 


(25) 


1 modification of Lord Kelvin's proof 
on distribution of electncity 

“ * » - 4. --e «. V a. preoetog 


F=f-^_r 

] f^p” J /-“-V.V" 

(00, )» J p,» ■ (26) 

This can be immediately expressed by aid of (2 1) 
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CHAPTEE XV. 


ON THE SIGN OF SUBSTITUTION. 


269 of Siitostitution — ^It is pioposed m this chapter 

to give a short discussion on a symbol, called the sign of sub- 
stitution, which was first introduced into analysis by Sarrus, 
in his Recherches sur le Caleul des Variations * 

Let V represent any function of a;, with or without other 
variables , then, if a particular value a?i be substituted for x 
in F, the result of the substitution is denoted by the symbol 



Again, the difference between the values of F, when x-Xi 


and when a; = is denoted by 


That is 


F- 


V- 


(0 


For instance, equation (31) in Art 3 1, may be written m the 
following form — 

f *1 du ^ f . 

\ —dx = u (2) 

Again, if F be a function of x and then the result of 
substituting Xi for a?, and yi for in V is denoted by 


Vl 


V. 


and so on for additional variables 


* This memoir was awarded the prize offered in 1846 by the Academy of 
Science of Pans, for an essay on the treatment of maxima and minima values of 
Multiple Integrals In the discussion here given, the form of the symbol as 
given m Moigno and LiudelhoPs Caleul dee Variations has been adopted 
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Si(/n of Snbstitutwn 


AJso, the notation 


F signifies— I®, that p is re- 
s'o 


placed m r ty the paitioular values 3/, and 2^,, refipeotively r 
then that the latter result is subtracted from the former* 
2°, in the result thus obtained the values and *„ arerespeo- 
tivety substituted for and the results subtracted as betore 
\y heii written in full, this gives 



= 1 ‘|V- (3) 

This admits also of being wntten as the sjmboho produof 

vier''^^' e^^tendod to three or luore 

«« »*«’e'-e»«a41oi» under the Sign of Snbstltu- 

*» Again, suppose F to be a function of the vanablea 
* and a, represented bj the equation variables 

^=/(*, a); 

then Mre have 

If uow r, be a function of a, we have 

— I ‘ F -= ^ ^ ((f (*i, a) dxi 

^ ^ 


hence 


da 


rY^+ — 

' dx OaJ’ 

dx da 


dx da)' (5) 

aubstitutifn funoSoTa®'^® 
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Biferentiation under the Sign of Integration 


For instance, if F be a function of x and y, and if yo, y\ 
be both functions of x, we may write 


Hence 



dx „ dx 


‘'Yf ^ + 

\ dx^ dx di \dxj dy J 


(6) 


If now this equation be integrated between the limits and 
a?o, we get 


^lydy 

Vo 



d'^y dy dV 
dx^ dx dx 



271 nifferentiation under the §ign of Integra- 
tion — Let u - \ v dx^m which t?, Xi and Xq are all functions 

j «o 

of a then, by (33) Art 114, we have 


du 

da 


®i dv 
* da 


dx + 


^0 



( 8 ) 


Por instance if w = 
functions of aj, we have 


V dyy where yi, and y^ are 

J *^0 


du 

dx 


vi dv 
„ dx 


dy 


y\ 

Vo 


'V 


dy 

dx 


Now if both sides of this equation be integrated with respect 
to X between the limits Xi and Xt^y we get 



Sign of Substitution 


Hence, transposing and substituting for u. 


Also, since 


7 I "1 ''i r*i vi fj., 

^dy- ^^dx (9) 


we get 




If (9) and (10) be added, we have 
'*> r®! dv du\ , *1 ryj 

.Xy^*rv) 

0 *'0 


r "Y ‘^A , 

ln-vA]dx 

Jx„ y^\ dxj 


udy^ then = | JJdx 


Nex^triet***“*^*“‘*®**®" ® Integral 

F" = j ^ I udxdy^ 

J afiJ Vq 

where «, y„ y„, and are all functions of a, to find - 


Also, by (8), ^ 

* ./s’ 

wi 

Ji, da da 

0 * »o 

hence, finally, 

0 0 1*0 ‘^^0 
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Examples 
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r ®i 

I Find tHe value of where w = j vdx^ where xi and are functions 


of a 


Here, by (6) and (8), we readily get 


.r 


da^], 

2 Prove that 
£. 

da ^ , 

'yO 


\dx= (*^ 
0 J*n 


d'v 


dx + 


J Xn J X,, 


dPx 

dv dx 

dv /( 

v—. + 2 
da^ 

da da 


du dy\ 

dx\ 1 

*1 1 *'1 

dy da) 

*0 ‘vo 


ri- 


da 


v\ heie « IS a function of x, y, and « , and yu yo, xi and xo are functions of a 
3 Show that 

I J Vo 'o • ' ^0 ' ^0 ' 

wheie Fis a function of y, and z , and where Zh zo, y\ and are functions of x 


273 Geometrical Hepres^entation — The results 
given m Art 271 admit of a simple geometrical repre- 
sentation 

For, if we suppose x and y to he the coordinates of a 
point lefeired to a system ^ 
of axes OX and OF. then, 
since yx and are by hypo- 
thesis functions of a?, the 
equation y ^y^ may be re- 
presented by a curve ACy 
and y = ^1 by a curve BJ) 

Also, the equations x == a?o, 

X ^ Xi are represented by q 
two lines, AB and CB, 
paiallel to the axis of y ^3 

Consequently, the area ABDCA represents the space over 
whioh the double integral is extended. 

It can now be readily seen that the right-hand side m 
equation (9) represents the value of the integral 

- vdyy 

taken around the entire boundary ABDOA in the direction 
indicated hy the arrow-heads 




418 Sign of Sulstiiiitwn, 

For, writing the expression in the expanded form 


*1 

1 

^0 

^ vdy ~ 

'*1 


* 

Vo 

- 

yo 




^0 du , 
t) — ax. 
dx 


and observing that 


we see that 



vdy^ 



taken along DC from D to C In like manner, 



taken along AB 

Again, we leadily see that 



taken along BDj and also 


r 


‘'0 dy 
V - - dx = - 
ax 



taken along CA^ from C to A 

'^is agrees mth the result given in Art. 216, provided 
we observe that the integration round the boundary is here 
taken in the opposite direction to that adopted m the Article 
reierred to 

In like manner, the right-hand side m equation (lo) 
represents the value of {udx taken around the same boundary 
ABCDA Por ^ 
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taken along BD^ from B to i), and 

f^i I Vo f 

- uaa^ =* udr 

taken along CA, from O to A Hence the result follows, 
since a; is constant along AB and DO 

Combining these results, we see, as in Art 261, that 


11 


du dv 
dy dx 


-K, 


dxdy = ( udx - vdy 


(13) 


when taken round the entire boundary in the direction stated 
ibove 


274 Case at a Closed Carvillnear Boundary. 

many cases the double integral i 
IS taken for all points within a ' 
olqsed curvilinear boundary, 
represented by an equation of 
the form 


-In 



In such oases the lines AB 

and CD disappear, and con- 0^ 

sequently we have yi = yo Vig 84. 

when X = xi, and also when x-xo hence 



= 0, 


and 



In this case, equation (9) becomes 



Vo 


dy 

v — dv = - 
dx 



dy 

dx 


dx^ 


(14) 


where Xi and Xq are the extreme values for the boundary, and 
the value of ^ is obtained from its equation. 
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Sign of Suhtttuhon 


In this case equation (ii) may be written 


II 


du dv . ^ 

-^+-]dxdy^ 




(15) 


S thXoi2 “ iif’ IS taken 

the boundary m the direction indicated by the arrow- 
heads. The value of g is found, as stated before, from the 
equation of the^bounding curve Thus if this be denoted by 
y = ^(«), then ^ = (x), for all points on the boundary 

It should be obseived that the equation v = 6 (x) reallv 
presents a oyhndrical surface, and that the Actual blading 
curve IS some cm re traced on this ciihnder ® 

^ 73 > the boundary consists of two 

f V *'• "■* » S'- “i”* «■» p>»” 

<■=> 

IIU'"s)*’'*>'-|(“f-!'|)*. (■«) 

“■* «»...* ./ 

when the^n^^ff^*^f°” to be made in the foregomg results, 

boundflrrr ^^1 between an inner and an outer 

boundary, is readily seen, as stated in Ait 261 

Again, if we substitute PQ for u in (10), we get 
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If the same substitution be made m (9) we have 
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F -j' ax ay = 
ax 


2J5 Again, sinee 


1 

JPQdf/- 

yo 

-I'T' 

J A:«J Vo 


JPQ^ch; 

^0 


dx 


we get 


d^v 
u — dxdy 
dx^ 


f dv du\ 
dx^ Jx) 

'll 




cPu 

= U - 7 —, — V , 

dJD^ dx^ 


(18) 


dv du\ , , 


Hence by (9), 


u —mdi/ 
=oJ 


f*' f'* ^ ^ 


i:;j 

:(4:-'S)^-i:;i:(4-'S)i- c^. 

If the boundary be represented by an equation of the form 
^ (x, y) = o, then, by Art. 274, we have 

IJ ^dxdy- ^ 


dv du\ dy 
^di''^Tx)dx 


dXy (20) 


wheie the double integrals are taken for all points within 
the boundaiy, and the single integial is taken around the 
boundary or boundaries 

276 Transformation of 


du dv dw\ 
dx dy ^ dz) 


dxdijdz 


As m Art 226, we have 


[(djA dv die 

dx dy dx 


dxdydz = 


(la + mv uw) dS, 
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eosmes of the outwmd draxm 

'® P®rf®o«yge«ieral, and holds for any por- 
faon of space bounded in any manner, provided «, t,,Vare 

tion for all points within the field of mtegra- 

Also, since over the bounding surface we have, in g-eneral 
dz ^pdx + qdy, we see, as in Art 262, that ^ ’ 

II (^M + mv + nw) d 8 = II («<, -pu- qv) dxdy 

■IK” '“I -'!)**• w 

■I d% az 

where - and - are determined for any portion of the boun- 
dary when the equation of that portion is given In eeneral 

surtaces, which taken together make up a closed boundary 


ciu dv dw 
,dx dy dz 


dxdydz = 2 11 (/m + + nw) dS 

-"ll("-“|-'l)< 


(22) 


where the symbol S means that the values of — , — aie to be 

obtained for each surface separately, and thftum\aken so as 
to 6 }nbTQ,C€ the €fit%Te houiidciry 

We shall next proceed to find the complete expression for 

utXfom 


r*'i f'l 

J *0 J Jff) J 


du dv dw\ 


in which *1 and 2o are given functions of *, y , and v and v 
are functions of *, and 21., 2-, are constants 
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In this case the boundary consists of three parts 

(1) Two surfaces, % - So, s = Sj , 

(2) Two cylinders, y = 3/u 

(3) Two planes, (c-=^Xi 

It remains to find the complete expression for 

I* {lu + 4 - mo) dSy 


II' 


when taken over (i), (2), (3), respectively. 

1° Over the surface, z Zi, we have, by Art 262, 


(lu -{'inv + nw) dS = 


dz dz \ 

dx d// ) 


dxdy, (23) 


and we may write the corresponding part of the expression in 
the form 


hi 

^'0 L. 


tv - u 


dz 


dz\ 
dx dy ) 


dxdy 


2® Over the cylinder y = y,, we have n = o, and mdS « dxdz ; 
consequently, the double integral becomes 


IlCr-'j 


dxdz 


Also, by elementary geometry, we have, along the curve y = tji, 
I dy ^ 

m dx ^ 

and hence the double integral over this portion of the boundary 
18 represented by 

dt/ 




v — u 


dx 


dxdz 


It readily follows that the portion of the double integral 
when taken over the two cylindrical boundaries is repre^ 
seated by 




dy\ 
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Sign of Substitution 



'Vi 


Vq*. 


^= >» ?W»0, « = 0, 

ab dyd% , theiefore the corresponding integial becomes 

^2 

udydz 

'0 

n^L * f integral corresponding to both of these 

plane sections is represented by 


idydz 


®1 

'J'l 

*0- 

^0- 


Combining these results we get 

fdu dv dw\ 

Jy^ 


X. ry 


^0 i/o J 
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CHAPTER XVI. 

CALCULTJS OF VARIATIONS 

Smgle Integrals 

^77 Bernoulli’s Problem —In this Chapter it is pro- 
posed to give a sliort account of the elementary principles 
of tlie Calculus of Variations, espeoiallyin connexion with the 
theory of maximum and minimum integrals 

The origin of the Calculus of Variations may be traced 
to John Bernoulli’s celebrated problem, published in the 
Acta Etudttonum of Leipsio, m 1696, under the following 
foim, latrs in piano vetticak duohus punctis A et B, asnignaie 
mohli M tiam A MB pei quam grant ate sua descendens, et 
moveri mcipiens a puncto A, bremsmo tempore pervemat ad 
punctum B This problem introduced considerations en- 
tirely different from those hitherto involved in the discussion 
of curves, for in its treatment it is necessary to conceive a 
curve as changing its form in a continuous manner, that is, 
as undergoing what is styled deformation This change of 
form can be treated analytically as follows — Suppose y =f (x) 
to represent the eijuation of a curve, and let us write 

y -/ (x) + axp{x), (i) 

where a is an infinitesimal quantity, and 1// {x) any function of 
X, subject only to the condition of being finite lor all values 
of a: within the limits of the problem Then, equation (1) 
represents a new curve indefinitely close to the cm ve y ^f[x), 
and by varying the form of ^{x) we may regard (i) as 
representative of cmy curve indefinitely near to the original 
778 Beflnition of Variation h/ —Here, is the 

difference between the y ordinates of the two curves for the 
same value of x This indefinitely small difference is called 
the variation of y, and is denoted by Sy 
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If the ordinate of the second curve be denoted by y, we 
may write •' 

Sy = y, - y = a^(a,) ^2) 

Ihen 8 y may be regarded as the change in y arising solely 
from a ohanp lu the relation that connects // with a; while a 
remains unaltered 

&e'^®rally, if « be any function of * and y, we may 
hi 

where Mi is the value that u assumes when y becomes y + §y. 

Again, when y becomes y+^y^^ becomes — ^ 

XT ctof* dx^ 

Hence we see that 

A \ 


(4) 


d 

dr' 


This equation may also be written in the form 
SDy = D«§y, 

where D stands for the symbol of differentiation 
Also, in general, we have 

SDw = and 

More generally if y be a function of any number of 
independent vaiiables a;, a-„, then Sy represents aiiu 

tndefiniely small change in y arising solely from a change m 

ihus the variable y may receive tv.o mentmlly dishnct hnds 
0/ increment-one arising from a change in one or more of 

the variables, the other arising solely from a change m the 

relation which connects y with these vanables The former 
increments are those contemplated and treated of m the 
ordmary ca cuius , the latter are those principaUy considered 
in the calculus of variations ^ 

We shall follow Straueh, Jellett, Moigno, and the prin- 
cipal modern writers on the subject, by restricting, m general 
the symbol S to the latter species of increment. ^ ’ 
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279 Total 'WariatioMs — Ib many cases, more espe(nally 
for the hmiUug talues of the variables, we have to take account 
of both kinds of increment 

Thus, if X2, and if denote the total 

increment of y, we have 


+ + + (6) 

where ^Xi, Ax^, Ax^ denote indefinitely small increments in 
the variables Xi, x^, Xi, respectively 

In the case of a single independent variable this gives 

. ^ du 

= (7) 


280. Variation of a Function —We shall adopt 

Newton’s notation, and write y for-^, y foi — «/(») for 

dx dx^^ ’ 
d^y 

— , and proceed to consider the variation of the general 

expression V=f(z, y, y, y, y("^), in which the form oftht 
fwictxon f %s giten, while that of y m terms of x is mdetet mvnate 
Here, considering x as unchanged, we have 


dV 


dV 




Now let 


dy 


dy 


^.P ^J.p 

dy dy-‘^" • 


dy^^) 

dV 

dyi^) 


( 8 ) 


then we have 


8 F = PSy + PiPSy + P,P*8y + . . . + PJD^ly. (g) 

It may be observed that in all cases in finding the 
variation of a function we neglect terms of the second and 
highei degrees in the inciements. 
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281 Variation of a Befinite Integral — We shaU 
next oonsider the variation of the definite integral 

TT= Vdx, ( 10 ) 

where V is of the form stated in the preceding Article, and 
does not contain either of the limits, x^, ar. 

Here, when the limits are unchanged, we evidently have 

SZ7=f BYdcc i) 

And, when the limits undergo variation, 
r*i 

= ^Vdx+ ViAxj - VoActo (12) 

We may write the last equation, by Art 269, in the form 


AU= ‘SVdx + 


We shall suppose in general that y, y, &c , are con- 

11 1®’ indefinitely 

gmtion between the limits of inte- 

sentflT; ? y be repre- 

meanmvi th«Tfl’ 7® T ^ geometrical 

meaning to the definite integral U, and we may speak of 

^ ^ coordinaWthe 

282 Case of V=/ (x, y, y) —We now proceed to trans- 

o/“i'il;dTsSel7“^ ^ ^'^““tion 

Here, 


(14) 


■^'c& Sy^dx, 



Vanahon of a Definite Intearal 


m) 


therefore 


J 




PSy + 


I *, 


VAX 


Again, if Ayi and Ay^ be the total variations of the 
limiting coordinates, y, and we have, by (7), 


Az/i = 8(/i + 2 /iA^i, Ay, = + y,Ax, (15) 


Accordingly, substituting in the above, it becomes 


AJ^= 



dx 


Zydx + 


(V-Fiy) A4- + 


*0 


'v,Ay. ( 16 ) 

*0 


Next, if we suppose the limiting point (xi, y,) to be 
restricted to lie on a fixed curve {y = fi{x) suppose) , we shall 
have 


Ayx =/i'(a?i) Axi 

If the other limiting point be likewise restncted to lie 
on the curve y=/o(j)), we shall have 


Ayo = fo' (^ 0 ) Ax, 

In such cases equation (16) becomes 




F 4 -Pi(/'(^)^^) Ax (17) 


283 Case of F=/(a?, y) —If Fbe a function of 
V’t V'l Vy we have 


A ?7- = p (P§y + P,Dhj + P*P%) dx 

J«0 

Hence, since 

we have 


V Ax 


tEl - ^ 

dip dx 




f. 






PiMy 


S dP, 
X. dx 


gy 
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Henoo, 


Yp_^i . w 
i„\ dx da? 




I JTj 

VdkX 

*0 

I 


If we now suppose 


p dFi ^Pa ^-Pa /pv 

we may write our equation in the following simple form — 
A C"= [ ‘ (P) Syrte + ' ( + (^i) ^ + P»Sy) (l 9) 

Again, as before, we have 

= Ay, - yiAxi, = Ay. - y,Ar„ 

Syo = Ayo - y„Ax„ 8y„ = Ay„ - y„A r„ 
Substituting in (19), it becomes 

A 17= r (P) + *' ( r- (P,)y - P,y) A,r 

*0 

■*■ ^ (-Pi)Ay+ PjAy (20) 

It is often convenient to write this in the abbreviated form 


where 


A ZT” - Zi + M^ydoc^ 

J Xq 




284 Maxima and Minimsk Tiu 
.ppUcatio* of tie O.M„. », 



Maxima and Minima 
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the determination of the form of one or more unknown func- 
tions, contained in a definite integral, in such a manner 
that the integial shall have a maximum or minimum value 
For instance, to determine the form of the function y 

which renders the integral JJ = Vdx a maximum or a 

J *0 

minimum 

Here, when we substitute y-hmf/ instead of y in F, where 
a IS an infimtenmal^ and also vary the limits, we may suppose 
that J7 becomes 

ZT-h- aZ7x + — Z7, + &o 

I 2 

Then, as in the Differential Calculus^ if ?7 be a maximum or 
a minimum, the expression 


a(J^ + — !7, + &0 

I 2 

must have the same sign for all variations that are consistent 
with the conditions of the problem 

Now, since ly or is, in general, restricted solely by the 
condition that it should be very small, we see that we can 
generally change the sign of a without violating the conditions 
of the problem Hence, as in the Differential Gedoulus^ Art. 
1 3 8, we see that JJ cannot be either a maximum or a minimum 
unless 

?7i = o. 

Again, for a maximum Fa must be negative for all values 
of hj that are compatible with the conditions of the problem, 
and for a minimum TJ% must be positive for all values of ly 
under similar conditions 

In many cases we can see from the nature of the problem 
that it necessarily admits of a maximum, or of a minimum, 
value , in such oases when we have obtained the solution by 
aid of equation Th = o, we may dispense with the laboui of 
investigating the second condition. 



Calculus of Vanaitom 
Again, it IS easily seen that 

^ minimum value of V, 


L, 


" -to + f M^ydi 
J«o 


ix =» o. 


(22) 


Li- Lt = o, and [ ^ M^ydx = o 
JapO 

I’or if Zi - Z„ be not zeio, we must bave 

a ^'\>{x) Mdx =J ^ M^ydx = Z<, - Z, 

require that the integral of an arbitral y function 
rrT®f values of the van 

muS 


ii - Zro = o, and 


I M^ydx = 

Jxq 


( 23 ) 


Again, since the value of any defimto i-nfoo-poi j 
on the/om of the function to b^SeeratS Ti T“f' 
impossible m general to determine the v3ue of the 

mprSeited 

Accordingly, since the form of % is by hypothesis uer 


unless by making 


' M^ydx 


[ = o 


for all values of ar between the limits and 


(24) 
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In each particular case the form of y in terms of i e 
the equation of the cur\e, is determined by the integiation of 
the differential equation il/ = o . and also tlie arbitrary con- 
stants introduced in this integration aie in geneial determined 
by aid of the equation ii - = o Again, this latter equa 

tion cannot be always zero unless the coefficient of each of the 
independent mnations be separately zero 

It can be shown that the equations thus obtained are in 
general sufficient for the determination of the above-men- 
tioned arbitrary constants , this will appear more fully when 
we come to discuss our applications 

Whenever the solution thus arrived at does not satisfy 
the criterion respecting the function such solution is not 
either a maximum or a minimum, and is called a stationary 
solution 

285 Case of Geometrical Restrictions — We have 
here supposed that theie is no restriction on 8//, so that for 
any value of x the increments + Sy and - 8y are equally 
compatible with the conditions of the problem The 
reasoning consequently will not apply if the conditions 
render this impossible For instance, if a curve be restricted 
to lie Within a given boundary ^ then for all points on the 
boundary the displacements must be inwaids, and the 
opposite displacements aie impossible In this case it is 
easily seen that the curve satisfying a lequiied maximum 
or minimum condition consists partly of portions of the 
boundary and partly of portions of a curve satisfying the 
equation Jf = o. 

We shall now show that the integration of the equation 
Jf = o is much simplified for particular cases of the form of 
the function V 

286 V a function of x and y solely — In this case 

dP 

the equation J/ « o becomes = o, and accordingly we 
have Pi = const = c (25) 

More particularly, if F be a function of y solely, then 
Pi IS a function of y solely, and we get y ~ const , or 
y = cx + c' , hence the line joining the limiting points is the 
solution of the problem m this case 

[ 28 ] 
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we have *’"“«««“ 2/ a-d y solely -In this cas 

Hence 


p 


1 

ofiT 




accordingly we have in this case 

F=C+yP„ ( 25 ) 

where c is a constant 

j! o rzr *’ *■ *' ““ 

dP, 

dx dx^ 

Hence we get 


= o 


{P\) = Pi - = const 


( 27 ) 


hfvA ^ y> and y solely —In 


we nave 


Also 


this 


case 


pj^x PP, 

dx daf ° 


(28) 




V=vP + yP,+yP^ 


_ ,/Fi (f p. 




— V=~U,P\ . ^P‘- 

dx dx ~ 


{ dP, 


daf 




+ yP^i 


dip 


therefore 



Case of two Dependent Vanahlee, 
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Consequently we get 



therefore = c + yPi - y + yP ^ , 

ctx 

or F= c + ^(Px) + yPj (29) 

In particular if Fbe a function of y and y solely, this 
becomes, by (27), 

F - c + yPa (30) 

290 Case where F contains the Cimlts — In the 

equation 

cr= Vd^, 

J*0 

if F contain explicitly the limiting values of one or more 
of the quantities y, y^ &o , the expression for A 27 , whenever 
such limiting values are not fixed^ contains teims additional 
to those given in Art 283 
For instance, suppose 

y=f{^,y,y «>T.,yi,yi), 

then 8 V will contain additional terms arising from the changes 
in Xi, yi, and yi , and we shall have 


A 

dxi 


(y) 


dV dV dV 

dXx dtji dyi 


hence the additional terms in A i 7 are 


AiCi 


^ifdV dV dV 

dyy^^'' dyt 


dx + Ayi 


'*idF 


dx 


We shall illustrate the method of dealing with such additional 
terms subsequently 

291 Case of Two Ilepeodent Variables — It is 

easy to extend the preceding method to the discussion of 
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problems of maxima and. minima when there are two or moi 
dependent variables 

Thus let us consider the variation of the expression 




where F is a given function of y, z, y, 2, y, s, and y, s, ar 
both undetermined functions of x 
As before let 


and suppose 

then 

ACT- 


P =1? r> 

dy’ * dy’ 

Q_dr dV dV 
«•-*’ 


H (•«! 

Vtx + (Ply + P^Bly + PJPly) dz 
®o J *0 


(Qlz + QiDlz+ QzP^lz) dx. 
Proceeding as in Art 283, we readily find 


AF= 


{P)lyih! + [ ‘ (Q) Izdx 
J =^0 J *0 

I *1 


+ 


FAa? 


{(■Pi) Sy + PzSy + (Q,) gs + 

Towm^’ meaning as m Art 283, and 

vmaWe 2 corresponding expressions relative to the 

n»^r.r, x”'*- ““ 


Af7= 


f* ^ 

(P) lydx+^ ‘ (Q) gsrfa, 
P-(Pi)y-P,y-(Q.)*- Q,2^ Aa- 
{(Pi) Ay + P,Ay + (QO A2 + Q,A2) . (32) 
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This equation may be written for convenience in the form 




L + 


- “’o 


dx 


(33) 


292 JLp|>licatioii to Maxima aocl Minima — The 


determination of y and z when 


Vdx is a maximum or 


a minimum leads, as m Art 284, to the equations 


= N = o, (34) 

along with the equation 

' L = o (35) 

•^0 

at the limits 

In the latter equation the coefficient of each independent 
limiting vaiiation must he zero as before , and the equations 
thus obtained enable us, m general, to determine the arbitrary 
constants which appear m the solution of the equations 


dec dr" 


o, 




(36) 


When V is of particular forms it is easily seen that results 
similai to those given for a single variable still hold good 
For instance, when V does not contain x explicitly, we 
see by the method adopted in Art 289 that we shall have 

F= (? + (Pi) y + (Qi) z + P^y + Q2S (37) 

Again, if V does not contain either x, y, or % explicitly, 
this becomes, as m (30), 

Y^c-¥dy + c"% + T^y + Q22 ( 3 ^) 

The foregoing results can be readily extended to the case of 
three or moie dependent variables 

293 Melative Maxima and Minima Isoperi- 
metiieal Froblems — In the discussion of the curve which 
possesses a maximum or a minimum property if we limit the 
investigation to all curves of a given length, or that satisfy 
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problems, called 

problems ot idative maxima and minima These questions 
ongmated in the mperimetncal problems of James :i^emoulh 
ior example, let it be proposed to determine the form of 


y that renders U = 


Vdx a maximum or a minimum, and 


that also satisfies the relation V' = f’ V'dx = constant, where 

Kand V' are given functions of x, y, y, &c 

so al^r T^s ® maximum or a minimum, 

L..A 1 aibitiary constant 

problem reduces to the determination of 
tile maximum or minimum value of 


\^\v+ar')dx, 

J 


( 39 ) 

constant whose value is to he determined by 
aid of the given value of U' ^ 

hlems'’nlnT?"*n <'®n«tloii —Another class of pro- 

v,!^W ^ *^® preceding is that m which the 

variables x, y, y, y, &o , are connected by a relation W= o 
m this case we may plainly write 


Z7= 


( F’h- A W) dx, 


( 40 ) 


where X is any indetermmate function of x 

°^se of this principle arises whenever 
we take the aro of the curve for the independent variable 
T7nr^?«=f Of Arc being Independent Variable — 




dy 




fldSy 


y j we have at each point of the curve the 

relation 

‘^^® “C'^imum or mmimum solu- 

Cion 01 tile expression 



Cam where jul does not contain s Exphctthj 
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where V= ji + - i) and X is undetermined the 
coefficient is -written m the form iX for convenience 

296 Case wliere fx ilees not contain s explicitly — 
For example, let ju be a function of x and y solely , then, since 


dj 

ds 


= ^ (oj* 4- y* - i) 


fx 

ds 


= 0, 


we get, by equation (37), 

V = + Qiy + c ; 

hence ju = A + (? 


This may be written X^p^- 

where a is an arbitrary constant, to be subsequently determined 


Again, the equation 


i = o at the limits becomes m this 


c!lse 


/xA 5 + 


A (x^x + yly) = o, 


or, since = t^Xx - Asi, 


(jx A) As + 


A (xtxx 4 yAy) = o , 

'0 

I 

therefore - adx {si - So) 4 I {xAx 4 yAy) = o 

I *0 

Hence we obtain 


a A (si - i 


■■ o, and 


A (xAx 4 yAy) = o (42) 


Now, whenever the length of the curve is given, the 
former of these equations vanishes identically, but when the 
length IS undetermined we must have a -o 
Accordingly, in the latter case we have 

^ = /i» (43) 

while in %sopenmetncal problems 

A = ^ 4 (44) 

m which the arbitrary constant is to be determined from the 
given length of the curve 
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former case, substituting /x for X in (41), we see 
that whenever fi does not contain s eiplvcttly, we may wnte 


+ i) ds ( 45 ) 

./ solely of one of the variables, 

= C (46) 

Examples of tbis will be found further on 

from^(45) ^ maximum or a minimum we have, 

dx Ty^ 7 s ( 47 ) 


Hence we get 


ds dx ^ dy 


w-' 


08 ) 


t A®i element of the 

^ havT positive direction of the axis of x, and 


therefore 


- cos y =z Bin (j) ; 


^ds> ^ 


Accordingly, either of the equations in (48) becomes 


the 5d?n!’ convention as to the sign of p 

mav write fh Calculus, Art. 226), we 

may write the last equation in the form 
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Further integration of this expiessiou is impossible without 
having previously specified the form of y 
Again, at the limits we have 

Iul{x^x + yA(/) = o 

) 

This, when the limiting points are independent, leads to the 
equations 

*1 *0 
{xAx + = Oj and (xAx + yAy) == o, (50) 

provided fx does not become zero at either limit 

When the limiting points are restricted to fixed curves. 


equations (50) show that the curve for which 


yds is a maxi- 


been 


mum or a minimum must out the limiting curves ortho- 
gonally 

It may be observed that if the proposed integral had 

r ds 

equation (49) would become 

*0 

I I fdy , da 

- “ - -7- sm 6 — r cos 
p y\djc ^ dy ^ 

and consequently we see that the two curves contained under 

are such that if one renders J yds 


the equation p" =/ 

a maximum or a minimum, the other possesses the same 

property with regaid to — 

J 

298 Case wliere V- y + yiX -h y^y — Next let us consider 
the case where V is of the toim y + yiX + y^y^ in which y, yiy 
and jU2 are given functions of x and y solely 
Here, as before, we assume 

J7= j ‘ |ju+/i,aj+/u,y + |X (a^+ y’ - i)|rfs. (51) 

Then, as in the previous case, we get 

V ^ -v Q,iy + c 

This leads immediately to the relation 

JLt = X + C. 
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Again, the equation ' i = o at the limits reduces to 


X. - 

^ (/i + ^ix + ^2^) As + -f ^28^ + A (xS'v + y^y) = o 

*0 

Substituting, as before, for So? and S^, this expression 
immediately reduces to 

<3 A (Si — So) + niAx+ ni2Ay + {ill - c) (xAx + yAy) = o. 

Hence, as in the preceding case, c = o, except for isoperi- 
metrical problems , also, we have 

{ 111 Ax + fi2Ay + fi {xAx + yAy) I ~ o (52) 


In this case we have X-fiy and equation (51) may be written 

Z 7 = ^ fi {a? + f + i) + fi^x + ds (53) 

If ^1, and fXi be functions of one variable {y suppose) 
solely, the differential equation for determining the curve 
assumes the simple form 

+ (54) 

299 In general we get the equations 
dx dx ^ dx ds^’ ds 

I f . dfij d . . dfit 

dy dy'^y 

Hence, as in Art 297, we readily have 


P M dy dy dx ) 


(56) 


We shall lUustrate the results arrived at in the preceding 
articles by the consideration of a few elementary problems of 
maxima and minima. 



Lines of Shortest Length 
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300 I-liies of* i^Iiortest Ijengtli — In the case of plane 
curves the length of the curve between any two points is 
represented by 



I + y* dx. 

Hence, since F is a function of y solely, we have, by 
Art 286, y = const , consequently, as is obvious geometri- 
cally, the curve of shortest length between two points is a 
straight line 

If the limiting point be restricted to the curve 
we have =/o A ojo, and the limiting equation 
(17) gives 

(i +2//o(a?o)) A;»o = o, 

or i+yf{x^)^o (57) 

This shows that the right line cuts the boundary orthogonally 
Hence the pioblem reduces to the drawing a normal, or 
normals, from the point x^y^ to the bounding curve 

It IS easily seen that if the point x^^y^ is between the 
curve and the corresponding centre of curvature, the distance 
is a minimum, and leads to a real minimum solution If 
the point lies beyond the centre of curvature, the normal m 
question furnishes a stationary solution, but not a minimum 
solution 

If each of the limiting points lies on a given curve, the 
solution IS a line normal to both the cuives- 

Let us consider whether Pi Pi 

such a solution is a true mini- 
mum or only a stationary 
solution 

1° Let the curves be con- 
vex to each other along the 
common normal P1P2 m this 
case P1P2 IS a minimum ^ ^5 

If the curves be concave relative to PiP 2 : the distance 
PiPa is not a true minimum, and consequently our solution 
IB but a stationary solution. 
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If the curves lie as m the first part of the figure, then ] 
IS easily seen that PjPa is a true minimum only wlxen 0 
fche centre of curvature corresponding to Pi, lies beyond (7. 
the centre of curvatuie corresponding to Pg 

More generally, we have for the length of any curve n 
space 

U= y I + dx 

J XO 

Here, for a maximum or a minimum, we have, as ii 
Art 286, y = const, s = const, and accordingly the curve ii 
the right line that ]oins the limiting points 

^ suppose the limiting point restricted to li< 

on the surface 


then we have 


w =/ = o , 


ifdu ^ du 

T- A^+ 7- + 

dx dy ^ 


*0 


= o (58) 

(32), the term in SU that corresponds to this 


Ax^ 


ypAj/p + 


m. •v/ 1 +Vo'+ V 

This gives 

^^0 + Vo^I/q + = o , 

^n^, from (58) we see that we must have at the limiting 
du 1 du I du 

(59) 


du 

dx 


I du 
y dy 


I du 
z dz 


Hence when one of the limiting points is fixed and tliA 

LrS^ds^o°th^ problem reduces to’drawing 

normals to the surface from the given point. 

It is easily seen from elementary geometry that fevr a 



The BrachyBtochrone 


445 


301 iSracliystoclirone — We shall next consider 
Bernoulli’s problem (Art 277) of the line of quickest descent 
under the action of gravity, which is commonly called the 
Braohystoohrone 

Let us take the axis of x vertically downwards, and that 
of y horizontal We shall suppose the particle to start from 
the fixed point with the velocity due to the height h , 
then, if t? be the velocity at any point, we have 

^ zg [x h- iTo), 
ds 

also, if t be the time of motion, «? = 7- ; 

at 


1 ^ dx 


^ ^ zg \/ X h - Xq 

hence, neglecting the constant ^ zg^ we may wiite 

rVi 


u 


_ r*i v/ I d. 
i«o \/ x^-h—d 


(60) 


„ ' dx 
x^-h—Xo 

Here, since V does not contain y explicitly, and a?o is constant, 
we have, by (25), 

y 


*/ \-\-y^\/x-\-h-x^ 


= c 


(61) 


Now, let 0 be the angle that the tangent to the curve at 
any point xy makes with the axis of x , then 


or 


y = tan <p, \/x+h-Xo- 

X h - Xq^ a sin’^, 


sin ^ 


(62) 


writing a instead of ^ ; 

hence 
also 

therefore 


dx za sin ^ cos < 
dy = tan za sin*^ 


f , , , a sin 2^ 

y ^ za\ sim^a^ = acp — ^ -h const 


(63) 
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eonSion?“"*^r*'®“^ !f depends on the hunting 

r= o Z rest, we hav 5 

have ’ r= o o" "PP" ^e 

0> yo ~ o , and equations (62) and (63) become 


^ ^ sin*^, y ^ a(i^ 


sin 2^ 
2 


“7™rTl* i’T* “ ““P “ “e ongi. 

mrr,^^L „Z TT ““ '»*? P“P‘. W., to h. oa the 

«.m.p„-'.4t ““ “•»S“‘->” 

^ + -Pi (/'(a?) ~ y) « o. (54) 

But, by (6i), we have 

Pi = c, 

y * 

hence (64) becomes 

I + tan <j>if'(iK}^ = o 

Th»jh„w, that the ejeloid ..i, the hmlmj eon-e .t nght 

^^p'r'ti: ‘° ‘Sr7 tt £S.l£r'’i£ 


^ ° -7 — ; 

V S' + 4 - 

and equation (45) gives, neglecting the constant multiplier, 


’1 { x ‘ + f + 1) 
*» \/» + h-a^ 


ds\ 
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again, as this does not contain y explicitly, we have, as in 
equation (46), 


s/x-^h- 


const. « 


a?o 


. . dy 

where y = — ♦ 

m 


If ^ be the angle that the tangent at the point xy makes 
with the axis of a?, we get as before, 


X ^ h-- a sin*^, 

and also 

. dx , . , 

aj = cos0, • = ^2a«m6d6. C6*5) 

^ 008 0 ^ ^ ^ ' 

This gives s - - za cos 0 + const 

Hence {Biff Cal ^ Art 276), we see that the curve is a 
cycloid, as already shown 

Again, equation (50) gives at the limiting point Xiy^ 
x/^x + yAy = o, (66) 


which shows that the cycloid intersects the limiting curve 
orthogonally. 

Next, if we suppose the point x^y^ to be variable, we see, 
by Art. 290, that we must introduce in A ?7 the additional 
term 


also, by {65), 


iAiTo 


ds 

S(i(x^h- x^^ 


fh ds 
J,o(aj + A-rro)* 


2 r»i # 


2 

(cot 00 - cot 0i) , 

v/ a 


accordingly, the additional term introduced is 

^ (cot 00 - cot 0i) (67) 

a 


♦ The student must be careful not to confound the symbol y in this investiga- 
tion with the same symbol m the previous article In fact, y in all cases represents 
the flux\on of y rolatwe to the %ndependent variable 
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Also, the term 
in (42), heoomes 


■ I (iA* + yAy), 

. (cos ^0 Aa-o + sin ^oAy,,), 


“7= (cot ^0 Aar, + A^o) ; 

V ® 

adding tbs to the term in (67}, we get 

- (A*# cot + Ay,) = o 

the^n^hr™^*^® tangents to 

Se nZS^ limitin| points 

are p^arallel [See Moigno, Cakul des Vat taitons, § 1 1 /l 

Por example, to find the curve ^8ii3.J 

of quickest desoent between a ^iven \ \ 

curve A£ and a straight line CD \\ 

situated in the same vertical plane, C \A 

we draw to the given curve a tangent \ ~ tVs^ *8 

A T parallel to the line CJD Then \ / xT 

supposing the particle to start from T 

rest, the cycloid satisfying the con- 
dition must start from a cusp at ^ ^ 

and cut CB orthogonally Fig 86 

^=/{Jc(i’ + y’+ i) + (p-f{x)]a>]ds 
Hence, by {34), we get 

® = cy; • ep = x + a, (68) 

and It readily foUows that the curve is a circle of radius c. 



Minimum 8 u> face of Revolution, 
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Again, since at the limits we have y = f{x), the limiting 
equation becomes, by (50), 

^ (icAa? + yA//; = o, or ^ {^-^yfix)) = o. 

*0 *0 
This shows that the curve outs the given curve, y = f{x), at 
light angles at each limiting point 

304 Minimum ^Surface of Kevolution —To find a 
curve such that the surface generated by its revolution 
around a given line shall be a minimum 

Here 

must have 


ys / 1 +y^dx is a minimum: hence, by (26), wo 


yy I + y* = (? + 
Accordingly, we have 


v/ 1 + y’’ 


or y « c (i H- ^ 






therefore a? « c log y + ~ const. 


305 Otherwise if we take the arc as the independent 
variable, and tne given line as the axis of a?, then the surface 
m question is lepresented by 

rr pi 

JJ- 2w \ y(k\ 

J^o 


hence, neglecting a constant multiplier, we may write, as in 
Art 295, 


U 


81 

+ iX + y* - i)) dz 


Again, by (45), this may be written in the form 


r- \ 


y{x + y* + i) 


Consequently, as in (46), the curve is determined by the 
equation 

yw^ Uy or y ^ a sec (69) 

[20] 
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(69) iJd. s 4r,i •«”' »- 


/y 

da; 




• o' 


” * - » log (!, + yy - + „,„t _ „ 

Ifnowth«,„g.„bee.te„„.„8g 7, p ,84, wo got 

a log y ^ 

and hence ^ 

<'-j(«‘ + «'')-.oo,h^ (70-) 

uSTd£,:;t“‘tstror ** “s? *‘™"’ 

and having the given line fo/its S 
tigation of the nossihilifv -f*or a geneial luves- 

ro/otted to TodhSoK'iJfj oomtaclwo th. ,tad.ol“ 
tiom, § 62 Reseaiches on the Calculus of Faria- 

»!.«» to a. p.rt.„„j„ 

■d and are equidistant wX 

from the fixed line ^ ' 

,0 sJiall first show 
mat all catenaries, re- 
pesented by the equa- W'' 

tion ^ 

a f ^ -f' 

y = -le^ + e ^ 

2 V 

c h" _ 

Fig 87 

where a is variable, he withm 

pass through the origin C * tangents which 
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For, let CN be a tangent from the origin to the curve, 
and let 

= CH^x, NE^yi 
then, as m Art. 13 1, we have 

HL = u, NL = arc ON = « ; 

also, from the figure, 

y X 

“ « coseo a, - = sec o ; 
a a 

hence, frora equation (70) we get for the determination of a, 


hence 


2 coseo a “ 0 ® 4- 6 ; 2 cot a = <? - s®c a . 


= coseo a + cot a ■= 


I + cos 


sin 


>s a _ /I + cos a 
a V I - cos a 


If we make sec a - u, this gives 

S (( - i 


( 71 ) 

The value of u can readily be found approximately from this 
equation; for let = i + is, then {71) transforms into 

ze^e^^ = 2 + «; 

but (? = 2 718 . , « 7 4^ approximately, 

hence, approximately, 

S ( I + 2« + ~ s® + &0. J » ~ ^ . 

/ 37 


37 


From this without difficulty we find 

2 « jp , sec o = f , p. 

Hence, by a table of natural sines, we find o = 33° 30', 
approximately 

The equation tan a » - furnishes the maximum value 

y 

JC 

of - for the catenary. 



452 


Calculus of tut ions. 


whenever -— = 12 ^ ± 

.A . to describe a catena, 

^roug the limiting points so as to have the fixed line fiot i 

When ^ < tan ., .1 can be ^ 

but two, cateoarie, „a b. „ a^wo , for let 5 - 1.„ ft an 

«-*« fla 

» - -, then equation (70) gives 


2M00t/3 = e«+^»2/^I+ J1L4. \ 

V ' 2 rTTiT^'^'^V <72 

JXztg” re's,” .T.tu“L‘r« ’Xt 

Again, the roots are equal when R, . jj xi. 

for equal roots gives 2 cot S IT- condition 

®of“ “ 4, P 261 , that 5 /, 

* be the surface generatedbv y 

the revolution round its axis \\ / 

otanyportionOiV; measured \ A 

to«b,vert.tof.oaten„y, V /' 

S==w(ys + ax), \a 

where i» and y are the 
coordinates of ^ JV" and Vl^ / 

o-OJV.JVZ. ’ \ / 

PKf geneiated ~ i ' j 

luho.fw^'.r'' H 

Fig 88. 

S = ir(Piv^.irivr)a, 

= Trgs + ity PL ; 



Properties of the Catenmy 
but by similar triangles, we have 

NE PL=^ PH.HL = a Pff; 

S = flr(y« + « PM) 

S - S - Tra CP 
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therefore 

Aooordingly 


If Pif be a second tangent drawn from P to the curve, we 
nave, in like manner, 

5 ' -S' — mOP, 

f' “r surface-areas generated by OM and 
by P^, respectively , hence we see that 


iS + ^S' = S + S'. 


(73) 


Consequently if from any point P on the axis of a 
catenary, tangents, PM and PN, he drawn to the ouive, the 

Its levoluhon around the 
axis u equal to the surface generated hy the broken line MPN 
in the mme 1 evolution 

at iir meets the axis m a 
point E, we have, adopting a similar notation, 

S' - S.' = - rraCE ; 

and we get, lu general, 


^+S'-(S + S')-±,raPP' 


(74) 


taken aocoidiiig 

as the tangents intersect below or above the fixed axis. “ 
From this it follows that, if tangents to the curve be 
drawn at any two points, M and JV, on a catenary, the 
surface generated by the revolution of the curve ME round 
the axis is greater or less than the surface generated by the 
revolution of the broken line MP'PN, according as CP is 
greater or less than CE & j. w 

In fig 87 It can be shown without diflBoulty that the 
upper curve A A gives a true minimum, while the lower 
curve corresponds only to a stationary solution (Art 284.) 
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Heie we hare ^(^rvamre mall be a minimum 


J*o Jacf, y 


Hence, ^ Since V does not contain either ^ or y, we have, 

but in this case ^ ‘’V + P^; 

therefore we may write ~ ~ 

r= c, + c,y. 


where and Cj are arbitrary constants. 

ibis equation may be written in the form 


(75) 


Cl 




v/TTp v^i + y* 

“ Cl cos 0 + c, sin 

ds 

■^ = Cl cos ^ + Ci sin 0 
This gives « = c.siu^-Ccos^ + c.; 

and accordingly the curve is a cycloid. 

Again 

(.•) It ft. limlmg b. M, but ,ct ae 


at these points, equation 


XI 


L ^ o becomes 


IXl 




P% “ o, at each limit 

C. u . ojZd ’ «■» «“"« ■» tta. 



Isopenmeirteal Problem. 

(2°) Suppose the extreme points he on givm curves 
Here, the equation X = o becomes, by (20), 
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+ iCf^y + = o. 


He™., i,, a tk to,*, we ma.t have 

a »• 

Also we must hav^e 

-f- C2A?/ = o 

at each limit , this shows that the curve touolies each of the 

p S' "ia“r’ ' “■* "i« tat.4 

Ctog tie 

». m2l hiv““" ’“*”f P»"“ mdat6rmi.,.ta. 

Cl = o, and c, = o, 

equation, which shows that there is no solution in this ease 

Proceeding as befoie, we readilj get 

Cl C2P 


P = 


v/ 1 


= 46, where 6 «« - | 


therefore 


-/i + y 
= Cl cos ^ 4 sin ^ 4 ft , 


I 4y* 

ds 

dip 

« « Cl sin p - Ci cos (p + b(p d 
This 18 the intrinsic equation to the curve 


( 77 ) 
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We see, as before that the curve becomes a cycloid when 


dy 


dx 


give 


^ = cos^, 


sm <j> (oi cos ^ + c, sm ^ + 5) 


dip 

dx 

cos ^ (c, cos 0 + Cs sin ^ + b) 


m 


Stemine thTcr f ^ 

aetermme the equation to the curve by elimination. 

308 General »* aasfoi matlon —In general if F he 
a function of ir, y, y. y, ^ 


AF = 




{VSy + P.DSy + . . . p„Z)»gy) + 


*1 


FAr 


Now, let P, denote the symbol ^ when operating on Sy solely, 

function? P^P*® the symbol when operating on any of the 
iuncQons J:’, . . P„, then we may write 

- (- irSylf>P„ = (Z),». _ f_ 

= (A + P,) (P,- - ^ 

= i ^ D’"-^8y +...+(-,)»-! ^ . 

Hence we get 

ly^P.B’^Sy^i-ifjaxSy^ 


ail 




^-»P, 

dx”^^ 


'By 
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Applying this to the different terms in the value of A f7 given 
above, we get ° 

=[\p)%ydx+ “'fax 
J*« *0 

+ I ^ I (-Pi) Sy + ( P.) Sy + . . + P„Sy ("->) I , (7 q) 

where 


(P) = P - * 

da; 


• + (-0”V^, 


(P.) = p. _ ^ 

and so on 

We may write this, as before, m the form 



308 a maxima and minima — It is plain, as in Art 
284, that tor a maximum or minimum value of the definite 
integral, we must have 

(P) = o, and £ = o. (8i) 

*0 

Also, as before, the ooefEoient of eaoh independent variation 
in the equation at the linaits 


*1 

X « o 

*0 

must be zero in this case 

309 Case of Two Dependent; TarlaMes — More 
generally, let Fbe a function of x. y, y, s, y, z, . a(*^0 

where y and z are functions of a?. ^ 

Then if 

Cr= Vdxy 

. *0 



458 


Calculus of Vartatiom^ 


we shall have 

■ «-i 




I (Dq 


L + . . . + p„mt/) dx 

+ Q,mz + . . . + Q^O-^gs) dz, 


adoring the notation given m Arts 201 and noS 


AU 


+ (Q)gsU: + 


VAop 


where 


^ Uo I + (-^ 2 ) Sy + . . . + P„g2/(«->)| 

;« '*’ + . . . + QMg8(“-*)| 


da? ^ ^ 

and so on 

This may be written, as before, in the form 

^ ^ ° I xo ^ 1*0 + I *” A (82) 

we mrl'a^r value 


(P) = o, (Q)=o, and 


my 


m Auatior" 

Vdx should be an exact ifferentS^^nT *1® 
oular form of the function intr^,* 
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must be a funotion of the limiting values of y solely, 
an coiifeequei^ly when these limiting values are unaltered we 
must have but bj (79) we have m that case 

gCr= f {P)Zydx. 

J *0 

Accordingly this integral must be zero for all values of gy, 
and hence the equation ^ ^ 


(P)-o, or + = o ,8,^ 

dx dx^ dxP ^ 

naust vanish identically . 

311 Method of the Bliferentlal Calculus —This 
result can also be readily arrived at without any reference 
IL!/ Variations, foi suppose that Vdtc is the 

ti of a function where ^ is of the order (n-i) 

m the ditfeiential coefficients y, y, . , then we have ^ 


F=2) 

^ dx ^ dy 


dik 

+ y-r + 

dy 


dyi’‘-»' 


This shows that Ffi?® cannot be an exact differential unless 
it is^ear m its highest differential coefficient, yW 

to determine the condition that any 
iunction V should satisfy equation (84) ^ 

In this case we have 
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henoe 




aqt 


have ooutinuiug this process, that we must 




%(”-'■-*) 


= o. 


(85) 


f according as 

hecomes r - « - i, ?his 

i)”-'P„-J)»-=p,.. + .. ±p^:p4^0_ 

Henoe 

I>»P» - 7P-ip„.. + ..±2)P,,:p.o, 
observing that 

P = !^=p4. 

wC*“ «“ v *>■• 0.1»I«. of 

VIZ that SirTIf -The Converse Theorem, 

Sffioienr^Z 1 ^ r °’ an exact differentia 

coemoient, can also he proved as follows 

Here, we have 


I>”P.-P"->P,^. + . ±p.o. 

Again, we have the symbolic equation 


( 86 ) 




P»; 



Omvtne Theorem. 

and we see that the term of the highest ot der m (86) is 

dPn 


46J 


yP«) 




- o. 


Consequently we must have 

^Pn _ (TV 

assume that V 

F=/+y(»)i^, (87) 

where / and i/, are of the ordei n - i at highest 

sawraT^^C « t. 

Jh AV 

dyd^-A “ “ gy{n ) ; 

and accordingly we may write V in the form 

d<l>i 


V =/+2^C") 

Again, since 

^ ( d d 

we may write {89) m the foim 




• +yW 


( 88 ) 

(89) 




.) 




d 




where y. is of the older w - i at highest. 

biuce the latter term is an exact diffeiential, our result 
will be proved it xi can he shown to be an exact differential 

.t ■ »• 

Xi =/i + 

X. = X^+^(M wheie = 

and where xi is of the order » - 2 at highest 


or 


(90) 
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identically, 


In like manner, we must have 

d 

X 2 “ X 3 + ^ & 0 ., 

hence it is easily seen that when (P) m o 
V must be an exact differential ^ 

*«*esratlon of the Differential Equation-, 

ihe determination of ^ the integration of the differen- 

we ^ m tins case, for 

we can find from (88), from (go), and so on 

±or instance, to integrate the differential equation 
o^y + 2 a^y - 2zy + f + zxyy o, 
which satisfies the criterion of integrahility. 


Here 

hence 

therefore 

hence 

and 


dy 




f \ 

^ + x^y ; 


Xi = ~ x^y - 2xy + 2 xyy , 


T» 2 

dy 




dx 


=-!^y-2xy, =• y* + ioyyv 


Accordingly the lequiied integral is 

= (7i. 

314 Condition of Integrahility ia case of two 

Bependent; ^ / ^«»e oi two 

easily extended fn P^ceding process can be 

V S ^ ^ ¥ r®® ^ ^ function of a;, y, z, 

an exac/d,fff + readily seen that when V is 

an exact differential, we must have (P] m n (O^ ^ r. a 
lomersely ^ ® o> aud 

witS dTcnli; 
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A Cj'iterlon for JWaxlma and Minima —In 

m conditions are requisite 

eaimtmn*^AV?=r!° problem, obtained from the 

solution TliABo ’ ^ ® maximum or minimum 

solution Ihese conditions were investigated by Legendre, 

nleffi eiuinent mathematicians, but the com- 

plete solution of the problem was first supplied by Jacobi 

that in the extension of Taylor’s theorem, 

Again, assuming that the limiting values of x, y, y, &o 
are fixed, we have, by (21), ’ 


and consequently 


= [ Mhydx, 
J*0 


a* ? 7 a = fi* Z 7 = j iM^ydx^ 


where we also have M=o " 

Aoootdingly, as m Ait 2S4, the oondihons fcr a real 


I ^Mdydx 

J *0 


IK A Al'P**®*!**®" to V=f{F,y,y) —It would bo beyond 
the limits pioposed in this chapter to enter into a general 
discussion of the foiegoing problem, we shall merely considei 
the case where V is a function of x,y, and y solely 
in that case we liave 

sJ'-sr-^sr. 


Now, obseiving that 
dP, dP 

~W~'dy’ wilting s for dy, 

wehave ZM ^ + ~ » - -l^ z J-h, 
dy dy dx\dy dy 

d(dPr\ 


we Lave = 


dxK du 


dx\ dy 
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Calculus of Va) tatiom* 


If we now suppose that u is any solution of the dife) cnUal 
equation ~ o, we have 

rdF d/dP^\l dfdP, \ 

dx\ dyjj <&»[ dy “/ “ ® * 

hence, in general, we may wiite 


gjf=i s 


d fdP, 


u[_ dx\dy 


u] - u 




dx\ dy 


udx\_dy 


u% - uz 


writing for ~ 
dy 

Consequently 


zlMdx 


-r- 




since 8y, or *, mnuhes at both limits, by hvpothem 
depends on the function Q, or 

■’*'’* *"»“• «' "■»"* of 
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maximum nor a minimum value for U, for in that obra «/> 

of the oritenon for the discrimination of maximnm 
Royd'Sow'"* t"® f ’^en by Mi Culverwell m the 

Examples 

“” ”""” °‘ *‘”* ‘“S*' ““• •"«■•»« « nnim, 

18 equal to that due to the motion ^ curve due to the forces 

Here we hare, by mechanical considerations, 


also 

by (45), 
hence, by (49), 


km^xrx^{Xda:-\- Yd^), 

f®i ds 
*«o 


77 _ 

— J ~j> a minimum, 

+ + T)d;s, 


mv^ 


= Z sm 4> - T cos <p, 


which proves the theorem in question 

3 Find the differential equation of the curve fmeh ♦!,.+ «i, _j! 

geneiated by its revolution round a given line sha’ll h?,.? ! ‘i*® ““5^“®® 
contained volume sbaU be a maximum “ '’® a"*! the 

Here, by (53), Art 298, we get 


1 'Sl 


hence the differential equation of the curve, by (54), ig 

at/iE + y2 « e 

[ 30 ] 
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4 Hence sbo^w that if the surface is closed the cuire is a circle 
It IS readily seen that in this case ve must Jhaye <? » o 

5. Show that, %n genet al^ the curve in Ex 3 is the roulette described hjr the 
focus of an ellipse or hyperbola rolkng on the given right line 
Journal de liom%lle, tome vi ] 

surfac^^*^*^ differential equations of a curve of shortest length 011 a given 

Let « = © he the equation of the surface , then we have + yi 4.1,4 « 
and jas a miiiimuin , consequently m e may wnte 

+ + 0 

hence we get 



and the differential equations ot the curve are 


— = ^ = I.. 

du du du 

Ax dy dz 

Here = "y 


also 


^“XWp) + a (jp* •+ ~ i)) ds\ 




Heuce.aaia (a;), Art 288, ve have 

{Pi) = a, («,) = b. 


m 


herefore 


h&tls 


^ i (y VWni) =2, Ay + 1 (p>,p'((,)y) = b, 
^ is^ ~ ^ ^ {p^P’M/) = ait — &X, 


- ya?)} 


p^p'ip) ^ ay c 


le&oe 



Emmpks, 407 

If tlie limiting points be fixed, we haye Air = o, AHmG at eanli limti- 

But lave u, general + yAjr = o, We, at each W we get 


pH'(p) 


~~ that is p as o 


?ftto'hue' lbe*Wn for*ttie*^xi8 rf V the ^““T &« limiting points 

minimum curve may be wntten m^thi equation of the maximum or 

p VW = ay 

9 it be required to draw between two points a curye for which 
I j tads = o, 

tifentfZe“a*'mvnif S'nof 

maiima or minima. ^ ^ ^ consecutive cuives will give real 
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CHAPTER XVII. 


CALCULUS OF VARIATIONS, 

Multiple Integrals. 

3«7 Variation or a Bouble Intecral — W i, n 

We shall first consider the case of the double integral 


17 =J Vdxdy, 


as an *«defem!S*?un^ion 


^ da' ^ dy* 

m a^rdance with the ordinary notation 

tollTvtpX.'T^T.T <» a* 

P«., refe^TSZ/uiy^,^ of . 

may suppose the integral extended cv«r ^ ^ 
within one or more ehsfd bound^m contained 

any indkmtely “tSall^varilL? m 

ihange m the form of the funohcn «a ® small 

Hence, as in Art 281, we shall have 

SiTT ^ ^ dV ^ dy 

+ = 2^Sz + FSp + QSg, (i) 


yhere 


If 


dp 

IT 

' dz' 


^cTT 

' dp’ 


Q 


dr 

dq 



Case of a Fixed Boundary » 469 

obvious that the variation of U consists m 
pneral of two parts— (i) that arising solely from the mna- 
non of V \ (2J that caused by a small variation of the boundary 
or boundaries 

n ® Fixed Boundary— If we suppose 

the whole boundary to remain unchanged, we shall have 


■f 


■rf(P&) . d{QBz)\, , 


0 ) 


Tlie reduction of the latter integral depends on the nature 
of the relations by whioh the boundary is defined. 

If the boundary consists of one or more Jixed closed 
veSf then, as in Art 2 74? we have 


where the single integral is taken around the entire boundary 
Hence, in this case 

It IS to be observed that the value of — can be found 

dx 

for each part of the boundary when its equation is given 

It is often useful to take the boundary arc as the inde- 
pendent vanable In this case (3) becomes 


W 



dP 

dx 




470 ^ , 

^aleulm of Vanatiom 

If the integral be wntten in the form 

^eWe,by(,x),Art 2^l, 

Sjnerr of the double integral, 

M^eo^erff of r-’ 

Iso unaltered, we must^lvf % boundary be 

“ the single integrals in this* ° boundary, 

bxs has place when the bounder identically 

ourres, t« space boundary consists of a Jhecl curve 

3^9 TTcy m igi ai*iBin<v ■«« 

«y~Letusnow3er ';reJT''*“‘*«“ «o««. 

1 readily see, from 

^ ^ = P pSFi&ais ^ + r PVa / I '1 r»' 

+ ( 6 ) 

sing W any tmauEXnt^°^^ small variations 

320 ^ometrlcal »ei»resen* ^®^dary relations 

insmg from the vanation^f the bf T °^aiige in 
reometnoal representaUon *>°’^“dary readily admits 



Oeometncal Bepreseniattoni, 
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For, let AiBiBiCiAi represent any new boundary which 
is indefinitely near to the 
original boundary ABDOA 
then, since the original ^ 
integral is taken over the 
area ABDCA^ while the 
new integral is taken over 
AiBiDiCiAij the difference 
between the two integials 
(neglecting the variation in 
F), when the proper alge- 
braic signs are given to the ^ 
portions that are not common 
to the two areas is easily seen from the aoeompanying figure 
to be represented by the expression 



-i: 


'^1 I Vo 


FAf/ dx 


This IS readily identified with the expression in (5) 

It IS to be observed that the part of A??" that arises from 
a small ohange in V has been neglected m the single integrals, 
as it only introduces an indefinitely small quantity of the 
second ordo into the expression for A JJ, 

When the boundary consists of a' single curve, as in 
^ 274, the terms containing A*, and A«i disappear: and 

the variation arising from the alteiation of the boundary is 
represented by uuuaiy « 


/ VAg . dx 


taken, with its propei sign, tound the entire houndaty The 
modification for the case of an inner and outer boundary 
18 easily seen as before ^ 
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// S Vdxdy 

beoomefl ‘^'^“plete vauation of the double integial 


AZ7 


=/:j::(-- 


dx 




^zdxdy 


,7^1«iXrUi?ap%1r^^^ boundary, the latter 

the result may be written 31 / , and 


AZ7 




^Il(^ dx, (7) 


/e« 0 / ^ and^ the 

points on the bouLary ’ ““8^^® ^^tegral for all 

«,p..di«d 
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Meductton of Boundary Relahom, 

Thus, to determme the function z so as to render the 
double mtegial 

a maximum or a minimum, where F is a given function pf 
Q!f we must have A o, for all small variations 

of z 

Hence, as in the case of a single integral, the form of 
the function of z is to be determined from the equation 


_ dB dQ 


da dy 


Also, by (7), we must have 


- P Sa + FAy = o 


( 8 ) 


( 9 ) 


at all points on the loundary of the whole field of inteera- 
tion. ® 

323 Keduction of Boundary Relations. — The 

further reduotion of the expression m (9) depends on the 
conditions of the problem 
Thus — 

(0* H the boundary he fixedy then Ay = o at all points 
of the boundary , and we see, from (9), that the equation 

(Idx - Pdy =. o, (10) 

must hold at every point on the bounding curve or curves 
If only part of the boundaiy is fixed, then equation (10) 
must hold at eveiy point of that part , and the more general 
relatiou (g) will hold for the remainder 

(2). If the boundary he not fixed, and if there be no 
boundary relations conneotmg the coordinates as, v, s, then 
we must have 

Qde - Pdy « o, and F - o, 
at each point on the boundary. 
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A.-8. + |ij,.S, + ,i„ („) 

SSTw” '"*■“ “1 P««‘» on th. bou.d„j. 

Ss + yAy^o; 

and we see, from (9), that we must have 


\ M'.t.y 

at all points on the bonudaij. 

(4j. onpposethe point * «/ 2 4'n>. fi, n , 
or m part, to be restricted to 5 boundary, m whole 
Let X = f J «rTr A ^ ^ 

let ^®*^®®q«ation of this surface rand 

df 


dx 


Py ~ 
dy 


9i 


then along the boundary we have 

= q'Ay, 


therefore 


=s §2 4. • 

SX = (f - yj 


Jong the bo„„d„,, b.„„, ^ 

p+[q-p' 

at all points on the boundary 


die 


iP-g) 


(h) 
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Again, at all points on the fixed surface, s = /i {x^ y), we 
have 

d% == p'dx + fdy I 

but also, we have 

dz = pdx + qdy ; 

hence, along the boundary we get 


{p' -p)dx+ {q' -q)dy o, 

^ ~ -P 

dx f -- y 

Accordingly, equation (14) becomes 


r + p(/ - p) + Q{f - = o. (15) 

The modification in the case of two or more limiting 
sux faces is readily seen 

324 Siurface of Mioiinuiii Area — To investigate 
the surface of least superficial area between given limits 

Here we have 

ZT" = If (■/i+p* + }’) dxdy, 
and the equation G = o becomes 


1 4 - y + 2'v ^y\s/ 1 + + (f) 




or (i + r - 2pq% + (i + jp*) ^ » o. (16) 


Hence (Salmon, Geometry of Three Dimensions^ Ait 
we get 


1 I 


31O. 

(17) 


where R and i2' are the principal radii of curvature at any 
point on the suifaoe 
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Calmlm of Vartatiom. 


(IS) b^meB*^ limiting surface or surfaces, equa. 

i+ftP' + Jf-.o. ,,g, 

“tf £HS?.V 

ir:-: r^r r 

•mi iS IS au element of tie suiflo°°*““ "“^mate^ 

-tlere we have 

u ^ + gi dxdy ; 

• ^ “ t*- \/ l + + £«. 


Hence 

= Mg, 

v I + ^* + 


<g- W 

+ y + 5*’ 


: — ^ I 11 “ ' ^ "/ )» \ 


Consequently, the equation Q=o gives 




A- 

\<fe 


ehe ^ liy^ 


d( 


^ V7r4F47; ■" • 

lU m, » be the dir<«,l,..-eo..u,. „f a. u„r„al to the 
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surface, this equation may be written in the following 
form » 


1 I 

5 


I f jdni dll 

- l-f + m-~ + 
fi\ dx dy 


(> 9 ) 


(Compare Jellett, Calculus of Variations, Art i2i ) 

A gam, in the case of one or more fixed limiting surfaces, 
we get, by equation (15), 


I + pp^ + qq^ =» o. 


\20) 


This shows that the required surface must intersect each 
of the bounding surfaces orthogonally. 

326. Relative Afaxlma and Rinlma — The investi- 
gation of relative maxima and minima for double integrals 
18 the same as that already considered m the case of 
single integrals Thus to find the form of the function 
* for which IfVdxdy shall be a maximum or a minimum, 
while l^V'dxdy is a constant, the solution reduces to the 
investigation of the maximum or minimum value of 


17 = 




V + m V') dxdy, 


(21) 


as in the case of single integrals 

327 iSurface of JUinimum Area and Maximum 
¥oiume — Here we may write 


N- 1, P 


(2 + ay I + dxdy, 

ap ^ aq 


yi +^)* + j*’ 
and accordingly, we must have 




v/ 1 + p^ + r 


I I _ I 


t22' 


at each point on the required surface. 
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«raer — Q *« reducible to the First 

J ne equation 

Q=iVr-^ „ 

^ dx 


djr 

dx 


(s 


■pUrt^.^yz 

^ dj) dql dp 


i 


^ d d d\dV 

+ + ( 23 ) 


ePF 

dp' 


oPF 


= o, 


cPF 


dpdq ''’ 

Aooordingly, in this case F must be of the form 

V~a+pP + gy^ 


( 24 ) 


functions of x, and s, solely Hence 
111 tfiis ease the equation Q = o reduces to 


^ dfS dy 
dz dx dy 


(^5) 

where the differentiations with respect to r and u are to he 
performed only so far as these variables appear explicitly 

IS.>ei«d w* JExpreeslin o/the 

variation 0 / the intl^Lr'" ^ investigate the 

27^ ~ JJ Vdxdy, 
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rhen F IS a given function of y, s, p, q, r, g, t , where, 
1 accordance with the usual notation, 

^'dx^' * drdf *~df' 

V^lien the boundary is fixed, we have, as in Art 318, 


^J7 = ll^Vdxdy 


rhere 


= J/ {N^z + PSjB + Q^q + jRSr + 8 'Bs + Tit) dxdy. 




d_F 

dr’ 


S 


T-Z 

dg’ dt' 


This may also be written in the form 


U 


-I 


„ fiz diz „d‘iz r,d^iz 



?he tranaformatiOB of the three first terms has been alreadj' 
iven in Art 318 


Again, we have 


J 


a ^ dxdy - ff 


cPB 


}]dx‘ 


- III 


df dSz , 


Iso, since 


8 


<Piz d>8 df dSz\ d fdS \ 


dxdy dxdy 


i^e have 


11 


dxdy JJ dxdy 


{{dfdS ' 
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Xiikewise 


"" over the Me field of mfegrahm. 

fffiJ^ + ,9^^ j,cP^z\ 

JJ V dxdy ■*■ 


I' 


'^M d^S d*T\ 
dx> ^ dxdy '^dfj 


JJ dx\^ dx ^ dy~d^^^) 

JJ dyy dy dy ~ ^ ^^^y ( 26 ) 

»e, a" «„gI,‘:i'"S ‘°‘**'^' 

^y dy^* dx^*'^ 


1 (^ 


-/(■ 


/ 

dSz 

dx 


y dSz 

dy 




\dy 

Ux‘ 


(27) 


- ' '"if j a'jp ' ' ' 

S ‘“"OT- *tf «■*»» for «oh p».t 

Arts 318 and Ji 9 ^ on the principles given in 

of .fsr.T. 11 ‘Xt ^ 


^ dx doo dy^ 

^dx dxdx^^’^^-^-^-fy 


d^ J \d^dx^ dy def^^d^)-R~ 


dSz 
dy '■ 
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henoe 




t/Ss dE ss\dy. 

— cz] ^ da '■ 
dx I dx 




dx 


)\ dx dx dy da? da?/ J da? dy 
Substituting in (27) it becomes 

Hence, when taken for all points within a fixed closed 
ourvilmear boundary, we have 


dQ dM d?S dT\ ^ , , 




(28) 


330. When the double integral is given in the form 


r. 




we have, by (9), Art 271, 


rfS* „</8* dE.\ 


*1 rvi 
*ojyo 


dSz dSz dR \ 

H ^ 8 

dx dydxj 

. ^dSz ^dSz dR , 
f R— + S- 
dx 


[R— ^ S— - — iz]-^dx 29) 
J»o KoV ^ dy dx J dx 


rail 
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tfhZt introduomg the additional terns, 

f*i CPi ^ 

“ r rYiv"-— - (^T\. 

J*o Ji'oV dx dy^ Sedxdy 

+ rrYQ-P^+2^^ + ^^\ dS , 

J*o|%\ dx dx dx dy da? da?~ dx dy 






*1 ^ 

"" — ^%dy 

*oJyo% ^ 


S'o V 


;)*'• 


(30) 


•ddSS "» 8'>‘’ “ “ w. 

f*i I »1 I ®1 ry, 

J*. U. I (3 1 ) 

Art^^L*^***^***®”* *?*" *»»*•“» and Minima —As in 

we must’ hL " ^ maximum or minimum solution 


. A" _ ^ ^ <^S ^T 

^ dy ds? dxdy '*’ d^ “ °» ( 32 ) 


Mr ;m‘a* »” - 
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332 Case wliere Terms ot the Highest Order in 
Q disappear — We now proceed to consider the conditions 
m ordei that no term of the fourth order should appear in 
the expression for Q, 

It is evident that the terms of the highest order in 
■^(M) are 

■ 111 I ■ — ■.■■■■ *1^ I * 

dr dx ds dx dt dx * 

accordingly, neglecting all terms except those of the highest order^ 
we have 


dR d^r dR (Ps dR (Tt 
dr dod^ ds dod^ dt dx^^ 

dxdy ^ dr dxdy ds dxdy dt dxdy^ 

df ^ ' dr dy^ ^ ds dxdy ^ dt dy^ 


Hence, observing that 

dr ds dR dS 

we see that, when we retain only the terms of the highest 
order, we get 

d^B d^S 

dx^ ^ dxdy ^ dy^ dr dx^ ^ ^ ds da^ 

^ dx\ds ^ ^ dt)^ ^ dt dxdy ^ dt dy^ 

[Sla] 
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JECeEce, if tLe terms otthe fouith. Older disappear from O, we 
must have 


dr 


or 


d)^ 


= o, 


dR 

dS 

dR 

dS 

S^l 

ii 

0 

ds 


dt “ 

PV 

(PV 

(TV 

TV 

d)ds 

ds^ 

drdt 

dsdt ~ 


dT 


rf»F 

de 


- o. 


Hence we readilj see that Fmtist be of the form 

A{rt-^)^ Br ^ zGs^ E, (33) 

roldj. ^ y> *> P, and q 

333 The 'Terms of Third Order also disappear — 

it readily shown that in this case the*^teiiug of 

the thud order in O also disappear, 
i^or, from (33) we get 

E~At + 3, 8=-2A» + 2C, T^Ar^D. 

Hence, writing Q, in the form 


where 




( 34 ) 


dR , ds 

' 17- + i ^ 

die * 


. B dT , as 


ds dr dk 
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we readily get 



Hence, introducing the additional terms, we may wnte 


where 


Xi = + Ji, Kr - Ss •¥ jPj, 



dp 
dq > 


and JPi, Fa are of the first order only. 

Again 

^ {Et - Zi) + ^ [Er - Ea) 
dx^ dy^ 

, dB fdK dH\ dK 

dx ^ ^ dyj'^dy^ 

since 

^ and — 
dx dy* dx dy 


( 35 ) 


(36) 


Consequently Qi in this case contains no differential 00 efficients 
of an order higher than the second 

334 Creneral form of Q, in tbla Case. — It can now 
be seen without difficulty that O becomes of the form 

£2 = {rt - «*) + B^r + 2(7i5 + Bd + E, (37) 
in this case. 
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F» ttMeim ix. o, u. ^ ___ 


but 


d ^ d 

dz 


which 18 of the required form. 
-A gam 


d% dz^ 


£ 

dx 








+ « + 3f -f 


;)-■' 


wh„., S-'e* i. (37) 

n.xt <«>„„der th. v.n.h™ ,r4?o 


^ = 0 ydxdydz. 


« 18 a function^fl^^y^^aS'a^nd “’-P» ^ wl>ere 


du 


(/fi 


o^w 


»,.. ,h» tb. „ ,,, 

- liUVdxdydz, 


also 

where 


tv - JfS» + J>^+ o'®” .J,dtu 

•■•i ’-t ..a-, ..f. 



Variation of the Boundary^ 


m 


Again j^dSu ^ \ ^ 9 


dx dx 


hence 


iU 


■1"- 


<fe dy dz 


Sudxdydz 


^ {PSu) + ^ (Q8«) + (^S«)J dxdt/ds 


dx dy dx J 


dz 

Sudxdydz 


11 (3®) 


where the double integral is a surface integral taken over 
the whole boundary of the field of integration (See Arts 
226 and 276) 

Again since, as in Art 262, we have at any point on the 
bounding surface dxdy - ndSy the do ubleintegral may, 
in general, he written 

236 Variation of thie Bonndary — If the boundary 
be supposed to receive a small variation, the corresponding 
variation in U may, generally, be denoted, as in Art 321 > by 


IJ VLzdxdy 


Hence the complete variation may, in general, be denoted 

b7 


A IT" = 



dy 



I ^ m 
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Cakulm of Varmttom 


mrat^**^*™***^* t 3'^f"* — tli» preoedin 


and also 


^ dy °» 




(403 

(41) 

at cMh point on the boundary 
of the prSm oondition. 


iP + mQ + nR = o 


(42) 


A / 

the bouiidarj, 3^3, we have, ovei 

S« + ,As = r'As, ,e. Su^(^-r)Az, 
and (41) reduces to 

Also, we have, m general, 

du - pdx + qdy + rds, 
and, over the boundary, 

- P'dx + g'di/ + ^az. 

Thor.fo« tt. 

(P-rt*+0-Oei, + (e-e')*.o_ 
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l^nee it follows that the direotion-oosines of the normal to 
the bounding surface are proportional to 

and r - 

respectively, te. 


therefore 


I Xm* n ^ p q - (f • r — / } 

^ _ p' - p m q' - q 

n ^ r* n / ^ r* 


and equation (43) becomes 


F+ P O' -jo) + Q O' - ^) + i2(/ - r) - o (44) 


This furnishes the relation that must hold good over the 
bounding surface when Z 7 is a maximum or a minimum 
338 SSxample — To find the maximum or minimum 
value of 


+ j»* + + r* dxdydSf 

being given that 

, J/J u dxdyd% 

IS constant 

Here, we have 

F= a« + Ji + + r*, 


and equation (40) becomes 


^ p ^ d q 

^ Ji + + r* dy Ji + j9* 4- + r* 

^ d ^ 

dzji + ^ 

Also the boundary equation becomes 


I + pp' + qq^ + r/ 
y/ 1 + jp* + g'* + r* 


aw + 
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Calculus of Vartahons 


®*'JI«*egrabiUty when V Is of the 

St Son 7^Zr ll"T T^ -g\“te/als. 

for the oai J 3^0 

in the ease nf ^ T^li ’ “""i "we readily see that 

^ IS a function of the first order, we see imme 

toelj,, from Art 328, tial „ tW om. suppcod wo^t 

V=a+pl3 + qy, ( 45 ) 

m -wliioh a, (3, and y are functions of *, y, and % solelv 
Hen«. m ordor tlmt O ohould vm.„h, wo L“? oZ ftll 
a, (5, y must be connected by the identical equation 


da 

dz 


dji ^ dy 
dx dy 


( 46 ) 

to the^OTm reducible 
vlioio *, mi 0 . are fuootlon. of », j, and ., oololj, for 

proST’ identical with the value of Fm (45^ 

d(j)i ddt^ 




dx 


dz 


> 7 


as it is readily seen that the equation 


dz ' 


da 

dz 


'h. 

dx dy 


in this case is satisfied identicaUy. 
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Again, since by Art 274, 

if (S* ^ ' i ~ 

we get at once the expressions for the single integrals 

It 18 to be observed that and tp^ can be deteimmed from 
the equations 

^^1 /□ dipi dpi 

340 Condition of Integrability when V ia of 

Second Order. — In this ease in order that |j Vdxdy should 

be reducible to single integrals, we see, by Art 332, that ay 
a first condition V must be of the form 

V ^ A[rt- s*) + + 20s + 4 * if. 

There is no difficulty in investigating the general rela- 
tions in this case in order that £2 should vanish identically. 
We shall here only consider one or two special eases. 

For instance, to find when 


/J (Br + iCb + Bt) dxdy 


is reducible to single integrals, where 5 , 0 , D are functions 
of X and y solely 

Heie P*o, Q-o, fi-20, r=D; 

and the condition required reduces to 


(fO d^D 
dx^ ^ ^ dxdy ^ dy^ 

More generally, let us consider 


(47) 


// {Br + iCs + Bt B) dxdy^ 



^ Calculus of Yaf lations. 

a » — + ^ , ,<iw d^B 

(48) 

H«<. i. „^e, tt.t th. double .nt.su.1 .h..ld l, 

0 mg 6 lutograU, ^ murt be mdepeudeut of e, that i., 

of ”md^ »1^ ♦■• ”■'« “-<1 ♦. .» f«.ef.on. 

tbe “■* “ f-foa may be TOlten m 

(49) 

geneial method *of ^r^sfo^*?****/** — ® well-known 
Equations, Oh xv Art ,!?[ *““ M^rential 

;|o and q to he takpn njt ^ 00 ^ ^ qay If now we suppose 

them^ we have ‘^‘^dependent tartables, and u a function of 

s. 

^ dp' ^ 4q (50) 

<>°^ffi<^^ntsqfthefird^rofl^mtf differential 

If now we denotl +V^! ^ 1 ' P 2 

order by r ', iflerential coefSoients of the second 


/ = ^ ,fd'u dx dy 

^P[ dff 

Hence we have ^ 

^^‘%^P^%d2-ddp^i'dq 

Sut we have also 

dp’^rdx + sdy, dq = sdx + tdy, 


d*u dy 
dq* dq 


(5O 
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from which we get 

(rt “ dx = tdp - 
[rt - «*) = fdq - ; 

hence, comparing the foregoing results, we obtain 

= (52) 

By this means the expression 

// Vdxdy 

can be transformed into another double integral of the form 

WV^dfdq, 

where (rt - «*) dxdy transforms into dpdq, 

342 For instance, if -4 be a function of x^ y, 2, jk>, q, the 
double integral 

J/ A (rt - «*) dxdy 

transforms into 

// Adpdq^ 


Also in order that this should be reducible to single integrals 
we must have, as in Art. 338, 




dp dq' 


(53) 


where and ^2 are functions of and y, solely. 
Moreover 




I [(jiidq - 


taken over the boundary of the field of integration. 



Catcuim of Vanattom 

Again, from (52). it foUowg that 

// {Br + 2 ( 7 * + Lt) dxdy 


transforms into 


// {Bf - 2 ( 7 / + J)r'y apdq 


integral h ^ ^ 


£b^£b a>c 
^ 9 " <¥ 


(55) 


Again, the double integral 

and hence the condition for ifa 4. 

becomes reduction to single integrali 

<*» d'q dpdq ^ ^ “°f ( 57 ) 

m wboh A must be of the form ma 4. * 4 

and A ^le/uncttom of p and q soleh! 

a* any point on a Surface — If 1 j «»rvature 

ture of any normal seotioo at o ® radius of ourva- 
get (Salmon, Oeomeiry 

» { 58 ) 


P ' a/ 1 + fJ’ + j’’ , (j +y) + 2 mm + (i + yt) 

»• + 2 «»» + tm* ‘ 

accordmgly, if 

« _ +.P*) + 2 PQm + (1 4. y») 


r + 2 sm + 


I 
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Consequently the maximum and mminaum values of p, 
i e ot JR and the pnnctpal radii of curvature, are the roots 
of the equation 

p* {rt - - p {(i + r - 2pq8 + (i + jt?*) t) ^/TT]FTf 

4 - + = o (59) 

We shall find this equation of importance in the discussion 
of the following examples : — 

344 If ^ number of surfaces he described, touching along 
the same closed curve, the value of the double integral 



extended to the entire of that part of any one of the surfaces 
which IS bounded by the curve of contact, will he the same for all 
such surfaces (Jellett, Calculus of Variations, Art 156). 

Here, by (59), we have 

i. JL _ + g*) r ~ ipqs 4- (r -f jp*) t ^ 

B Bf * 

hence, transforming as m (54), we have 

(7 i)=_L:L£!_; 

(l+^*4-g*)f + (l 4-J0*4-g*)f 

and we easily see that 

dq dp^ dp dq * 

dq^ dpdf dp^ dpdq' 

Consequently 

dq^ dp^ dpdg^ 
which (by 55) proves the theorem 


496 


Calculus of Vartaitons. 


on /.W fSZ •’J' 01 nno 

*" ‘S' **««”«»/ *.<»M >«L, i f £“ '“' 

// (-fi + iJ') rfo) « JJ Pdu>, 

.oir«p<^tog ^ ^ ^ 

JJ (ii * iJO - fj(s . ^ 

- - f f ^it£Vi:£w« + ( I +i>») < 

U I + jo^+ jr2 by (59J 

dioidar’wfbtvr’ ” <*««ctioii-co8ine8 of the peipen, 

■P = & + i«y + „, , « - yy ^ 

hence, y / 1 +i?*~+^ ’ 

Pdo, - 2 ff A-P‘»- qy dS 
JJy/TTpryji 

- 2 f [ ^JZl ^qy) (rt - dx d^, 

ij (*+p’ + j*)» » *>y ( 59 ). 

transforms into one of the form 

f^^^~>^)-Br.,as.m)d.dy. 

this becomes! hj°(56?® geneial transformation of Art. 34,, 


+ Bf - 2Ca' + Dr'} dpdq. 


(6oj 



Example. 
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where A » 


C = 


Here 


du 


(W 

dp 

(W 

dq 


Accordingly 


therefore 


2U 


*+?* , 

(i 

l+iJ’ + j® i+p^ + qi 

-n 



1 + + q* 


I + f 

- 2 

dB ip^q 

(i +j5® + g'*)’ 

" dq 

H 


ip'q -? + 

I + />’ + jr* 



-p (i + - 

-t) 

dB 2q^p 

(i + j)* + g’)* ’ 

dp (i+iJ'+g’)*' 

dB 

dO 


dq 

dp 

I + jj* + }*’ 

dB 

dC 


dp 

dq 

I + -1- g'’ * 

d fdB 

d(B 

^ I +/?* - 2^ 

dq \dq 

dp, 

/ ~ (i + + qY 

d fdB 


, 1+3-’-/ 

dp \dp 

dqj 



Hence we get 

dJi ^ 

dtk df dpdq dp^ 


(6iJ 


Accordingly, by (57), the yanation of the double integral in 
the question vanishes m this case, and consequently the 
integral is reducible to single integrals taken along the 
boundary. 
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Calculus of Vaf mhom» 


Examples. 

I If s be a function of as and y, find the vanaticw, 

f * f /(^ 

tbe Iimita of tbe integral being variable 

2 The equation fished by the Calculus of Variations for the BUWimut. 
or minimum values of 

jj Vdxdy, where r=/(a:, y, z, p, g, r, $, t) 
general, of the fourth order Prove that it is reduced to the sentnd 

^(rt~s^) + JBr+ Cs + IH + S, 

A, &c being functions of x, y, q 

3*5 admfts 

4 Determine the variation of the integral 

f*i fi'i 

in it. most reduced form, by signs of substitution, where 

%■ i“). 

find the form of Tin order that fT should be reducible to single integial. 

S I’rove that the variation of the double integral 

ff Vdxdy 

Tan&hes wb^ ^ 

at geometrical theorem can be derived from this result ? 
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6 Determine the form of I when the integral 

II ^(*. y> »> f’» ?) {»■' - **) ^^9 

IS reducible to single integrals 

Here, transforming by the method of Art 341 , the integral becomes 

II •?"(«. S'. «. P. 

and, as m Art 339, m order that this should he reducible to single iiitegral«i 
the expression F must, as in ( 45 ), he of the form 

4>i + x<pz + y(pz 

where 

4>i> and 4>8 

aie functions of j», and « solely, and are connected by the equation 

d<fn d<f >2 ^ dtps ^ 

du dp dq 

7 Determine the curve such that the following integral shall be a 
mmimum, the extremities being fixed points — 

ri ds 

8 Find the variation of the following integral 

(*' S'. *. p. «> 

J ®0 J Vo 

in its most reduced form 


9. Prove that the plane curve which makes 

^tp{p)ds, 

taken between its points of mterseoUon with two given curies, a maximum or 
a mmimum, will mters<'( t these curves m two pomts such that the rectilinear 
distance between them will he a ma xim um or a minimum 

10 Show that the curve of constant curvature, and of min i m um length, 
between two fixed points, will be a circle, if the position of either of the 
extreme tangents is undetermined 

[32 a] 



CctlculuB of V^dnattonB, 

» Dete™«e the fon. * which rendeie the double mtegr.1 

j| {P* + iP — *)» <jSr<^ 

a maxuutiin or nunimum 

wtegr^ whero*®®# ®“i «^P'eseed as the 

loot of the perpendicular on the tan^nt’plan”* “ ooordinates of the 

BupJrfoSl ar^"^chfn^M® Venations the surface of given 


IK^i) 


dS 


. -.aximum or a miuimuni, show that the differential equation of the .urf«. 

•2 -f JB' = const j 
H and £> being the principal radii of cuiTatui* 
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Note on Page 240. 

Mb Russell has shown that Genocohi’s expression for the rectiacation of 
a Cartesian Oval, as given m pp 240-243, L ! 

a case of a remarkable theorem on rectification which was proposed hy 
problem at the Moderatorship Examination m 1895 
Mr RnsselL’s problem is as follows — 

Ay JB are any tijoo fixed poxnUy and C ts n variable potnt on a plane curve 
prove thniy %f the normal at G meeU the (nreum” 
exiele of A JBGm i), then 

£G. AD dA + CA BD dB 

AD^ - 5D* , 

‘hAB CD dG^ 2^ 

whei e de n an element at G of the plane curve 
Let Z AGD ^ L BGD = /3 , then, hy^ 
elementary geometry, we get 

cos « = -4(7 dAy ds 00 a $^-BC dB $ 
theiefore 

ds 8in (3 - a) = ACun $dA-{- BC sin adBf 
ie 



= ^C- nn rf-i + JC on a rfS , 


hence 


de 


Bin (a + 3) 
BB^ - AB^ 


AB 


= AG BD dA^BG AD dB 


dA + dB + dC = Of 


Again, we have 

and, by Ptolemy’s theorem, 

AB CD -AG BD-¥B0 ADy 


hence, we readily get. 


AJ> 

AM 


dA-OA BD dB + AB.OD dO (a) 


We bMI apply this theorem to a 

Let, as in p 239, the equation of the cmve be + » 

SO = r\ AB = 0 , then we have already shown (p 241) that 


ad 

I ^ m " n 
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Accordingly equation (a) become, 


; becomes in this case 


JLJ 

~ = (m^ ~\rn^^ 2mn cobA)\ 
OA^ 

tt - 2ln cos JB)^^ 

A£ 

u ~ + w* ~ 2/m cos C)K 


•tlence we see it* 

e^precdble in ’terms of « «ro of a Cartemn Owl ft 
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Miscbllaiteoxjb Examples 


I Find the value of 


]x-^ 


2 Find the area of the inverse of a hyperbola, the centre being the pole of 
inversion , and show that the area of the inverse of an ellipse, under the s^e 
circumstances, is an anthmetio mean between the areas of the circles aescnbea 
on its axes as diameters 


3 Find the integral of 




Am tan' 


a b 

■ \x‘> - 4» S aSss^-^' 


4 Prove that 


/(*) rf* = ({ - «) /({) log ( ) , 


where ^ lies between X and iCo 

5 In a spiral of Archimedes, if P, Q and P, d be the points of section 
with any two branches of the curve made by a hne passing through its 
prove that the area bounded by the right line and b;^ the two branches is half 
the area of the ellipse whose semiaxes are PP^ and PQ 

6 If a be the sagitta of a oucular segment whose base is h, prove that the 
area of the segment is, approximately, 

2 . 8 

« - ad H- ^ 

3 *5 ^ 

7 If an ellipse roll upon a nght line, show that the differential equation of 
the locus of its focus is 


(y* + - ^{2av + y» + d*)(2ay - y* - ^). 


8 A circle rolls from one end to the other of a curved hne equal in length 
to the circumference of the circle, and then rolls back again on the other side of 
the curve prove that, if the curvature of the curve be throughout l^is 
that of the circle, the area contamed within the closed curve traced out by me 
point of the circle which was first in contact with the ffxed curve is six tunes 
the area of the circle (Camh Math Tixpos, 1871 ) 

9. In the same case show that the entire length of the path descnhed m 
eight times the diameter of the circle 

10. Prove that the area of the locus formed hy the of intersection of 
normals to an elhpse, which cut at nght angl^, is t (a — d) . 
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Mxscelhneous Examples 

j. (*■“'”** + ^ 

y- — V9+xi 3/ 

*2 Tnmsfona t j , 

ienoe ind the ralue of 

J '~~Tzrp 

W = ?_ 

yet, vjDen a becomAo 

"3. 

/A\ r 


(/8) 




I \/(i-«)(,_ H (a/*- « + v/*- «) , 

hi liftSnd of (hen, th 

“od of the form = “at leade to . relation oonaeotmg 

■^‘^y + -B(x+i,) + 0- n 

stermiae tie form of ^ (i) . ’ 




> of z 

• and y, 

■■ a, 

t> = i, 


9a Si 


dv 

' S’ 

dx 

du 

dp 


dy 


*iry area 

^ + fi/8 13 


^ ^ And p m 3 

' “^‘^*"'«“°f«loopoftiecarTO 


COS 2$ 


T sr . — " 

^ COS^ — iO; Sin®* 
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iS Evaluate the following integrals. — 


19 If = (j;2 4. aa;)^ 4. ^of, and u = log 


between the integrals 


f fga; 

J v/5’ J V5 


a?* + aa; “ Vj? ’ 


find the relation 


. f afifa; a [ dx 3 

_ =- _ 4 _ 

J Vi? 3 J V5 ^ 


20 If a curve be such that the area between anv portion and a fixed right 
line IS pioportional to the corresponding length of the curve, show that it is a 
catenary 

21 Prove that the volume of a rectangular parallelepiped is to that of its 
circumscribed ellipsoid as 2 w V3. 


22 Prove that 
where sin ^ = k sin « 


d 9 

0 Vi — K* sin®d 


r/8 dB 

Q Vk* — Sin* ^ 


23 If any number of triangles be mscnbed in one ellipse and circumscribed 
to another ellipse, concentno and similar, prove that these triangles have all the 
same area 

24 Show that the value of the integral ^ - may be exhibited by the 

Ja Vy«* ~ I 

following geometrical construction Let the curve whose eq^uation is 


f^m +2 QQQ » == I 

w 4 2 

roll on the axis of x, take the pomts (a?!, yi)(:j;2, ya) on the roulette described 
by the pole, such that yi = a, then 

f*" -- « a?2 - (Jbllbtt ) 

Ja Vy»” — I 

25 If « be the length of the arc of a spherical curve measured to any pomt 
jP, and t be the intercept on the great circle touching at P, between the pomt of 
contact and the foot of the perpendicular from the pole, prove that 

s ^ i ss j am pdo» 

The nroof is similar to that of the corresponding theorem m piano See Art. 158* 



506 


Sltseellaneoug Examples 


f(-B + i»'+4J?''), 

^7 If 5 be the length of , i «q“><iistant from the two bases 

of a loop of the ourre % = = «■• «o« ««. aid ^ the ares 


Ax 8 =s 


Ttd^ 

Hi' 


= 1* !r Cl T’ 

3 , Art 268 ) 


20 Sh f ° ^ * 7^<538 

Its focus isTcaZfy^ parabola roU on a right line, the locus of 

whor'd r®“ 4 '**an“c ^t'S the^’l^M^o/rb*" ^ *“7 

flnd^e cmvT “ ®"’'ew connected with the abscissa by the equation s2 = /ir* 

3 a "‘^--^-‘oaofapomtonacur.ebe^.enbytheequations 

* - s sin 28 (, + oos 28), y = s cos 28 (i - cos 20), 

prove that the length of i+. , 

« of arc, measured from its origm, is 1 « sm 39 

, (W Robbms) 

Tto.B.. -I-*-) K ''■“■' + ‘“"‘**)-'» 

as^s ' ’^^*1 »• = 2 

s^SHSa^SaSs 
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35 Show that the eq^uations of the involute of a circle are of the form 

» s= a cos ^ sin y = « sin 4) — cos , 

and prove that the length of the arc of this involute, measured from = o, is 
one half of the arc of a circle which would he described by a radius equal to the 
arc of its evolute moving through the angle <ft 

36 Show that the area of the cassmoid 

— 2 a’^r^ cos 2B -k- 

is expressed by aid of an elliptic arc when J > a, and by a hyperbolic arc 
when a>i 

37 A string AB, with its end A fixed, lies in contact with a plane convex 
curve , the string is unwound, and £ is made to move about A till the string 
IS again wound on the curve, the final position of B being £' prove that for 
variations of the position of A the arc tiaced out by B will be a maximum or a 
minimum when the tangents at B and W are equally inchned to the tangent at 
udl, and will be the former or the latter according as the curvature at A is 
greater or less than half the sum ot the curvatures at B and B* — {Comb Math 
Tripos^ 1871 .) 

38. Find the value of f 

Jo yx V'® 

39 Find the length, and also the area, of the pedal of a cissoid, the vertex 
being origm 

Am -:=:log(2 + V3) — 

Vg 24 

40 Prove that the length of an arc of the lemnisoate a^cos 29 is 
represented by the mtegral 

a [* 

\/2 J v'l - ^ ain^^ 

4 1 Integrate the equation 

cos d (cos $ — Bin a sm <p) dd 4- cos <p (cos <f> — sm a sin 9 ) d<f> = o 

If the arbitrary constant he determined by the condition that the equation must 
be satisfied by the values (o, a) of (^, i^), show that the equation is satisfied by 
putting 4- <|) = a 

42 Each element of the surface of an ellipsoid is divided by the area of the 

parallel central section of the surface find the sum of all the elementary 
quotients extended through the entire elhpsoid -Am 4 

43 Hence, show that 

n k dfidv __ w 
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44 Hence proTe the relation 

^(m) H („) + ^ ^ 

jr * 

■?■(»«)= r—*L__ , r? 

and T «2 = ,. -* W = J ^ Vi - sinVtf, 

anartlLomM"*’ = VFsm«0+ *2 od^, m the preceding esample 


f f- il£SV + *»coc».t-A».,. »o 

h Jo VA* sm> + 

It If 

<f. 


IT IT 

n n 


sin'^0 4- Jc* ooflg^ 

0 Jo y/lc* — /i-i sin.'^tf 




£ "" 
^ ra" 


0 VA^ + p cos^^ ^ ^ 


-ff 

Jo Jo 




This Wshes the required lesult on mating h=.mh 

between co^mplete ett^^u^tloM o/ttelm®® “Z*®’ ®T' “ ^”®''^ 
plementary moduli °* “® “«* and second species, with com. 

^ which the Perpendioi^r to'Se tange«*plZM*“® k* an ellipsoid, along the first 
the axis of s, along the second » with the “f ^ m,rf’ ‘t® ®”gle r ^^ith 

ajusof® and,frt , . ® “““ along the third « with the 

, and if the angles be oonneoted bjrthe relations ^ _ *«“ 7 

i-ten, xf Aij A 2 , be the included nortiona Af fK n ? ft “ c ' 

portions of the eUipsoid surface, prove that 

±Z^+±Z:± A,- A, 

a- ,, +— ^ =0 (jrBLlBW) 

sphenti'Zic? whZw i^of't' t"'* 'Z* 

47 Prove that ^®“‘ »pl>»e 


f' ffo f. 

Jj {(»-a?)(ft-^')(7r^)}l~- J_^ 

rhere », i, e are in the order of magnitude 


das 


W-x)(fi-x){c-x)}V 
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48 [f be an imaginary cube root of unity, show that, i£ 


^ I _ - „s) «=>• (I - y*)» (I + «^*)4 “ (I - *2)4 (I + <.!!)» 


49 Prove that the value of 

f® cos ia; em m 


(Cayley ) 


Jo ^ 

according as h is >, =, or < a 


, IT TT 

dx IS o, or 

’ 4 r 


f® sm I 

Jo 


^ = — multiplied by the lesser of the 


50 Prove that 
numbers a and h 

51 If be the eccentricity of an dUipse whose semiaxis major is unity, and 
B t£e length of its quadrant, prove that 


i 


B^de 


irh 


o(l-tf*)V(F^) 2 Vi-A« 


(W Robekts) 


52 li 8 represent the length of a quadrant of the curre r** * cos md, 
and 8\ the quadrant of its first pedal, prove that 


« « #» f I « 

8 8\^ irtf 

2m 


Heie (Ex 3, Art 156) we have 




( 4 ) 


2m 


/ m+ I \ 
\ 2m ) 


Also since the fiist pedal (JO*f Calc , Art 268) is denved by substituting 


tn 

m + 2 


instead of % 


81^ 


(fft + l)g Vir ^ 


m. 


881 


(m + l) \2m) _ (»»+ i)ira» 

” (-i)" ■■ 


4m* 
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lastf prove that™'’ 9“adrant of the «<* pedal of the curve in the 

tn « " T' 

of », m the equation of the proposed , &« ' 

54 If an endless stnng, lonaer thalTl. '^““*‘1*'. i84S> P i77 ) 

round the ellipse and kept stretS „ circumference of an ellipse, be passed 
will tiaoe out a confocal^pse '* ^ P™^e ‘hat the S 

55 If two confocal ellipses te snoh i 

®‘her, prov^that an '^escnbecl in one 

can be described, and that We th“ sat “nm^te^' auchpolygons 

56 To two arcs of a hyperbola wb ,i 1843 ) 

« a„ -ssr 

•hS (“JVlilTT"? 

«ame circle (Jitd ) » m a q.uadrilateral whose sides all touch the 

58 In the curve 

^ s= a^> 

l.r.tl'SW;* «" ™p. »«. 

intercepted by the aies ® segments of the portion of the tintS 

sum^e^s aTon^te&o" totrtt^tetutTbeWrfc™^® 

*7 “ "®'’-^*^®f '^a™t7ou!rof7c coinciding, 

a‘^,d.^earc^3isanarithmetic;^*tarSl«t^ 

outside any oltT^tt olttamlT<'\h«T*“iu element of area at a point 
point to the curve, td » thTs:;gt ofTtte ^ 

B, ^ "T T""- ““ 

the curve, is 2w« ^ < x «' ’ ‘®^®“ Pomta eiterior to 

62 Show that for ,11 * ®*‘»^oir>-PA*I.2’r«»s,i868) 

porntma te^pUntarZ,'"***’"* ^-wn through a giL 


{ // (*’ - y») + 4 { 

k1 A A-C ^1^ . 


, , .r , . T I jj ayj*, 

bemt rZ ‘he pent 


(A A)i (a* + di + ^_ 


(J J WaLKBB ) 
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pensions, the three principal ^ea Tthe 

tion with those of the Llid xLonbed elholTwh..^^ 

of giavity of Its six faces , and that fofS nl+l ««“ 

therefore for every axis passmg thi^nvh coincident axes, 

moment of mertih of the^para&Wipe|\»^to th»t“ 

constant ratio, viz that of lo to ^ ^ * *“ * * ‘*‘® «Uipsoid m the si 

tvhiA toilljhM^t theoe^toTof man^^ ‘''® '"“"bed eUipa 

axes at their common centoeXaX ^/TJT’ *® ®“®Pnnci 

an plane, through that pomthavTtheL’nieltl^^^^^^ 

mdiS afarClTurfaSlenmtvt™^^^^ °T ‘•^® of a sp^l' 

from a given internal point S, distenuTom f ® ®"^® 

thepimcipalmoments"ofine^ar^tfrs*;n:iTad/P^^ 

(Oamb Math Tttpos, 1876 ) 
+ ««X» + . . , , prove th 


73 If (* - 2aa7+ a2)-i ^ j ^ 

£ Xn Z» If* = O, X„» Ifz = 


2« 4- I 


74 A closed central curve revolvea mnn/i \ s. 
plane Prove that the moments of mer^^tnA r ^ ^ “ternal axis in 11 

revolution and to the perpeudiculw nf»» ^ fu with respect to the axis c 
of the sohd generated by the revolving S the centre ofinerti 

expressions ^ area, are given respectively by th 


/= m (a* + 3*1), 7= ^ 


generating*Sfrom*tL““sofwolntaon Vand'i^t^^ *5® ®®“*” **“ 

arw with mpect to the parallel and peiDend?M.W* the radii of gyration of thi 

' “• *“ f™!"” I t'S.'sr^ “■> 

(Townsend, Quarterlt/ Journal of Mathematic*, 1879.) 

rs-n 

2ir^ + 2Trab P (t ~ dx 

. , J« 

where «»_ji = „»^, J«-ei.,'sj 3 . 

77 Find the mean distance of two nainta'^!^''™’ ) 

whose side is unity ^ opposite sides of a square 


An* 


2 — _ 
~ — 4 log (I + v/ 2 ) 
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63. II oh « (£h\ prore that 

f“ f » (a* + ty) -»(«»'<! + ?>) 

j« Jo “y 

“ (?) (?) 

provided the limita <f> (o) and ^(00) are both definite 

(Mr Elliott, Proceedxngs^ Lend Math* Soc , 1876 ) 

64 If 8 denote the surface, and V the volume, of the cone standing on the 
focal ellipse of an ellipsoid, and having its vertex at an umbihc, prove that 

where a, 0 are the principal semiaxes of the elhpsoid 

65. Prove that, if p be positive and less than unity, 


j‘(*P + *^)log(i + *)f = (I) 

and 

! i If ^ I 

^ (a?' + *T»)l0g(l - cot 7>ir-^, (2) 

where (l) may be deduced from (2) by puthng *’ for * j 

66. If n, V be the elhptu) coordxnaUt of a point in a plane, prore that the 
area of any portion of the plane is represented by 

- y^) dfidv 

taken between proper limits 

67. Prove that the differential equation, m elhptic ooordmatea, of any 
tangent to the ellipse p = ^ii w 

.* =^=.a 

68 Hence show that the preceding differential equahon in A «ul » -t*nila 
of an algebraic integral 

69. Prove that the differential equation of the involute of the elhp« 

Im* ~ j„ I ~~ dv-o. 
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78 A cube being cut at random by a plane, what is the chance that the 
section IS a hexagon f (Con Clakkb ) 


Ajnsi 


v/acot^Ji-Jz cot-» Ji 


= 04646 


at landom, one on each of three fates of a tetra- 
fa^ f ’■‘‘a* PJane passing through them cuts the fourth 

{lh%d ) 

A ns - 
4 

80 Two stars are teken at random from a catalogue what is the chance 
that one or both shall always be visible to an observei in a given latitude, a ? 

{Ihd ) 

Ans - versm A + - sinA 
^ 4 

81 Find the chance that the centre of gravity of a triangle hes inside the 
tnangle formed by three points taken at landom within the triangle 


^(2 + jlog4) 


82 Two points are taken at landom in a tnangle, the line loinins them 
diTHhng the tnangle into two portions find the mean yalue of^that forhoa 
which contains the centre of gravity 

Ji ^470 + y log 4^ = 6967, the tnangle being unity 

The mean value of the gimter of the two portions ig 4 - 1 log 2 = 6987 

an8le^s®g?^en by‘ “““ ^ 

3df = ..£log-i4tog^-^^, 
a and b being the sides, of the diagonal 

givfn distance M of two points wiftin a rectangle is 

aH'^M “ 4 I .• 4o. 

‘ [33] 
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area a, we have"^ distance of two pomta witHin any convex 




HyljQjg 2 l-l 

.w:c:::rr::r --- 

bounda.y Again, for any po.tion ofthelme 

on opposite sides of It IS ~ tWef ti, ' ^ of the points lying 

M{y'^f\ 4.Tr. whole chance is — M(yyf\ wh 

■K(2S) IS the mean value of the pioduct2s'f«. ii ® ^ (35 ), wher, 

86 In the same case we also Lve 


II 


.Sf ““ «< “« “-.-PM .k.rt H..0. „ 


^''“o™-./--*«^s,lond Math.Soc,vol vni) 


. • »oo , vol vni ) 

1 . ^ ) 

/tV _ . - ^ 




This may be applied to the circle (See Ex 24 ) 
chosen at ZZ points 




=SS:Si'i“iv-ssi,-K: 


, ^Auvc mat tne chanrA n-p 4X. oup- 

giren distance d of each other is always f sin- “ v 

by ^ , provided its inclination to 

A 3 = a ,r , J '^hers 

[GniVth Ti^ni-X rrt.. _ 0 , 


« V^axx COS-*-, whei 

MatK Tn,o.,^Z^, Paov Mxinnn) 


f 
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90 A rantdom straight line crosses a circle find the chance that 0 points 
taken at random in the circle shall lie on opposite sides of the line 

Am This IS deduced at once from the value of the mean dis* 

45 ^ 2if 

tance of the two points, as the chance = — If two random lines 


are diawn, the chance that both lines shall pass between the points 
I 

18 - 

IT* 

91 A point 0 IS taken at random in a triangle What is the piohahihty 
that if three other points are taken at random, one shall lie m each ot the 
triangles AOB, BOO, GOA ^ 

Am ~ This may easily he found to depend on the integral / f a$y zdad^, 
where a, i8, 7 are the three triangles above 

92 A line crosses a circle at random find the chance tliat a point taken at 
random in the circle shall be distant from the line by less than the radius of the 

Am 1 -- 

93 Two points are taken on the circumference of a semicircle Find the 

chance that their ordinates fall on either side of a point taken at random on the 
diameter . 4 


94 In any convex area which hm a centre 0 , let an indefinite straight line 
revolve round 0 , and the locus of the centre of gravity of either half into which 
It divides the area be traced Show that the mean distance of (?from all points 

in the area is equal to - the penmetei of this locus Also, - of the area enclosed 
4 4 

by this locus = mean area of the triangle OXY, where X, T are points taken at 
random in the given area (Crofton, Proceedings, Load Math Soc , vol vni ) 

95 The probability that the distance of two points taken at random in a 
given convex aiea n shall exceed a given limit (a) is 


[| (C?3 - sauc'd- za^)dpdiji 


wheie G 18 & choid of the aiea, whose coordinates are p, co, the integiation 
extending to all values of p, <a, which give a chord C> a 

96 Show, by means of Landen’s transformation in elliptic functions or 
otheiwise, that 

r ^ d>Q f 

Jo (a* cos-a 4- Jo («1® cos*^ + 8 m^<p)i* 


wheie ai and hi are respectively the arithmetic and the geometiic means 
between a and h , , , , « , , , 

Point out the value of this lesiilt in the calculation of the numerical value 
if the defimte mtegial (Oamb Math Tiipos, pait 11 , 1889 ) 
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definition of — 
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= 161 

r{n)T(i 162 


Eulenan integrals — 

yalueofr(i)rg) r 


164 
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double, 149, 313 
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31, 114 
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232 ' 
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Legendre, on Eulenan integrals, 160 
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Leibnitz, on Guldlin’s theorems, 264 
Lemiusoate, aiea of, 191 
rectification of, 607 
Leudesdorf, 157, 210, 220 
Lima^on, area of, 192 
rectification of, 237 
Limits of integration, 33, 116 
Line and surface integrals, 40 1 
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Maxima and Minima foi single inte- 
gials, 430 

for double integrals, 471, 482 
Mean value and probability, 346 
Mean value, definition of, 346 

for^^ne independent variable, 

for two or more independent 
variables, 350 
Method of quadratures, 178 
Miller, 358 
Moment al ellipse, 300 
of atnangle, 304 
Moments of inertia, 291 

relative to parallel axes, 292 

uniform rod, 294 

parallelepiped, cyhndei, 295 

cone, 296 

sphere, 297. 

ellipsoid, 298 

pnsin, 302 

tetrahedron, 304 

solid nng, 305 

M'Cullagh, on rectification of ellipse 
and hyperbola, 236 

Neil, on semi-cubical parabola, 224, 
249. 

Newton, method of findmg areas, 177. 
by approximation, 213 
on tractrix, 219 

Observation, errors of, 374. 

Panton, on rectification of Cartesian 
oval, 240 

Paraboloid of revolution, 256 
elliptic, 265, 268 

Partial fractions, 42 

Pedal, area of, 199 
of ellipse, 190 

Steiner’s theorem on area of, 201 
Baabe, on, 202 
Hirst, on, 202 
Roberts, on, 500 

Plammeter, Amsler’s, 214 

raduof curvatuie, 494 

Popoff, on remainder in Lagrange’s 
senes, 169 

Probability, used to find mean values, 
366 

Probabilities, 349 

Products of inertia, 301, 306 


Quadrature, plane, 176 
on the sphere, 276 
of surfaces, 279. 
paraboloid, 280. 
elhpsoid, 282 

Raabe, theorem on pedal aieas, 202 
Radius of gyiation, 293 
Random straight lines, 381 
Rectification of plane cuives, 222 
parabola, 223 
catenary, 233 
semi-cubical parabola, 224 
of evolutes, 224. 
aic of ellipse, 226. 
hyperbola, 231 
epitrochoid, 237. 
loulettes, 238 

Cartesian oval, 239, 247, 501 
twisted curves, 243 
Rocuinng biquadratic under radical 
sign, 101 

Reduction, integration by, 63 
by difierentiation, 71, 80 
Roberts, "W , on Cartesian oval, 240 
on pedals, 510 

Roulette, quadrature of, 205 
leotifioation of, 238 
Russell, on rectification, 601. 


Sarrusj^^on calculus of vaiiations, 

Sign of substitution, 413 
Simpson’s rules for areas, 213 
Sphere, surface and volume of, 262 
quadrature on, 276 
Spherical harmonic s, 332 
Spheroid, surface of, 267, 268 
Spiral, hyperbolic, 191 

of Archimedes, 194, 227, 380 
logarithmic, 227 

Steiner, theorem on pedal areas, 201, 
on areas of roulettes, 203 
on rectification of roulettes, 238, 
Stokes’ theorem on line integrals, 403. 
Surface of solids, 260 
cone, 261 
sphere, 262 
revolution, 264 
spheroid, prolate, 267 
oblate, 258 
annular solid, 261 
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127 

Total yanations, 427 
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on moments of inertia in geneial, 
310 

Tractrix, area of, 219 
length of, 225. 


Van Huraet, on lectification, 249 
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of a double integral, 467 
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Tiviani, Floientme enigma, 278 
Volumes of solids, 260, 264, 28(> 

Wallis, value for t, 122 
Weddle, on aieas by appioximahon, 
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